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Abstract

This paperfocuson the studyand the characterizationof re-
gions of stability for linear systemswith delayedstatesand
subjectto input saturationthroughanti-windupstrategies. In
particular, thesynthesisof anti-windupgainsin orderto guar-
anteethestabilityof theclosed-loopsystemfor a regionof ad-
missibleinitial statesaslargeaspossibleis addressed.Based
on themodelingof theclosed-loopsystem,resultingfrom the
controllerplustheanti-winduploop,asalineartime-delaysys-
temwith adeadzonenonlinearity, stabilityconditionsarestated
for boththedelayindependentanddelaydependentcontextsby
usingquadraticfunctionals.

1 Introduction

In the last few years,the study of systemspresentingtime-
delayshasreceived a specialattentionin the control systems
literature. This interestcomesfrom the fact that time-delays
appearin many kinds of control systems(e.g. chemical,me-
chanicalandcommunicationsystems)andtheir presencecan
be sourceof performancedegradationand instability. In this
sense,wecanfoundin theliteraturemany worksgiving condi-
tions for ensuringstability aswell asperformanceandrobust-
nessrequirements,consideringor not the delay dependence.
Concerningthe delay independentresults,the stability is en-
suredno matterthe sizeof the delay [4], [12], [18]. On the
otherhand,in the delaydependentresults,the sizeof the de-
lay is directly taken into accountandthis factcanleadto less
conservativeresults[2], [5].

Sincephysicalactuatorscannotdeliverunlimitedsignalsto the
controlledplants,theproblemof controlsaturationandits im-
pact on the stability and the performanceof the closed-loop
systemhasalso received a lot of attentionin the last years.
Thestudieson theanalysisandcontrollerdesignproblemsfor�
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linear systemswith input saturationhave followed two main
approaches.In the first one, the effectsof the saturationare
directly taken into accountin the designof the control law.
We canidentify methodsdealingwith the stabilizationof the
closed-loopsystemin global, semi-globaland local contexts
(seeamongothers[19], [13], [6]). The secondapproachas-
sumesthat a controller was previously designed,in order to
guaranteesomeperformances.Theeffectsof thesaturationon
thestabilityandtheperformanceof theclosed-loopsystemare
thenconsidereda posteriori. Theanti-winduptechniquefits in
this lastapproachasit consistsin introducingcontrolmodifica-
tionsin orderto recover, asmuchaspossible,theperformance
inducedby a previous designcarriedout on the basisof the
unsaturatedsystem(see,for example,[1, 9, 11, 21]). It should
bepointedout thatseveralresultson theanti-windupproblem
areconcernedwith achieving globalstabilityproperties[9, 14].
Sinceglobalresultscannotbeachievedfor open-loopunstable
linear systemsin the presenceof actuatorsaturation,local re-
sultshaveto bedeveloped.In thiscontext, akey issueis thede-
terminationof domainsof stability for theclosed-loopsystem,
i.e., setsof admissibleinitial statesfor which the asymptotic
convergenceof the correspondingtrajectoriesto the origin is
ensured.On theotherhand,it shouldbehighlightedthatthese
globalstability resultsdonotconsiderthecaseof systemswith
time-delays.

Consideringthat many practical systemspresentboth time-
delaysandsaturatinginputs,from theconsiderationsabove, it
becomesimportantto studythe stability issuesregardingthis
kind of systems.In this sense,we canidentify in theliterature
someresultsproposedmainly in the context of the stabiliza-
tion via statefeedbackfor systemswith delaysin thestate.In
[16], a globally stabilizing stateobserver basedcontroller is
proposed.In [3], [15] and[22], conditionsof stability or sta-
bilization areproposedwith statefeedbackandsampledstate
feedback.However, in thesepapers,thesetof admissibleini-
tial conditionsfor which theasymptoticstability is ensuredin
thepresenceof controlsaturationis notmentionedor explicitly
defined. In [20], consideringthe synthesisof statefeedback
control laws, it wasunderlinedthe importanceof describinga
setof admissibleinitial conditionsassociatedto thestabilizing



controllaw. Ontheotherhand,consideringananti-windupap-
proachwecancite [17]. In thatpaper, it is proposedadynamic
anti-windupmethodfor linear systemswith control input de-
laysandoutputmeasurementdelaysthat ensuresboundedin-
put - boundedstatestability. It shouldbehighlightedthat this
methodcannotbeappliedto open-loopunstablesystems.

