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Abstract

This paperfocus on the study and the characterizatiorof re-
gions of stability for linear systemswith delayedstatesand
subjectto input saturationthroughanti-windupstrategies. In

particular the synthesiof anti-windupgainsin orderto guar

anteethe stability of the closed-loopsystemfor aregion of ad-
missibleinitial statesaslarge aspossibleis addressedBased
on the modelingof the closed-loopsystem resultingfrom the
controllerplustheanti-winduploop, asalineartime-delaysys-
temwith adeadzon@onlinearity stability conditionsarestated
for boththedelayindependernanddelaydependentontextsby

usingquadratidfunctionals.

1 Introduction

In the last few years,the study of systemspresentingtime-
delayshasreceved a specialattentionin the control systems
literature. This interestcomesfrom the fact that time-delays
appeatin mary kinds of control systemge.g. chemical,me-
chanicaland communicatiorsystems)and their presencecan
be sourceof performancedegradationand instability. In this
sensewe canfoundin theliteraturemary worksgiving condi-
tionsfor ensuringstability aswell asperformanceandrobust-

nessrequirementsconsideringor not the delay dependence.

Concerningthe delay independentesults,the stability is en-
suredno matterthe size of the delay[4], [12], [18]. Onthe
otherhand,in the delay dependentesults,the size of the de-
lay is directly takeninto accountandthis factcanleadto less
consenrative results[2], [5].

Sincephysicalactuatorsannotdeliver unlimitedsignalsto the
controlledplants,the problemof controlsaturatiorandits im-
pacton the stability and the performanceof the closed-loop
systemhasalso received a lot of attentionin the last years.
The studieson the analysisandcontrollerdesignproblemsfor
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linear systemswith input saturationhave followed two main
approaches.In the first one, the effects of the saturationare
directly taken into accountin the designof the control law.
We canidentify methodsdealingwith the stabilizationof the
closed-loopsystemin global, semi-globaland local contexts
(seeamongothers[19], [13], [6]). The secondapproachas-
sumesthat a controller was previously designed,n orderto
guarantesomeperformancesThe effectsof the saturatioron
thestability andthe performancef the closed-loopsystemare
thenconsideredh posteriori Theanti-winduptechniqudits in
thislastapproacthasit consistdn introducingcontrolmodifica-
tionsin orderto recover, asmuchaspossible the performance
inducedby a previous designcarriedout on the basisof the
unsaturatedystem(see for example,[1, 9, 11, 21]). It should
be pointedout that severalresultson the anti-windupproblem
areconcernedvith achieving globalstability propertie49, 14).
Sinceglobalresultscannotbe achievzedfor open-loopunstable
linear systemsn the presencef actuatorsaturationjocal re-
sultshaveto bedeveloped.In thiscontext, akey issueis thede-
terminationof domainsof stability for the closed-loopsystem,
i.e., setsof admissibleinitial statesfor which the asymptotic
convergenceof the correspondingrajectoriesto the origin is
ensuredOntheotherhand,it shouldbe highlightedthatthese
globalstability resultsdo not considerthe caseof systemswith
time-delays.

Consideringthat mary practical systemspresentboth time-
delaysandsaturatingnputs,from the considerationgbove, it
becomesmportantto studythe stability issuesregardingthis
kind of systems.n this sensewe canidentify in theliterature
someresultsproposedmainly in the contet of the stabiliza-
tion via statefeedbackior systemsawith delaysin the state.In
[16], a globally stabilizing stateobsener basedcontroller is
proposed.In [3], [15] and[22], conditionsof stability or sta-
bilization are proposedwith statefeedbackand sampledstate
feedback.However, in thesepapersthe setof admissibleni-
tial conditionsfor which the asymptoticstability is ensuredn
thepresencef controlsaturatioris notmentionedr explicitly
defined. In [20], consideringthe synthesisof statefeedback
controllaws, it wasunderlinedthe importanceof describinga
setof admissibldnitial conditionsassociatedo the stabilizing



controllaw. Ontheotherhand,consideringananti-windupap-
proachwe cancite [17]. In thatpaperit is proposeda dynamic
anti-windupmethodfor linear systemawith controlinput de-
lays and outputmeasuremerdelaysthat ensuredoundedn-
put - boundedstatestability. It shouldbe highlightedthat this
methodcannotbe appliedto open-loopunstablesystems.

