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Keywords: Robust Control, Non-smooth Actuator Nonlinearmathematical models of hysteresis tend to be very complicated
ity, Hysteresis, Nonlinear systems, Sliding Mode Control  and are hardly suited for controller design. A well assessed
hysteresis model, capturing most of its characteristics, still re-
Abstract taining some simplicity being piecewise linear, has been pro-
posed in [8] [7]. Even in simple cases, however, traditional
This paper addresses the stabilization problem of an uncerte@mtrol methods fail and new approaches claim for being de-
intrinsically nonlinear SISO plant containing non-smooth norveloped [6].

Ii_nearities _(qlead-zone, backla_lsh, hys_tere_sis) in the aCtuatorﬂﬁ'importr:mt research thrust, dealing with unknown nonlinear-
vice. A unified framework for its solutlon_|s he_rg proposed, fies cascaded to linear plants, is based on adaptive control [7].
suming that the parameters of the nonlinearities are uncertgif. \ orih noting, however, that when the adaptive inverse is

as well T_o_ thi? purpose, the hysteresis model used in [8] r].?S.Sed for control, the effect of hysteresis may not be completely
been modified into an "extended” one, and a robust control Iac"z‘;(ncelled (8]

ensuring asymptotic stabilization has been synthesized using

it. The resulting controller has been shown to be a full geNariable structure control (VSC) techniques have been used as
eralization of previous results (it includes, as particular cas#ell [1], [3], [9]. Indeed, the well known robustness features
control laws [3] previously developed for backlash and deadnd the discontinuous character of sliding mode control [12]
zone), ensuring also that the inner "forbidden” part of nonlir@ppears particularly well suited for handling intrinsically non-
earity characteristics is never entered, even in the presencénsfar and uncertain SISO plants containing non-smooth non-
uncertainties. Theoretical results have been validated by sirfipearities.

lation on a simple mechanical system. With the aim of attaining a controller general enough to in-

clude backlash and dead-zone, the hysteresis model used in [8]
1 Introduction has been modified into an "extended” one. Using it, a robust

] . ) control law ensuring asymptotic stabilization has been synthe-
Non-smooth nonlinearities such as hysteresis, backlash, deggaq.

zone, are always present in real control plants. Industrial en-

gineering components always show non-smooth behavior with
memory effect and their main undesired effects (from an en&— System model and problem statement

neenng pomt of view) are Some power loss, proportional to_ ﬂ(‘f‘onsider an uncertain single-input intrinsically nonlinear sys-
hysteresis loop area, and a time delay. Due to the non d'ﬁﬁ%fn'
al

entiability and memory effect of these nonlinearities, industri
control techniques usually ignore them in control design. On
the other side it is well known from a theoretical point of view h(x) + Ah(x) + g(x)u + d(x) (1)
that, if unaccommodated, non-smooth dynamics with hystere- u = f(v) )
sis loop can produce severe loss of control authority and even

more instability. Even for systems that show thin hysteresiierex(t) € IR"™ is thestate vectomt timet , u(t) € IR is
loop linear control methods can be ineffective due to phatfe input, g(x) : IR" — IR" is the smooth state-input map,
shifts and unmodeled energy loss. It can be claimed that "Alatx) : R" — IR" is a smooth function describing the known
tuator and sensor nonlinearities are among the key factors liphant dynamics, and finallAh(x) : R" — R" andd(x) :

iting both static and dynamic performance of feedback contd” — IR™ account for parameter variations and exogenous
systems” [7]. disturbances respectively.