Theobjectiveof thispaperis thestudyandthecharacterization
of regionsof stabilityfor linearsystemswith delayedstatesand
subjectto inputsaturationthroughanti-windupstrategies.Dif-
ferentlyof themostanti-winduptechniquescitedabove,where
the synthesisof the anti-winduploop is introducedwith the
objective of minimizing the performancedegradation,we are
particularlyinterestedin thesynthesisof anti-windupgainsin
order to guaranteethe stability of the closed-loopsystemfor
a region of admissibleinitial statesaslargeaspossible.With
this aim we proposeresultsboth in thedelayindependentand
dependentcontexts. Theseresultsallow to formulateoptimiza-
tion problemsin orderto searchanti-windupgainsthat leadto
themaximizationof thesizeof theregionof stabilityassociated
to theclosed-loopsystem.

Notations. x � i � , A � i � andA � i � j � denotesrespectively: the ith entry of
vector x, the ith row of matrix A and the element � i � j � of A. For
two symmetricmatrices,A andB, A 	 B meansthat A 
 B is posi-
tive definite. A� denotesthe transposeof A. Im denotesthe m-order
identity matrix. λmax� P� andλmin � P� denoterespectively the maxi-
mal andminimal eigenvaluesof matrix P. � τ 
 ����� 
 τ � 0� � ℜn � de-
notesthe Banachspaceof continuousvector functionsmappingthe
interval � 
 τ � 0� into ℜn with the topology of uniform convergence.�����

refersto eithertheEuclideanvectornormor theinducedmatrix
2-norm.

�
φ
�
c 
 sup� τ � t � 0

�
φ � t � � standsfor the norm of a function

φ ��� τ. Whenthedelayis finite then“sup” canbereplacedby “max”.� v
τ is thesetdefinedby � v

τ 
�� φ ��� τ ; ��� φ ��� c � v� v 	 0� .
2 Problem Statement

Considerthelinearcontinuous-timedelaysystem: 
ẋ ! t "$# Ax! t "&% Adx ! t ' τ "&% Bu! t "
y ! t "$# Cx ! t " (1)

with theinitial conditions

x ! t0 % θ "(# φx ! θ "*),+ θ -/.�' τ ) 001) t0 ) φx - ℜ 24365 v
τ (2)

wherex ! t "7- ℜn, u ! t "8- ℜm, y ! t "9- ℜp arethestate,the input
andthemeasuredoutputvectors,respectively. MatricesA, Ad,
B andC arerealconstantmatricesof appropriatedimensions.
We supposealsothattheinput vectoru is subjectto amplitude
limitationsdefinedasfollows::

0 #<; u - ℜm; = u > i ? =A@ u0 > i ? ) i # 1 )CBDBEBD) mF (3)

Consideringsystem(1), assumethereforethatannc-orderdy-
namicoutputstabilizingcompensator

η̇ ! t "G# Acη ! t "&% Bcy ! t "
yc ! t "(# Ccη % Dcy ! t " (4)

whereη ! t "�- ℜnc is the controllerstate,uc ! t "9# y ! t "H- ℜp is
thecontrollerinputandyc ! t "G- ℜm is thecontrolleroutput,has
beendesignedin orderto guaranteesomeperformancerequire-
mentandthestability of theclosed-loopsystemin theabsence
of thecontrolsaturation.MatricesAc, Bc,Cc etDc areof appro-
priatedimensions.In consequenceof the control bounds,the
controlsignalto beinjectedin thesystemis a saturatedone:

u ! t "(# sat ! yc ! t "I"G# sat ! Ccη ! t "&% DcCx ! t "C" (5)

whereeachcomponentof sat ! yc " is defined,+ i # 1 )IBEBDBD) m, as

sat ! yc "J> i ? # sat ! yc > i ? "G# sign! yc > i ? " min !I= yc > i ? =�) u0 > i ? " (6)

In orderto mitigatethe undesirableeffectsof windup,caused
by inputsaturation,ananti-winduptermEc ! sat ! yc ! t "I"K' yc ! t "I" ,
Ec - ℜnc L m, canbeaddedto thecontroller[9]. Thus,consid-
eringthedynamiccontrollerandthis anti-windupstrategy, the
closed-loopsystemreads:

ẋ ! t "G# Ax! t "&% Adx ! t ' τ "&% Bsat ! yc ! t "I"
y ! t "(# Cx ! t "
η̇ ! t "G# Acη ! t "&% Bcy ! t "&% Ec ! sat ! yc ! t "I"M' yc ! t "I"
yc ! t "G# Ccη ! t "&% Dcy ! t " (7)

Define now an extended state vector ξ ! t "N#. x ! t "PO η ! t "POQ0DOR- ℜn2 nc and the following matrices:S #UT A % BDcC BCc