Theobjective of this paperis thestudyandthecharacterization
of regionsof stability for linearsystemawith delayedstatesand
subjectto input saturatiorthroughanti-windupstrateyies. Dif-
ferentlyof themostanti-winduptechniqueitedabove, where
the synthesisof the anti-winduploop is introducedwith the
objective of minimizing the performancedegradation,we are
particularlyinterestedn the synthesif anti-windupgainsin
orderto guarantedhe stability of the closed-loopsystemfor
aregion of admissibleinitial statesaslarge aspossible.With
this aim we proposeresultsbothin the delayindependenand
dependentontets. Theseresultsallow to formulateoptimiza-
tion problemsin orderto searchanti-windupgainsthatleadto
themaximizationof thesizeof theregion of stabilityassociated
to theclosed-loosystem.

Notations. X, Ay andA; j) denotegespectiely: theith entry of
vectorx, the ith row of matrix A andthe element(i, j) of A. For
two symmetricmatrices,A andB, A > B meansthat A — B is posi-
tive definite. A’ denoteshe transposef A. |, denoteshe m-order
identity matrix. Amax(P) andAmin(P) denoterespectiely the maxi-
mal and minimal eigevaluesof matrix P. ¢ = C([-T1,0], 0") de-
notesthe Banachspaceof continuousvector functionsmappingthe
interval [—1,0] into O" with the topology of uniform convergence.
|| - || refersto eitherthe Euclideanvectornormor theinducedmatrix
2-norm. || @|lc= sup || @t) || standsfor the norm of a function
—T<t<0

@€ G. Whenthedelayis finite then“sup’ canbereplacedy “max”.
(' isthesetdefinedby ¢ = {9p€ G ; || @]lc< v, v> 0}.

2 Problem Statement
Considerthe linearcontinuous-timalelaysystem:

AX(t) + Agx(t — T) + Bu(t) (1)
Cx(t)

with theinitial conditions

X(to+0) = &(0),V0 € [-1,0], to,(x € U+ x & (2)

wherex(t) € O, u(t) € O™, y(t) € OP arethe state theinput
andthe measureautputvectors respectiely. MatricesA, Aq,
B andC arereal constantmatricesof appropriatedimensions.
We supposalsothattheinput vectoru is subjectto amplitude
limitationsdefinedasfollows:

U = {ue 0 |ug| < uggy, i =1,...,m} 3)
Consideringsystem(1), assumehereforethatan n.-orderdy-
namicoutputstabilizingcompensator

n(t) = Acn(t) + Bey(t)

Ye(t) = Cen + Dey(t) @

wheren(t) € O™ is the controller state,uc(t) = y(t) € OP is
thecontrollerinputandyc(t) € O™ is thecontrolleroutput,has
beendesignedn orderto guarantesomeperformanceequire-
mentandthe stability of the closed-loopsystemin theabsence
of thecontrolsaturation MatricesA, Bc, C¢ etD¢ areof appro-
priate dimensions.In consequencef the control bounds.the
controlsignalto beinjectedin the systemis a saturatedne:

u(t) = sa(ye(t)) = sa(Cen(t) + DCX(1)) (5)
whereeachcomponenbf sat (yc) is definedVi = 1,...,m, as
sa (Ye) (i) = sa(Ye(i)) = SIGNYeiiy)) Min(|yeeiyls Uoy)  (6)

In orderto mitigatethe undesirablesffects of windup, caused
by input saturationananti-winduptermEc(sa (ye(t)) — ye(t)),
E. € O"*™M canbe addedto the controller[9]. Thus,consid-
eringthe dynamiccontrollerandthis anti-windupstrateyy, the
closed-loopsystenreads:

X(t) = AX(t) + Agx(t — T) + Bsa (ye(t))

y(t) = Cx(t) -
N(t) = Acn(t) + Bey(t) + Ec(sat (Ye(t)) — e(t))