A number of different models are available in literature (for &he nonlinear system is supposed to be preceded by the actuat-

complete survey see f.i. [2]). In most cases, however, rigoroiti§ device affected by a hysteresis-like nonlineatity= f(v)
(see Fig.1)u being the plant input not available for control.



to be first introduced for any state(t), u(tx)) € A, t > ty:

v u
—— ACTUATOR PLANT [—* mpv +c,  if v, >wvz and v € [v(ty), vy )
mev + ¢t if v, >wv3 and v € [vg,v3)
Fig.1 - Block scheme of a plant driven by the fir= (v + ey !f vy <wz and v € [v(tg),vu )
actuator. o my(v—-c.) if v, <vs andov € [vy,v3)
‘ msv+cs If v €[z, +00)

mv+cqg If vg<wvg andwv € (vp,v(tg)]
mpyv+cp  If vg <wvg and v € (vy, vy ]
miv+cqg If vg>wvg ando € (vg,v(ty) ]
my(v—¢) if vg>vsandv € (vg,vy]

fa:

m;v + ¢; if v e (—o0,vy)

where, following [7], v4, vu, c4, ¢, are such that: vy =

myc + cq MyCr + Cy . Ct — Cy |

y Uy = y Vg = y Uh =
mp—my my — My mp —
Cy — Cd

_ _ S andeg = u(ty) — myu(ty); cu = u(ty) — mpv(ty).
Fig.2 - Sketch of the "extended” hysteresis nonlinearity. mp — My . .. .
Finally, the input-output relatiof®;, of the hysteresis is defined

as follows: for any stat® = (v(t),u(tr)) € Xp and for any
inputv(-) monotone ovefty, tx+1], the hysteresis output(t)
is givenvt € [tg, tp+1] bY:

2.1 The "extended” hysteresis model. Fi(v(t), ote), ult), te)
if v(-) is increasing ovefty, txt1]
Consider the input/output characteristic in the pléng.) re- u(t) = @n(v(t)) = Fa(v(t), o(ts), ulty), te)
ported in Fig.2, and define: if () is decreasing oveity, ¢ 1]
(4)
with:
msv(t) + cs if pely
r,»gv,ug =u—my(v—c), Tz(v,lﬁ) 3=U—m€U—Ct), (w(b), 0(te), ulty)) if per
rs(v,u) ;= u —mgv —cgs, T1(V,U) =u—my(v—c), F;, .= ’ L
rp(v,u) == u—mpv —cp,  1i(v,u) = u—mv — ¢, miv(t) + ¢ !f (P €T2) A (v(tr) <v(t) < va)
() fi(v(t), vy, uq) if (pela)A (v(t)>wvy)
where m,., my, my, my, my, m; are assumed to be nonnega- )
tive real numbersg,, c;,c;,cp € IR ande,, ¢; satisfy: ¢, = m;v(t) + ¢ if pely
ug — M3 ¢ = Ug — M;Vyg V1,U2,03,04 being the values of fa(v(t),v(ty), u(ty)) ifpei
v at the upper-left (poinf; in Fig.2), lower-right (point?), by = mav(t) + ¢, if (5€T1) A (vs < o(t) < v(tr))
upper-right (pointP;) and lower-left (pointP;) corners of the Fa(o(d), ) it (5 € Ty) A ( (t)_< )
quadrilateral. d\Vt), U3, U3 P&ty Al v ©)
Define the following regions ilR* A = {(v,u) € R? |
rr(v,u) > 0, ri(v, u) <0, (v, u) <0, rp(v,u) > 0}, Remark 2.1 It is easily verified that backlash and dead zone
Iy = {(vu) e R? |n(v,u) =0, v>w3}, T2 = arespecial cases of this model of hysteresis. As a matter of fact
{(v,u) e R? | r;(v,u) =0, v < vy}, [ :=T1 UTs. backlash can be obtained with, = 0, m, = 0, m, = m,

d sufficiently large; andc¢,. On the other side dead zone is
obtained imposing; = ¢, = m; = my, = 0. A variety of other
least common nonlinearities and a wider variety than using an
Ogyal piecewise linear model [7] can be obtained with other

I

DefineX g as the set of the states of the hysteresis model [
i.e. the set of all the points ifR? lying inside or upon the
hysteresis characteristic. It is easily verified that = A U T,

the bar denoting the closure with respect to the usual topol

in R2. ues of these parameters.