BcC Ac V ;
S

d #UT Ad 0
0 0 V ; WX#T B

0 V ; YZ# T 0
Inc V ; [\#^] DcC Cc _ Hence, the

closed-loopsystemreads:

ξ̇ ! t "G# S ξ ! t "K% S d ξ ! t ' τ "M'`!aWb%/Y Ec " ψ !c[ ξ ! t "I" (8)

with ψ !c[ ξ ! t "I"d# yc ! t "e' sat ! yc ! t "C"f#g[ ξ ! t "e' sat !a[ ξ ! t "I" . By
definition,ψ !a[ ξ " is adecentralizeddeadzonenonlinearityand
satisfies,for any positive definitediagonalmatrix T, the fol-
lowing sectorcondition[7]:

2ψ !a[ ξ "PO T .ψ !a[ ξ "e' Λ [ ξ 0�@ 0 )&+ ξ - S!a[b) Λ ) u0 " (9)

whereΛ - ℜmh m is a positive definite diagonalmatrix, with

Λ > i i i ?kj 1, and, consideringuΛ
0 > i ?dl# u0 > i ?nm ! 1 ' Λ > i i i ? " , the set

S!a[b) Λ ) u0 " is definedby

S!a[b) Λ ) u0 "G#<; ξ - ℜn2 nc; = [ > i ? ξ =A@ uΛ
0 > i ? ) i # 1 )CBDBEBD) mF (10)

Consideringanaugmentedinitial conditionξ ! t0 % θ "e# φξ ! θ "M#T x ! t0 % θ "
η ! t0 % θ " V # T φx ! θ "

φη ! θ " V )o+ θ -p.E' τ ) 00 whereφξ ! θ " is sup-

posedto satisfy q φξ q c j v, v r 0, system(8) will besaidglob-
ally asymptoticallystableif for any initial conditionsatisfyingq φξ q c @ v with any finite v, the trajectoriesof system(8) con-
vergeasymptoticallyto theorigin [16], [10]. Similarto thecase
of delay-free(τ # 0), thedeterminationof a globalstabilizing
controlleris possibleonly whensomestability hypothesisare



verified by the open-loopsystem(u ! t "9# 0) [13]. When this
hypothesisis not verified, it is only possibleto achieve local
stabilization. In fact, in the genericcase,given a stabilizing
matrix [ , we associatea basinof attraction to theequilibrium
point ξe # 0 of system(8). Thebasinof attractioncorresponds
to all initial conditionsφξ ! θ "8-/5 v

τ suchthatthecorresponding
trajectoriesof system(8) converge asymptoticallyto the ori-
gin. Sincethe determinationof the exact basinof attraction
is practicallyimpossible,a problemof interestis to ensurethe
asymptoticstability for a setB ! δ "�#s; φξ -`5 τ; q φξ q 2c @ δ F of
admissibleinitial conditionsφξ ! θ " [20]. Of course,thesetB ! δ "
is includedin thebasinof attraction.Throughoutthepaperwe
will refera setB ! δ " asa region of stability for system(8). The
problemwe aim to solvecanthenbesummarizedasfollows.

Problem 1 Determinethe anti-windupgain matrix Ec and a
scalarδ, aslargeaspossible, such that theasymptoticstability
of system(8) isensuredfor all initial conditionsφξ ! θ "(- B ! δ "e#; φξ -/5 τ; q φξ q 2c @ δ F , + θ -/.�' τ ) 00 .
SinceB ! δ " canbeviewedasanestimateof thebasinof attrac-
tion of thesystem(8), the implicitly ideabehindProblem1 is
to enlarge this basinover the choiceof the anti-windupgain
matrix Ec. Throughoutthe paper, we addressProblem1 both
in thedelaydependentandindependentcontexts.

3 Delay-independent results

Considerthefollowing Lyapunov candidatefunction:

V ! ξt "f# ξ ! t " O Pξ ! t "&%�t τ

t u τ
ξ ! θ " Sξ ! θ " dθ (11)

with P # POer 0 ) S # SOer 0 andwhereξt , + t v t0, denotes
therestrictionof ξ to theinterval . t ' τ ) t 0 translatedto .�' τ ) 00 ,
thatis, ξt ! θ "G# ξ ! t % θ "7)w+ θ -/.�' τ ) 00 .
Proposition 1 If there exist symmetricpositivedefinitematri-
cesW - ℜ > n2 nc ? L > n2 nc ? andR - ℜ > n2 nc ? L > n2 nc ? , a diagonalma-
trix Λ - ℜm L m, a diagonalpositivedefinitematrix G - ℜm L m,
a matrix Z - ℜnc L m, anda positivescalarγ satisfying:xy