Ye(t) = Cen(t) + Dey(t)

Define now an extended state vector &(t) =
[xt)  n@t)] € O™ and the following matrices:
A+BDC BC: | . As 0| .
A:[BCC Ac]’Ad: 00]’]3:

3o [2]) e oe c e

closed-loopsystenreads:

&(t) = AL(t) + Ag€(t — 1) — (B+ RE)W(KE(Y))  (8)

with P(KE(t)) = ye(t) — sa(yc(t)) = K&(t) —sa(Kg(t)). By
definition, P(Kg) is adecentralizedleadzoneonlinearityand
satisfiesfor any positive definite diagonalmatrix T, the fol-
lowing sectorcondition[7]:

2P(KE)' T[W(KE) —AKE] <0, V€ € S(K,Auo)  (9)

where A € O0™™M is a positive definite diagonalmatrix, with
Ay <1, and, consideringu{)\(i) 2 Uo(iy/ (L= Aijiy), the set
S(K, A, up) is definedby

S(Ks/\a UO) = {E € Dn+nc; |K(|)E| S u{)\(i)a i = 15"'7m} (10)

Consideringanaugmentedhitial conditiong (to+6) = ¢ (6)
[ X(to+6) ] _ [ o(6)

Nto+6) | ~ | &(®)
posedo satisfy|| ¢ [|c< v, v> 0, system(8) will besaidglob-
ally asymptoticallystableif for ary initial conditionsatisfying
[|@s]|c < v with ary finite v, the trajectoriesof system(8) con-
vergeasymptoticallyto theorigin [16], [10]. Similartothecase
of delay-free(t = 0), the determinatiorof a global stabilizing
controlleris possibleonly whensomestability hypothesisare

] ,V0 € [—1,0] where(6) is sup-



verified by the open-loopsystem(u(t) = 0) [13]. When this
hypothesidgs not verified, it is only possibleto achieve local
stabilization. In fact, in the genericcase,given a stabilizing
matrix K, we associat@ basinof attractionto the equilibrium
point&e = 0 of system(8). Thebasinof attractioncorresponds
to all initial conditionsg (8) € ¢’ suchthatthe corresponding
trajectoriesof system(8) converge asymptoticallyto the ori-
gin. Sincethe determinationof the exact basinof attraction
is practicallyimpossible a problemof interestis to ensurethe
asymptoticstability for a setB(8) = {@ € G;|| ¢ [|2< &} of
admissiblenitial conditionsg (6) [20]. Of coursethesetB(d)
is includedin the basinof attraction.Throughouthe paperwe
will referasetB(d) asa region of stability for system(8). The
problemwe aimto solve canthenbe summarizedsfollows.

Problem 1 Determinethe anti-windupgain matrix E; and a
scalard, aslarge aspossible sud thattheasymptoticstability
of systen(8) is ensuedfor all initial conditionsg (6) € B(d) =

{@ € Gill @ [I2< 8}, VB € [-1,01.

SinceB(d) canbeviewedasanestimateof the basinof attrac-
tion of the system(8), theimplicitly ideabehindProblem1 is
to enlage this basinover the choiceof the anti-windupgain
matrix Ec. Throughoutthe paper we addressProbleml both
in thedelaydependenandindependentontexts.

3 Deay-independent results

T

Considerthefollowing Lyapuna candidatdunction:
V(&) =E0'PEO) + | E(6)SE(6)d0

with P=P >0, S=S > 0 andwhereé;, Vt > ty, denotes
therestrictionof & to theinterval [t — T, t] translatedo [—T, O],
thatis, &(6) =§(t+6), V6 € [-1,0].