1To ease the understanding of notation, it may be useful to notice that, in the
For an analytic description of the nonlinearity, the foIIowm%Xpressm off:(0(1), 0(tx), u(ty ), t2 ), the conditions, > vs implies that
two functionsf; (-, v(tx), u(te), t) = [v(tk), 00) — [u(tr),50) 1, < my and simultaneously that the poift(ty,), u(ty,)) is close enough to

and fa(-, v(tx), u(tr), tx) : (—oo,v(tr)] — (—oo,u(tr)] need the top segment of the hysteresis.



With reference to the described hysteresis model, the followitmgether the system dynamics and the sliding surface:
Assumption is introduced.

0s(x ds(x
w(x) = 8(x )h(x) r(x) := 8(x )g(x)
Assumption 2.1 Coefficients describing the hysteresis nonlin-
earity are uncertain with bounded uncertainties, i.ev; = Ds(x)
mj + Am;  [Aml < ppy, §o€ {tLnbsi}, ¢ = §(x) = X [Ah(x) 4+ d(x)] -
¢ + Ac; |Acj| < pej, § € {t,1,r, b}. Hysteresis loop slopes ox
m; j € {t,1,r,b} are assumed nonnegative, whits{ andm; Note thatr(x) > 0 ¥x € IR" due to Assumption 2.2. Next, it
are assumed strictly positive. is useful to define the functions below, built considering both
system and actuator uncertainties:
Referring to Fig. 2 in the perturbed condition, we will denote )
by 7, (the abscissa of point E in figure) (and resp,) the o p(x) +7(X)pej + (%) pmj |ve ‘
largest (resp. smallest) abscissa of the intersection between the fi(x) = 7(X) (1 — Pimj)
bottom and the right segments taken "in the worst case”, i.e.
for my, ¢y, m,, ¢, varying within Ehelr uncertainty interval. (%) +7(%) (1106 + Pk ) ek +7(X) Prm ék+pck—v£k)’
Analogous notation will be used fox, v3, U4, v, s, V4. fr(x):= _
7(x) (g — pmk)
2.2 Problem statement for j = b,t,s,i, k = r,l, wherevéj),j = b,t,s,i,r, [ are
_ ) suitable functions built using quantities describing the nominal
The following assumptions are supposed to hold: s .
ystem:
Assumption 2.2 There exists a smooth functions(x) : G &G wx) Ceibt
IR” — IR such that the achievement of a sliding motion on T TR rmy TN
the surface: L W -
s(x) = 0 @) < T 9T My T

ensures the asymptotic stabilization of system (1). It is as-

. 0s(x) Remark 3.1 Under the assumption of strict positiveness of
sumed thatg(x) and s(x) satisty — ~g(x) # 0, VX. pygieresis loop slopes, and due to Assumption 2.1, the above
By the smoothness &fx) and g(x) and this last Assump- functions exist finite for atk ¢ IR™.
tion, it can be assumed without loss of generality that:

6)‘;7()()g(x) > 0 Vx. Moreover plant uncertainties satisfyBefore giving the main result, it is helpful to state the following
65)Ex) Lemma.

W[Ah(x) +d(x)]| < p(x), Vx.

Lemma 3.1 For the system described by (1) and (2), under
By Assumption 2.1 it is always possible to find a value of thessumptions 2.1-2.2, the following control law:
available inputv such that any initial point lying insid& g

is forced towards the boundary of the hysteresis loop, evenin = ,(*) 4 () — _ % _ w(x) +0,f,(x) if s(x)<0
presence of uncertainties. In the sequel we will denotey = | s ()1

(resp. v/*™) the largest (resp. smallest) valuegftaken on Ugﬂ + U,(f) =— fl — w(x? —0,fi(x) if s(x)>0
the increasing (resp. decreasing) boundary of the hysteresis o r(X)hy :
loop, corresponding to the current working point with the worst ©)

choice ofm,., ¢,., my, ¢, mg, cs, my;, ¢; (resp.my, ¢;, my, ¢;, and®,; chosen as:

Mg, Csy My, Ci)e
o o pmar _ Ués) 1_}3 _ Ués)
O, > max<{ 1, —— ;

Problem 1 The addressed problem, provided that Assumptions fs(x) 7 fi(®) (10)
(i) _ ,ymin (i) }

are satisfied, is finding a feedback controller guaranteeing the v — v v — v,
robust stabilization of the system (1) containing the hysteresis ©; > max {1, xR
nonlinearity in the actuator device. ’ ‘

ensures the achievement of a sliding motios @) = 0, hence
asymptotic stabilization.