W
S O�% S W % R

S
dW W G %/Y Z ' W [HO Λ

W
S Od ' R 0

GWeO�% Z OEYfOz' Λ [ W 0 ' 2G

{| j 0

(12)}
W ! 1 ' Λ > i i i ? " W [HO > i ?! 1 ' Λ > i i i ? "P[b> i ? W γu2

0 > i ? ~ v 0 ) i # 1 )IBEBDBE) m
(13)

0 @ Λ > i i i ?�j 1 ) i # 1 )CBDBEBD) m (14)

then, for Ec # ZGu 1, it follows that for all initial conditions
φξ ! θ "7- B ! δ "G#<; φξ -�5 τ; q φξ q 2c @ δ F , + θ -/.�' τ ) 00 with

δ # γ u 1

λmax!W u 1 "&% τλmax!W u 1RW u 1 " (15)

the correspondingtrajectoriesof system(8) converge asymp-
totically to theorigin.

Proof. Thesatisfactionof relations(13)with 0 j Λ > i i i ? @ 1 im-

plies that theset ��!W u 1 ) γ u 1 " l#�; ξ - ℜn2 nc; ξ OW u 1ξ @ γ u 1 F
is containedin S!c[�) Λ ) u0 " . Hence,+ ξ ! t "(-���!W u 1 ) γ u 1 " it fol-
lows that ψ !a[ ξ ! t "I"b#�[ ξ ! t "�' sat !c[ ξ ! t "I" satisfiesthe sector
condition(9).

By consideringtheLyapunov candidatefunctionasdefinedin
(11), andby computingits time-derivative alongthe trajecto-
ries of system(8) one gets: V̇ ! ξt "�# ξ ! t "POa! S O P % P

S " ξ ! t "H'
2ξ ! t "�O P !oW�%6Y Ec " ψ !c[ ξ ! t "I"�% 2ξ ! t "�O PS d ξ ! t ' τ "z% ξ ! t "�O Sξ ! t "&'
ξ ! t ' τ "PO Sξ ! t ' τ " . Thus,by usingthe sectorcondition(9), it
follows that + ξ ! t "�- S!a[b) Λ ) u0 "

V̇ ! ξt "8@ V̇ ! ξt "M' 2ψ !c[ ξ ! t "I" O T .ψ !a[ ξ ! t "C"M' Λ [ ξ ! t "10 (16)

Since S r 0 and T r 0 it follows that ' ξ ! t '
τ "�O Sξ ! t ' τ "�% 2ξ ! t "PO PS d ξ ! t ' τ "�@ ξ ! t "�O PS dSu 1 S OdPξ ! t "
and ' 2ψ !c[ ξ ! t "I"�O Tψ !c[ ξ ! t "C" % 2ξ Oo! t "*!a[�O ΛT '
P !oW�%UY Ec "C"�O ψ !c[ ξ ! t "I" @ 0 B 5ξ ! t "�Oo!c[�O ΛT ' P !aW�%Y Ec "C"PO T u 1 !a[�O ΛT ' P !aW�%�Y Ec "I" ξ ! t " . Hence, from (16)
onehas

V̇ ! ξt "8@ ξ ! t " O�� ξ ! t "7)�+ ξ ! t "�- S!a[b) Λ ) u0 " (17)

with � l# ξ ! t "POa. S O P % P
S % S % P

S
dSu 1 S OdP % 0 B 5 !c[�O ΛT '

P !oW�%�Y Ec "C"PO T u 1 !a[�O ΛT ' P !aWb%/Y Ec "I"10 ξ ! t "
Considernow inequality (12). Pre andpost multiplying this

inequalityby �� P 0 0
0 P 0
0 0 T �� , andconsideringPu 1 # W, T u 1 #

G, Ec # ZGu 1 andS # PRP, it follows that (12) is equivalent
to �� � � P � P� � S P� d P�H� P� Ec 
b� � ΛT� �d P 
 S 0�w� P � E �c ��� P 
 TΛ � 0 
 2T �� � 0