(11)

Proposition 1 If there exist symmetrigpositivedefinitematri-
cesW e O(mne)x(n+1) gndR ¢ [(H+ne)x(n+1e) | 3 diagonalma-
trix A € O™ M adiagonalpositivedefinitematrix G € O™™,
amatrixZ € O"*™M anda positivescalary satisfying:

WA’ + AW +R AgW BG+RZ —WK A
WA -R 0 <0
| GB' +Z'R' — AKW 0 -2G
(12)
W (1= N\ j)) WK, _
. >0,i=1,..m
(1= Agij)) Ky W Yy =
) (13)
0< A<l i=1,. (14)
then, for E. = ZG™1, it follows that for all initial conditions
9(0) € B(®) = {@ € G| @ 12< 8}, ¥8 € [~1,0] with
1
5= Y (15)

B Amax(W1) + TAmax W—1RW-1)

the correspondingrajectoriesof system(8) corverge asymp-
totically to theorigin.

Proof. Thesatishctionof relations(13) with 0 < Ay < 1im-

pliesthattheset E(W-1,y1) 2 {&€ e OMNe; EWIE <y 1}
is containedn S(K, A, Up). Hence Y&(t) € E(W~L,y~1) it fol-
lows that P(KE(t)) = KE(t) — sa(KE(t)) satisfiesthe sector
condition(9).

By consideringhe Lyapunw candidat€functionasdefinedin
(11), and by computingits time-dervative alongthe trajecto-
ries of system(8) one gets: V(&) = &(t)'(A’P + PA)E(t) —
28 (t)'P(B+ REC)W(KE(L)) + 28 (1) PAag(t — 1) +&(1) () —
&(t— 1)K (t —1). Thus,by usingthe sectorcondition (9), it
foIIowsthatVE( ) € YK, A, Up)
) -

V(&) < V(&) — 20(KE(1) T [W(KE(L))

Since S> 0 and T > 0 it follows that —§&(t —
T)VSE(t — 1) + 28(1)PAGE(t — 1) < &(t)'PAgStAGPE(t)

—AKE()]  (16)

and —20(KE()) TY(KE()) +  22&'(O(KAT -
PB + RE))WKE(M) < O0BE(H)(KAT — P(B +
IREC))’T—l(K’/\T P(B + RE:))&(t). Hence, from (16)
onehas

V(&) <E()LE(), VE() € (KA, Uo)

with £ £ E(t)[A'P + PA + S+ PAS™LA! P + 0.5(K AT —
P(B+RE)) T 1K' AT — P(B+ RE.))]&(t)

Considernow inequality (12). Pre and post multiplying this
P 0 O
0O P O
0 0 T
G, Ec = ZG™! andS= PRP, it follows that (12) is equivalent
to

(17)

inequalityby [ ,andconsiderinP~t =W, T-1=

ALP -S 0

BP+ERP-TAK 0 2T
and, from Schurs complementwe canconcludethat (12) is
equialentto £ < 0. Hence,providedthat&(t) € S(K,A,uo),
if (12) is verified one gets: V(&) < m||&(t)||?> < O and
TRl[EM)17 < V(&) < T6l1& 2 ith T = Amin(P) and T =
Amax(P) + TAmax(S). From (15) and (ii), it follows that for
¢:(6) € B(3), 8 € [7,0], one gets &(t)'PE(t) < V(&) <
V(&) < y~1, ¥t > to. Hence,for ary initial conditionin the
ball B(3), onehasé(t) € E(W~1,y~1), vt > to. Sincerelations
(13) and (14) are satisfied,it follows that&(t) € S(K,A,up),
Vt > to. Thus,for ary initial conditionbelongingto B(d) con-
ditions (i) and(ii) of the Krasosskii Theorem[8] areverified,
ensuringhe asymptoticstability of the closed-loopsystem(8).
O

[ AP+PA+S  PAq PB+PRE;—KAT
<0

Remark 1 For A =0, saturationdoesnotoccurV¢ (6) € B(3)
andthe anti-winduploop doesnot act. Ontheotherhand,if it
is possibleto verify (12) with A = In4n,, the sectorconditionis
verifiedglobally andthe global stability follows.