In order to concisely state the main result, some definitions will

be given in the following. They formalize some useful relatioRemark 3.2 The theoretical result of Lemma 3.1 simply states
ships between the sliding surface, system dynamics and acthat a stabilizing control input can always be found working
tor characteristics. Define first the following functions, linkingutside the hysteresis loop, i.e. choosing the available input

3 Notation and results



in correspondence of the two half lines of the hysteresis chdihe proofs are technical and are omitted for sake of brevity.

acteristics. This result, although interesting, can hardly be efhe interested reader can find proofs and more details in [4].

fectively applied in practice. In fact, it would imply the system-

atic avoidance .of. some points of the input variable QO.ma?n, fgrr Some special cases

example the origin in case the hysteresis characteristics is cen-

tered around it. Therefore, constraining the controller to workn the previous section, the hysteresis characteristics has been

always outside the hysteresis could produce persistent chattgssumed with strictly positive loop slopes (Assumption 2.1).

ing for stabilization points contained inside the hysteresis itseifhis limitation is mainly due to some technicalities; indeed, if
not satisfied f;(x) andv?) could not exist for alk € IR".

3.1 Main result o . » .
The implications associated to the condition = 0 will be

In order to overcome the drawbacks of Lemma 3.1 discusseslv discussed. To this purpose, k&) > 0, and recall that

in Remark 3.2, the main result is now introduced. the existence of a feasible control within a given range requires
that: 7) a sliding motion on (7) is achieved;) the control in-

Theorem 3.1 For the system described by (1) and (2) undgjyt belongs to the specified characteristics rarige,the in-

Assumptions I1.1-11.4, the achievement of a sliding motion oy part of the hysteresis characteristics is avoided. Being the

s(x) = 0, hence asymptotic stabilization, is guaranteed by the,siqered characteristics interval bounded (superiorly and in-

following control law feriorly), it is easy to realize that relatiomsandi:) cannot be

(W) 4 0:fi(x) i v, > max{v", fi(x) + vV} simultaneously satisfied as, tends to zero. It follows that,
P 4 O fo(x) i v, > max{ol®, fiy(x) + 0o} in the casen; = 0, the stabilizing control law should never
o 4O, fr(x) i vy > max{e®, f(x) + 07} be sought in the top segment of hysteresis. As discussed in
{ ol 4 O, fx(x) otherwise Remark 2.1, the "extended” hysteresis model described in Sec-
if s(x) <0 tion 2.1 reduces to backlash with the choigg = 0, m;, = 0,
v = m, = m; and sufficiently large; andc;,. It has been argued
(0 —0,f(x) if B3 < min{o]"" 0 — fu(x)} before that no feasible control law can be found in the "top” and
o — O fi(x) it o < min{o]", 0l — fi(x)} "bottom” parts of the hysteresis characteristics, singe= 0,
o —eifi(x) it s < minfo]" ", 0P — fi(x)} my = 0. Moreover, choosing large, andc, means translat-
L v — 0, fi(x) otherwise ing, from a graphical viewpoint, the segments and "b” in
L if s(x)>0 the upward and downward direction respectively of a sufficient
amount (i.e. larger than the usual operating range of the hys-
with v j = 4, r,t,s,b,1, chosen according to (8), an@;, j = teresis). As a consequenag,moves to the left (ands to the
i,7,t,8,b,1, selected as: right), hence one has thaf << 0 andvs >> 0. This implies