and,from Schur’s complement,we canconcludethat (12) is
equivalentto � j 0. Hence,provided that ξ ! t "�- S!a[b) Λ ) u0 " ,
if (12) is verified one gets: V̇ ! ξt " j π1 =E= ξ ! t "�=D= 2 j 0 and
π2 =D= ξ ! t "�=D= 2 @ V ! ξt "b@ π3 =D= ξt =D= 2c with π2 # λmin ! P" and π3 #
λmax! P"�% τλmax! S" . From (15) and ! ii " , it follows that for
φξ ! θ "�- B ! δ " , θ -�.E' τ ) 00 , one gets ξ ! t " O Pξ ! t "�@ V ! ξt "�@
V ! ξt0 "�@ γ u 1 )�+ t v t0. Hence,for any initial conditionin the
ball B ! δ " , onehasξ ! t "�-��6!W u 1 ) γ u 1 " , + t v t0. Sincerelations
(13) and(14) aresatisfied,it follows that ξ ! t "d-���!a[�) Λ ) u0 " ,+ t v t0. Thus,for any initial conditionbelongingto B ! δ " con-
ditions ! i " and ! ii " of theKrasovskii Theorem[8] areverified,
ensuringtheasymptoticstabilityof theclosed-loopsystem(8).�
Remark 1 For Λ # 0, saturationdoesnotoccur + φξ ! θ "�- B ! δ "
andtheanti-winduploop doesnot act. On theotherhand,if it
is possibleto verify (12)with Λ # In2 nc, thesectorconditionis
verifiedgloballyandtheglobal stability follows.

4 Delay-dependent results

Sinceξ ! t " is continuouslydifferentiablefor t v 0, from the
Leibniz-Newton formula, it follows that ξ ! t ' τ "�# ξ ! t "9'



� 0u τ ξ̇ ! t % β " dβ. Hence,from [8], to ensurethestability of the
closed-loopsystem(8) it sufficesto ensurethestability for the
following system:

ξ̇ ! t "(#�! S % S d " ξ ! t "M'R!oWb%/Y Ec " ψ !a[ ξ ! t "C"' � 0u τ . S d
S

ξ ! t % β "M' S d !aW�%/Y Ec " ψ !a[ ξ ! t % β "C"�0 dβ' � 0u τ
S

d
S

d ξ ! t % β ' τ " dβ
(18)

with theinitial dataξ ! t0 % θ "(# φξ ! θ "J)o+ θ -/.E' 2τ ) 001B
ConsidertheLyapunov-Krasovskii functional

V ! ξt "f# ξ ! t " O Pξ ! t "&% Q ! ξt " (19)

whereP # PO�r 0 andQ ! ξt " is apositivedefinitequadraticform
thatwill bedefinedin thesequel.

Proposition 2 If there exist symmetric positive definite
matrices W - ℜ > n2 nc ? L > n2 nc ? , X - ℜ > n2 nc ? L > n2 nc ? , R -
ℜ > n2 nc ? L > n2 nc ? andH - ℜ > n2 nc ? L > n2 nc ? , a diagonalmatrix Λ -
ℜm L m, a diagonalpositivedefinitematrixG - ℜm L m, a matrix
Z - ℜnc L m anda positivescalarγ satisfying�    � Γ τW � � τW � �d Ξ 0¡ 
 τX 0 0 0¡ ¡ 
 τR 0 0¡ ¡ ¡ 
 2G τ � G� � � Z � � � �¡ ¡ ¡ ¡ 
 τH

� ¢¢¢¢� � 0 (20)£
W � 1 
 Λ � i � i � � W �f� � i �� 1 
 Λ � i � i � �a� � i � W γu2

0 � i � ¤�¥ 0 � i 
 1 �1¦�¦�¦�� m (21)

0 § Λ � i � i � � 1 � i 
 1 �1¦�¦�¦�� m (22)

whereΓ l# W ! S % S d "�OC%/! S % S d " W % τ
S

d ! X % R % H " S Od and
Ξ #�' W [HO Λ %�W G %/Y Z, then,for Ec # ZGu 1, it followsthat
for all initial conditionsφξ ! θ "G- B ! δ "M#¨; φξ -©5 2τ; q φξ q 2c @ δ F ,+ θ -�.E' τ ) 00 with

δ # γ u 1

α
(23)

α ª
 λmax�W � 1 �«� 3τ2

2 λmax� � �d R
� 1 � d ��� τ2

2 λmax� � � X � 1 � ���τ2

2 λmax�1�E�¬��� Ec �c� H � 1 ���©��� Ec �1� � Λ � � 2, the corresponding
trajectoriesof system(8) convergeasymptoticallyto theorigin.

Proof. Thesatisfactionof relations(21) with 0 @ λ > i ?Gj 1 im-
plies that ��!W u 1 ) γ u 1 "�­ S!c[�) Λ ) u0 " . Hence,for all ξ ! t "d-��!W u 1 ) γ u 1 " it follows that ψ !c[ ξ ! t "I"�#s[ ξ ! t "H' sat !c[ ξ ! t "C"
satisfiesthesectorcondition(9).