4 Delay-dependent results

Since&(t) is continuouslydifferentiablefor t > 0, from the
Leibniz-Newton formula, it follows that &(t — 1) = &(t) —



ffr E(t + B)dB. Hence,from [8], to ensurethe stability of the
closed-loopsystem(8) it sufficesto ensurethe stability for the
following system:

E(t) = (A+Ag)E(t) — (B+RE)Y(KE(1))
— J°[AdAE(t + B) — Ad (B+ RE)W(KE(t + B))]dB
— 2 AdAE(t+B—T)dB

@(6),V6 € [-21,0].
Considerthe Lyapunw-Krasorskii functional
V(&) = &(1)'PE() + Q(&)

whereP =P’ > 0andQ(&;) is apositive definitequadratidorm
thatwill bedefinedin thesequel.

(18)

with theinitial data&(to+ 6) =

(19)

Proposition 2 If there exist symmetric positive definite
matrices W € OMne)x(ntne) - x ¢ glmne)x(nne) - R ¢
O(n+ne)x(ntne) gndH e O(Mne)x ()| 3 diagonalmatrix A €
O™=m a diagonalpositivedefinitematrix G € 0™ ™M, a matrix
Z € (0"*M anda positivescalary satisfying

rowa  wa, = 0
*  —1IX 0 0 0
* * —1R 0 0 <0 (20)
x % * -2G 1(GB +Z'R)
* * * * —TH
W (- A(")WK') >0i=1..m (21)
(1= Ky W Y5 -
0<Agjy <1, i=1,...m 22)

wheel éW(A+Ad)’+(A+Ad)W+TAd (X+R+H)A; and
= = _WK' A +BG+ RZ, then,for E; = ZG™1, it followsthat
for all initial conditionsps (6) € B(8) = {@: € Car; || ¢ [13< 3},

V6 € [—T,0] with
yl
5= (23)
@ 2 AW+ F Anad 4R Ag) + Fhmad 41X 1) +

T Amax((B + REG)H=1(B + RE;)) || AK |2, the corresponding
trajectoriesof systen{8) corverge asymptoticallyto the origin.

Proof. The satishctionof relations(21) with 0 < A(j) < 1im-
plies that EW~1,y 1) ¢ S(K,A,up). Hence,for all &(t) €

EWLy 1) it follows that P(KE(t)) = KE(t) — sa(KE(t))

satisfieghe sectorcondition(9).

By consideringthe Lyapunw candidatefunction as defined
in (19), and by computingits time-derivative along the tra-
jectories of system (18) one gets: V(&) = &(t)'[P(A +
Ad) + (A + Ag)'PIE(t) — 28(t)'P(B + RE)W() + &) +
N(&) + (&) + Q(&), where p(&) = —2 /% &(t)PAGAE(t +
BB, N(&) = —2/%&(t)PAdA¢E(t— T+ B)dB and{ (&) =
2 [° (1) PAd (B+ REc)y(t +B)dp

1For notationalsimplicity, we denotey(KKE(t)) as W(t) throughoutthe
proof.

Using now the fact that 2u'v < uXu + VX~1v where
X is ary symmetric positve definite matrix and u and
v are vectors of appropriate dimensions, it follows that

M(E) < TE(t) PAGXAY PE(L) + [° & (t+B)'A’X A (t +B)dB,
N(&) < TE(t)'PAGRALPE(t) + 2 E(t— T+ B) AR 1AGE(t —
T+ B)dB andZ (&) < T&(t) PAGHALPE(t) + [2 w(t +B) (B+
RE;)'H™1(B+ RE:)Y(t +B)dB

Defining nov  Q(&) = [° i p&(0) A XA (B)dEdB +
SO S g E(B) AR AGE(B)dOAB  + f_rﬁww( (B +
RE:)'H™1(B + RE;)y(6)dedp  one obtains Q&) =
— JOE( + BYAXTIAE( + B)AB + TE(L)A'XTAE(Y) -
JREE - T o+ BYAYRIAEM - T + PR+
€M) AGRAGE(N) — [ w(t + B)'(B + RE)H™X(B +
RE)W(t + B)dB + tW(t) (B+ RE)'H1(B+ RE:)W(t).