that the conditions associated to the use of #ieahd "i” seg-

ments of the hysteresis are necessarily violated, while a feasible

it s(x) <0 solution can always be found using th& and "r” segments.
maz (D) @) Therefore, in the backlash case the control law of Theorem 3.1
max 4 1, % <0< % reduces to a form fully equivalent to the result reported in [3].
- {17 ues Uéb)7 Os — 8O } Coy < e MO Fully analogous arguments hold in the case of dead-zone.
fo(x) fo(x) fo(x)
i {17 ves — vl B e } co U e 5 Simulation Results
Jr(x) Jr(x) Jr(x) In order to validate previous theoretical results, the proposed

max __

0, >max{ 1, ve” U3 = ”éq)} control approach has been applied by simulation on the me-
fs(x) fs(x) chanical system, proposed in [10], representing a robot-like

system with one link. Due to the large presence of mechan-

ical components, indeed, robotics can be considered a key

it 50 >0 field where the robust compensation of actuator nonlinearities
) min ) - should be pursued. The system under study is described by the
Ve — U Ve — Vs H .
max{l, ——— 3% <0, < —= following model:
{ o) } Fo(x)
(t) _  min ,(t) _ (t) )
max{l,ve 0 Ve 1j3}<(9t<vev1 1 = T
fu(x) . fi(x) J(x) iy = —a1Ty+ apwlcos(z1) — agsin(wr) +u
) v — vy (11)
max < 1, - ,— <O < —— R . i
fi(x) fi(x) filx) whereo; = &; + Awy, @ = 1,...,3 are uncertain parameters
’U(i) _,Umin U(Z) —v h . . N 1 A A
O >maxd1, e~V Ve — U whose nominal values are given by = 7 G2 = Ma, b3 =
fi(x) fix) mga, beingm the load mass[’ the motor time constant, the



length and; the gravitational constant. As in [10] the following [2] M. Brokate and J. Sprekels{jysteresis and Phase Tran-

nominal values have been usdd= 1s,m = 1kg,a = 3.5m.
Hysteresis parameters have been chosen as follows= 5,
my=8,1m:=0.7,1Mm, =05,¢6=¢=1,¢ =¢é = —1.

A 25% variation has been applied to system dynamical param-
etersa;, while hysteresis parameters have been varied of 35%
and 15% forc; andm; respectively. The system is supposed to
be driven by an actuator containing an extended hysteresis nd#!
linearity (as in Fig.1). The following standard sliding surface

has been choserix) = x5 + Azy = 0.

The obtained simulation results are shown in Fig. 3 for the hys-
teresis nonlinearity, where the first pane))(shows the state

variables, the second)) and third ¢)) the control variables

andu respectively, and the fourth oné)j displays the points
(marked) of the nonlinearity characteristics used by the con-

troller. The results of Fig.3 have been obtained sethng 7,
and using a a boundary layer [11] of width= 0.05. Fur-

ther results for the hysteresis with= 5 have been reported

in Fig.4 in order to further demonstrate that the proposed con-
troller tends to avoid the internal part of the hysteresis char-
acteristics, trying to move over the (increasing or decreasinq),]
boundary o2 5. This behavior is particularly evident when no
boundary layer is present (Fig.d; while the use of a bound-

ary layer produces a "smoothing” of this effect, as shown i8]

Fig. 4.

6 Conclusions

The problem of the presence of non-smooth uncertain nonlin-

earities in the actuator devices has been addressed in this study.
Control design techniques usually applied in practice do oftf}m
ignore the presence of such nonlinearities in system compo-
nents due to the lack of results in this field, and this approach
may produce catastrophic effects on the control effectiveness,

manly due to the time delay the hysteresis introduces.

Simulation results addressing the stabilization problem have
been included to show the effectiveness of the proposed con-
troller. The regulation problem is straightforward since Theo-
rem 3.1 still holds if error variables instead of the plant stafe2]

variables are considered.

No specific dependence on the initial conditions have been
found while testing the algorithm, as theoretically expected.
Control performances can be tuned by the user suitably set-
ting the design parameters i.e. the system response can be f.i.

speeded using a 'quick’ sliding surface (high values\)for
using stronger control inputs by selectifdg i = 1,2 greater
than the smallest limit values.
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Fig.3 a),b)c)d) - Simulation results: extended hysteresis (7,

e = 0.05)
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