By consideringthe Lyapunov candidatefunction as defined
in (19), and by computingits time-derivative along the tra-
jectories of system (18) one gets1: V̇ ! ξt "�# ξ ! t "POa.P ! S %S

d "k%®! S % S d "PO P0 ξ ! t "d' 2ξ ! t "�O P !oW¯%sY Ec " ψ ! t "d% µ ! ξt "k%
η ! ξt "w% ζ ! ξt "w% Q̇ ! ξt " , where µ ! ξt "8#s' 2

� 0u τ ξ ! t " O PS d
S

ξ ! t %
β " dβ ) η ! ξt "f#�' 2

� 0u τ ξ ! t " O PS d
S

d ξ ! t ' τ % β " dβ andζ ! ξt "�#
2
� 0u τ ξ ! t " O PS d !aW�%/Y Ec " ψ ! t % β " dβ

1For notationalsimplicity, we denoteψ °�± ξ ° t ²o² as ψ ° t ² throughoutthe
proof.

Using now the fact that 2uO v @ uO Xu % vO X u 1v where
X is any symmetric positive definite matrix and u and
v are vectors of appropriate dimensions, it follows that
µ ! ξt "(@ τξ ! t "�O PS dX

S OdPξ ! t "�% � 0u τ ξ ! t % β "PO S O X u 1 S ξ ! t % β " dβ,

η ! ξt "8@ τξ ! t "�O PS dR
S OdPξ ! t "&% � 0u τ ξ ! t ' τ % β "�O S OdRu 1 S

d ξ ! t '
τ % β " dβ andζ ! ξt "�@ τξ ! t "�O PS dH

S OdPξ ! t "K% � 0u τ ψ ! t % β "POo!oW�%Y Ec " O H u 1 !aW�%/Y Ec " ψ ! t % β " dβ

Defining now Q ! ξt "4# � 0u τ
� t
t 2 β ξ ! θ "PO S O X u 1 S ξ ! θ " dθdβ %� 0u τ

� t
t u τ 2 β ξ ! θ "�O S OdRu 1 S

d ξ ! θ " dθdβ % � 0u τ
� t
t 2 β ψ ! θ "�On!oW %Y Ec "�O H u 1 !aW³%´Y Ec " ψ ! θ " dθdβ one obtains Q̇ ! ξt "�#' � 0u τ ξ ! t % β "PO S O X u 1 S ξ ! t % β " dβ % τξ ! t "�O S O X u 1 S ξ ! t "µ'� 0u τ ξ ! t ' τ % β " O S OdRu 1 S

d ξ ! t ' τ % β " dβ %
τξ ! t " O S Od Ru 1 S

d ξ ! t "µ' � 0u τ ψ ! t % β " O !oW\%¶Y Ec " O H u 1 !oW\%Y Ec " ψ ! t % β " dβ % τψ ! t "POD!aW�%�Y Ec "�O H u 1 !aW�%/Y Ec " ψ ! t " .
Hence,considering the sector condition,it follows that
V̇ ! ξt "©@ ξ ! t "�Oa.P ! S % S d "7%·! S % S d "PO P0 ξ ! t "�' 2ξ ! t "�O P !aW�%Y Ec " ψ ! t "·% τξ ! t "�O PS dX

S OdPξ ! t "¸% τξ ! t "PO S O X u 1 S ξ ! t "¹%
τξ ! t " O PS dR

S OdPξ ! t " % τξ ! t " O S OdRu 1 S
d ξ ! t " %

τξ ! t "�O PS dH
S OdPξ ! t "w% τψ ! t "�Oo!aW�%pY Ec "PO H u 1 !oW�%�Y Ec " ψ ! t "e'

2ψ ! t "�O T .ψ ! t "º' Λ [ ξ ! t "10 , + ξ ! t "G- S!a[b) Λ ) u0 " .

Following a similar reasoningto the onedonein the proof of
theProposition1, it is easyto show that

V̇ ! ξt "�@ ξ ! t " OQ� ξ ! t "�)s+ ξ ! t "f- S!a[b) Λ ) u0 "*) (24)

with � l# ξ ! t "�Oc.P ! S % S d "�%»! S % S d "PO P % τP
S

d ! X %
R % H " S OdP % τ

S O X u 1 S % τ O S OdRu 1 S
d %¼! TΛ [½'¾!oW¿%Y Ec "�O P"�Oa! 2T ' τ !oWµ%gY Ec "�O H u 1 !oWµ%gY Ec "C" u 1 ! TΛ [¸'�!oWR%Y Ec "�O P"10 ξ ! t " , andthatinequality(20) is equivalentto � j 0.