Hence,consideringthe sector condition,it follows that
V(&) < ()[P(A+Ad) (A+Ad)F’]E()—ZE() P +
RE)W(t) + TE(t)'PAgXA,PE(t) + TE(O)AXTTAL(L) +
t)'PAgRAL PE(t) + (t) AyRAGE (1) +
t)'PAGHA, PE(t) +Ty(t)' (B+ REC)'H—l(B+ REc)w(t) -
20(t)' TIY(t) — AKE(1)], V&(t) € S(K,A, uo) -

Following a similar reasoningo the onedonein the proof of
thePropositionl, it is easyto shav that

V(&) <E()LE(L), VE() € S(K A, W),

2

(24)

Wlth L = ) [P(A + Ag) + (A + Aq)'P + TPA¢(X
AP + TA'X7IA + TAJRAg + (TAK — (B +
(2T — (B + RE)'H (B + RE))"H(TAK — (B +

H)
]REc) P)’
P)]&(t), andthatinequality(20) is equivalentto £ < 0.

RE;)’
Hence, provided that &(t) € S(K,A\,up), if (20) is verified
onegets: V(&) < m||&(t)||> < 0. ande||&(t)||> < V(&) <

18||&t||2 with T2 = Amin(P). The computationof 13 needs
to study the overboundingof V(&;) and thereforethat one of

Q(&:t). Thus,we have to expressthe upperboundon the norm
of Y(t). For&(t) € (K A, ug), onecanverify that (KE(t))

satisfied|W(KE(t))[| < |IAKE)[] < [IAK][[EE)]]

Hencefrom (19) onegetsti = a, and,for ¢ (8) € B(), VO €
[—21,0], onegetsE(t)'PE(t) < V(&) <V (&) <Y, Vt > to.
Thus,following the samereasonigusedin the proof of Propo-
sition 1, we concludethat Vg:(8) € B(3), 6 € [-2t1,0], the
asymptoticstability of the system(18) is ensuredand,ascon-
sequencethe asymptoticstability of system(8) is ensured

Ve (8) € B(), 0 € [-T,0. O

5 Computational issues
5.1 Delay-independent case

In Propositionl, one getsone bilinearity (appearingn both
conditions)dueto the productbetweendecisionvariablesw
and/\. Thebasicideato overcomethis difficulty is to iterate
betweentwo stepswherewe fix A or W. Sincethe implicit
objectie s to obtaina setB(d) with a significantsize,we can



consideranoptimizationproblemwith thefollowing criterion:

min{Boy+ Bl}\max(W_l) + B2Amax(R) }

wheref;, i = 0,1,2 aretuning parametersNote that by min-
imizing the function above we are, implicitly, maximizing d.
Thus, we proposethe following algorithmfor providing a so-
lution to Problem.

Algorithm 1 (Delay-independertase)

1. Initialization of A.
2. Fix A\ andsolvefor W, Aw, R, AR, G, Z andy:

min{Boy+ BaAw + B2AR}

subjectto

relations(12), (13) (25)

Mlnine  Inine >0, ARlnsn, > R
|n+nC
3. Fix W obtainedin stepl andsolvefor A, R,AR, G, Z andy:

min{Boy+ B1Aw + B2Ar}
subjectto
relations(12), (13), (14) (26)
ARlntn, > R

4. Go to step2 until no significantchang on the value of Jy;
BoY+ BiAw + B2AR is obtained.

5.2 Delay-dependent case

In Proposition2, for a givent, thereexists a bilinearity due
to the productbetween\ andW. As in the previous case we
chooseo proceedhroughsomerelaxationschemesssociated
to someoptimizationproblems.In particular we considerthe
following optimizationcriterion,related jimplicitly, to themax-
imizationof the &: min{Boy+ BiAmaxW ™) + B2Amax(H ™) +
BaAmax(A4R™1Aq) + BaAmax(A’X~1A)} whereB;, i = 0,...,4
areweightingparameters.