Hence, provided that ξ ! t "�- S!a[b) Λ ) u0 " , if (20) is verified
onegets: V̇ ! ξt " j π1 =D= ξ ! t "�=D= 2 j 0. andπ2 =E= ξ ! t "�=D= 2 @ V ! ξt "�@
π3 =D= ξt =E= 2c with π2 # λmin ! P" . The computationof π3 needs
to study the overboundingof V ! ξt " and thereforethat oneof
Q ! ξt " . Thus,we have to expresstheupperboundon thenorm
of ψ ! t " . For ξ ! t "H- S!a[b) Λ ) u0 " , onecanverify that ψ !a[ ξ ! t "I"
satisfies=D=ψ !a[ ξ ! t "C"À=E=w@¯=D=Λ [ ξ ! t "�=D=&@<=E=Λ [�=Á=E=D= ξ ! t "�=D= .
Hence,from (19)onegetsπ3 # α, and,for φξ ! θ "8- B ! δ " , + θ -.E' 2τ ) 00 , onegetsξ ! t " O Pξ ! t "8@ V ! ξt "�@ V ! ξt0 "8@ γ u 1 )º+ t v t0.
Thus,following thesamereasonigusedin theproof of Propo-
sition 1, we concludethat + φξ ! θ "b- B ! δ " , θ -¨.E' 2τ ) 00 , the
asymptoticstability of thesystem(18) is ensuredand,ascon-
sequence,the asymptoticstability of system(8) is ensured+ φξ ! θ "8- B ! δ " , θ -/.�' τ ) 00 . �
5 Computational issues

5.1 Delay-independent case

In Proposition1, one getsone bilinearity (appearingin both
conditions)due to the productbetweendecisionvariablesW
andΛ. The basicideato overcomethis difficulty is to iterate
betweentwo stepswherewe fix Λ or W. Sincethe implicit
objective is to obtaina setB ! δ " with a significantsize,we can



consideranoptimizationproblemwith thefollowing criterion:

min ; β0γ % β1λmax!W u 1 "&% β2λmax! R"JF
whereβi , i # 0 ) 1 ) 2 aretuningparameters.Note thatby min-
imizing the function above we are, implicitly, maximizingδ.
Thus,we proposethe following algorithmfor providing a so-
lution to Problem1.

Algorithm 1 (Delay-independentcase)

1. Initialization of Λ.

2. Fix Λ andsolvefor W, λW, R,λR, G, Z andγ:

min� β0γ � β1λW � β2λR �
subjectto
relations � 12� � � 13�Â

λWInÃ nc InÃ nc

InÃ nc W Ä ¥ 0 � λRInÃ nc ¥ R

(25)

3. Fix W obtainedin step1 andsolvefor Λ, R,λR, G, Z andγ:

min� β0γ � β1λW � β2λR �
subjectto
relations � 12� � � 13� � � 14�
λRInÃ nc ¥ R

(26)

4. Go to step2 until no significantchange on the valueof Jdi 

β0γ � β1λW � β2λR is obtained.

5.2 Delay-dependent case

In Proposition2, for a given τ, thereexists a bilinearity due
to theproductbetweenΛ andW. As in thepreviouscase,we
chooseto proceedthroughsomerelaxationschemesassociated
to someoptimizationproblems.In particular, we considerthe
followingoptimizationcriterion,related,implicitly, to themax-
imizationof theδ: min ; β0γ % β1λmax!W u 1 "&% β2λmax! H u 1 "&%
β3λmax! S OdRu 1 S

d "M% β4λmax! S O X u 1 S "JF whereβi , i # 0 )CBDBEBD) 4
areweightingparameters.

Algorithm 2 (Delay-dependentcase)

1. Initialization of Λ.

2. Fix Λ andsolvefor W, λW, λX , λR, λH , X, R,H, G, Z,γ:

min � β0γ � β1λW � β2λH � β3λR � β4λX ���
subjectto
relations � 20� � � 21�Â

λWInÃ nc InÃ nc

InÃ nc W Ä ¥ 0 � Â λX InÃ nc � �� X Ä ¥ 0Â
λRInÃ nc � �d� d R Ä ¥ 0 � Â λH InÃ nc InÃ nc

InÃ nc H Ä ¥ 0

(27)

3. Fix W obtainedin step1 andsolvefor Λ, λX , λR, λH , X, R, H,
G, Z andγ:

min � β0γ � β1λW � β2λH � β3λR � β4λX �
subjectto
relations � 20� � � 21� � � 22�Â

λX InÃ nc � �� X Ä ¥ 0 � Â λRInÃ nc � �d� d R Ä ¥ 0 �Â
λH InÃ nc InÃ nc

InÃ nc H Ä ¥ 0

(28)

4. Go to step2 until no significantchange on the valueof Jdd 

β0γ � β1λW � β2λH � β3λR � β4λX is obtained.

6 Illustrative examples

Example 1 Considersystem(1) borrowedin [20] described
by the following data: u0 
 15, τ 
 1, C 
´Å 5 1 Æ , A 
Â

1 1 ¦ 5
0 ¦ 3 
 2 Ä � Ad 
 Â 0 
 1

0 0 Ä andB 
 Â 10
1 Ä . Notethat the

open-loopmatrixA is strictly unstablesinceits eigenvaluesare
1 B 1432;' 2 B 1432.

Considerthe following dynamiccontroller for the linear sys-
tem (without saturation): Cc 
ZÅ 
 0 ¦ 9165 0 ¦ 1091 Æ , Ac 
Â 
 20¦ 2042 2 ¦ 5216

2 ¦ 1415 
 4 ¦ 4821 Ä and Bc 
 Â
1 ¦ 9516
 0 ¦ 0649 Ä . Note that

matrix
S

is asymptoticallystable. Hence, we try to solve
our problem in the delay-independentcontext. Applying
Algorithm 1, with all tuning parameters βi # 1, one gets

δ 
 637¦ 8241; Λ 
 0 ¦ 9348; Ec 
 Â 18¦ 4898
 4 ¦ 8331 Ä .

Table1 showsthevaluesof δ resultingfromtheapplicationof
Algorithms1 and2 for differentvaluesof τ.

τ 0 ¦ 1 0 ¦ 5 1
δ (Alg. 1) 923¦ 9005 775¦ 3730 637¦ 8241
δ (Alg. 2) 1 ¦ 8826 Ç 103 662¦ 3369 285¦ 1510

Table 1: δ both in the context delay-independentand delay-
dependentcontexts for differentvaluesof τ.

Fromtable1, wecannoticethat Algorithm2 providesgreater
δ for small τ (τ j 0 B 4), whereasAlgorithm 1 providesbetter
resultsfor τ v 0 B 4. Hence, evenwhenthe closed-loopstabil-
ity is delay-independent,it maybe interestingto evaluatethe
setof admissibleinitial conditionsB ! δ " via a delay-dependent
procedure.

Example 2 Considersystem(1) describedby the following

data: u0 
 15, C 
 Å 5 1 Æ � A 
 Â 1 0
0 0 Ä � Ad 
 Â 0 1 ¦ 5

0 ¦ 3 
 2 Ä
andB 
 Â 10

1 Ä . Considernowthesamedynamiccontroller as

that one in Example1. Note that matrix
S

is now unstable.
Hence, we haveto solveour problemin the delay-dependent
context. We apply Algorithm 2 with all the tuning parame-
ters βi # 1. Table2 presentsthecorrespondingvaluesof Ec, δ
(computedfrom(23)) andΛ for differentvaluesof τ.

τ 0 ¦ 1 0 ¦ 2 0 ¦ 4
Ec

Â
15¦ 6191
 16¦ 5437 Ä Â

13¦ 5927
 15¦ 2705 Ä Â
8 ¦ 0816
 1 ¦ 4875 Ä

Λ 0 ¦ 8385 0 ¦ 7675 0 ¦ 5750
δ 1 ¦ 5115 Ç 103 977¦ 8398 288¦ 8288

Table2: Ec andδ for differentvaluesof τ.

We cannoticethat thevalueof δ is stronglydependenton the



valueof thedelayτ. In particular, wecanidentifythetrade-off
betweenthesizeof thestability regionandthesizeof thedelay:
larger is τ, smalleris theobtainedδ. Furthermore, by search-
ing themaximalvalueof τ for which Proposition2 providesa
solutionto Problem1, weobtainτmax # 0 B 4430.

7 Concluding remarks

In thispaper, wehaveaddressedtheproblemof designinganti-
windup gainsin order to obtaina region of stability, as large
aspossible,for linearstatedelayedsystemswith saturatingin-
puts. On the otherhand,given a gain Ec (computed,for ex-
amplefor satisfyingperformancerequirements),theproposed
methodologycanbe straightforwardly adaptedfor computing
regionsof stability in orderto estimatetheregion of attraction
of theclosed-loopsystem.In this caseit is alwayspossibleto
take the Ec obtainedwith the proposedalgorithmsandtry to
enlargeB ! δ " in ananalysisalgorithm,basedon thesametheo-
reticalconditions.
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