Algorithm 2 (Delay-dependertdase)

1. Initialization of A.
2. Fix A andsolvefor W, Aw, Ax, Ar, AH, X, R,H, G, Z,y:

min{Boy-+ B1Aw + B2AH + BsAr+ BaAx)}
subjectto
relations(20), (21)
)\W|n+nc In+nC }\X|n+nc A (27)
[ e W | 2% A x |20
ARIn4n A:j } [ Milnene  Inen :|
¢ >0 c c |1 >0
[ Aq R | =7 Ilnen H -
3. Fix W obtainedin stepl andsolvefor A, Ax, AR, A4, X, R, H,
G,Z andy:
min{Boy+ B1Aw + BoAH + BaAr+ BaAx }
subjectto
relations(20),(21), (22)
7\X|n+nc A 7\R|n+nc A& (28)
AH Inen Inen }
c < | >0
[ |n+nc H -

4. Go to step2 until no significantchange on the value of Jyg =
Boy+ BiAw + B2AH + BaAr + BaAx is obtained.

6 Illustrative examples

Example1 Considersystem(1) borrowedin [20] described
by the following data: up =15 1=1,C=[5 1], A=
1 15 0 -1 10

[ 03 _2 }, Ag= { 0 0 } andB = [ 1 } Notethatthe
open-loopmatrix A is strictly unstablesinceits eigervaluesare

1.1432;—2.1432

Considerthe following dynamiccontmoller for the linear sys-

tem (without satumtion): Cc = [ —0.9165 0.1091 |, Ac =
~202042 25216 1.9516
[ 21415 74.4821} and Be = { 70.0649}' Note that

matrix A is asymptoticallystable Hence we try to solve
our problem in the delay-independentontet. Applying
Algorithm 1, with all tuning parametes 3; = 1, one gets

5=637.8241; A = 0.9348; Ec = [ Py }

Table 1 showsthe valuesof d resultingfromthe applicationof
Algorithms1 and2 for differentvaluesof T.

T 0.1 05 1
5(Alg. 1) | 9239005 | 7753730 | 637.8241
3 (Alg. 2) | 1.8826x 10° | 6623369 | 2851510

Table 1: d bothin the context delay-independerand delay-
dependentontexts for differentvaluesof 1.

Fromtable 1, we can noticethat Algorithm 2 providesgreater
o for smallt (t < 0.4), wherasAlgorithm 1 providesbetter
resultsfor T > 0.4. Hence evenwhenthe closed-loopstabil-
ity is delay-independentt may be interestingto evaluatethe
setof admissibldnitial conditionsB(d) via a delay-dependent
procedue.

Example 2 Considersystem(1) describedby the following

S _ J10 [ 0 15
dataiup=15C=[ 5 1], A_{ 0 0},Ad_{ 03 72}
andB = 110 . Considemowthe samedynamiccontroller as

that onein Examplel. Notethat matrix A is now unstable
Hence we haveto solveour problemin the delay-dependent
contxt. We apply Algorithm 2 with all the tuning parame-
ters 3; = 1. Table 2 presentghe correspondingraluesof E¢, 6
(computedrom(23)) and A for differentvaluesof t.

T 01 0.2 0.4

E. 156191 135927 8.0816
—16.5437 —15.2705 —1.4875

A\ 0.8385 0.7675 0.5750

0 1.5115x 10° 977.8398 2888288

Table2: E; ando for differentvaluesof t.

We cannoticethat the valueof d is strongly dependenon the



valueofthedelayt. In particular, we canidentifythetrade-of
betweerthesizeof thestability regionandthesizeofthedelay:
larger is T, smalleris the obtainedd. Furthermoe, by seach-
ing the maximalvalueof 1 for which Proposition2 providesa
solutionto Problem1, we obtaintmax = 0.4430

7 Concluding remarks

In this paperwe have addressethe problemof designinganti-
windup gainsin orderto obtaina region of stability, aslarge
aspossiblefor linearstatedelayedsystemswith saturatingn-
puts. On the otherhand,given a gain E; (computed,for ex-
amplefor satisfyingperformanceequirements)the proposed
methodologycan be straightforwardly adaptedor computing
regionsof stability in orderto estimatethe region of attraction
of the closed-loopsystem.In this caseit is alwayspossibleto
take the E; obtainedwith the proposedalgorithmsandtry to
enlageB(d) in ananalysisalgorithm,basedn the sametheo-
reticalconditions.
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