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Abstract

A novel robust predictive control algorithm is presented
for input-saturated uncertain discrete-time linear systems de-
scribed by structured norm-bounded uncertainties. The solu-
tion is based on the minimization, at each time instant, of an
LMI convex optimization problem obtained by a recursive use
of the S-procedure. Stability and feasibility are proved and
comparisons with robust multi-model (polytopic) MPC algo-
rithms are reported.

1 Introduction

Model predictive control (MPC) has become an attractive feed-
back strategy for systems subject to input and state/output in-
equality constraints [1]. More recently, a notable amount of
research has been devoted to extending the basic nominal MPC
strategies to uncertain linear systems. Traditionally, research
on robust minmax MPC control has mainly focused on poly-
topic or multi-model uncertain linear systems [2, 3]. The rea-
son is that the uncertain polytopic paradigm is well suited to
be used within predictive control strategies because the propa-
gation of the effects of the uncertainty over the control horizon
is not usually conservative, especially if formulated in closed-
loop fashion [4, 1], and tight convex sets of state predictions
can easily be formulated via LMI constraints [2]. However,
their large computational burdens still prevent their use in prac-
tical problems. Efforts at removing or ameliorating this situa-
tion have been recently undertaken e.g. in [5], where the idea
was to move as much computational burden as possible off-
line.In this paper, instead, we propose a general N free moves
robust MPC strategy for uncertain norm-bounded (NB) linear
systems [6]. On this subject, fewer contributions have appeared
in the MPC literature. Kothare et al. [2] gave the first construc-
tive solution for the case N = 0. More recently, in [7] a ro-
bustness analysis tool for optimization-based control strategies
has been proposed, postulating the existence of robust MPC
schemes for NB uncertainty. The proposed method is based
on the minimization, at each time step, of an upper bound of
the worst-case infinite horizon quadratic cost under LMI con-
straints derived off-line by a recursive use of the S-procedure
[8]. Unlike the polytopic uncertain description, it is found here
that the number of LMIs grows only linearly with the control
horizon N. A similar approach has been developed by the au-

thors in [9] but the novelty here is twofold: first, the conditions
over the upper bound to the quadratic cost and the input con-
straints are derived in a more compact form; then, by means of
the Choleski factorization, numerical pitfalls are avoided. For
the sake of completeness, in order to cover a lack in the nu-
merical simulations of [9], extensive statistical tests have been
performed in the final example in terms of both control perfor-
mance and computational burdens.

2 Problem Formulation

Consider the following discrete-time linear system with uncer-
tainties or perturbations appearing in the feedback loop

X(t+1) = Dx(t)+Gu(t)+Bpp(t)

y(t) = CX(t) (1)
q(t) = Cgx(t) +Dqu(t)

p(t) = (Ag)(t)

with x € R™ denoting the state, u € R™ the control input, y €
R™ the output, p,q € R" additional variables accounting for
the uncertainty. For a more extensive discussion about this type
of uncertainty see Boyd et al. [6]. It is further assumed that the
plant input is subject to the following ellipsoidal constraint

cuTQuu< P, (2)

with Qu=Q/ >0and G > 0. Theaim s to find a state-feedback
regulation, u(t) = g(x(t)), which possibly asymptotically sta-
bilizes (1) subject to (2). We recall now some properties on
quadratic stabilizability which are relevant for our subsequent
developments. The family of systems (1) is said to be ro-
bust quadratically stabilizable if there exists a constant state-
feedback control law u = K x such that all the closed loop tra-
jectories asymptotically converge to zero. In [6] it has been
shown that a linear state-feedback law is able to quadratically
stabilize an uncertain system of the form (1) if there exists a
matrix P = PT > 0 and a scalar A > 0 such that the following
linear matrix inequality is satisfied

ut) €Qy, Qu={ueRM™

@ Pdy — P+KTR,K +R+ACE C«

] PB,
B} Pdy

B PBp— Al } S
where ®x £ @+ GK, Cx = Cq+DgK and A € R, and Ry > 0,
Ry > 0 are given symmetric matrices used in (4). Accordingly,
the following sets § = {p | ] pH% < |ICk x(t)||§ , representing
the plant uncertainty domains at each time instant t can be de-
termined and a bound on the following quadratic performance
index

300),u() £ max 3 Il + KR}, @)
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results to be given by J(x(0), Kx(-)) < x(0)T Px(0). Moreover,

the following ellipsoidal set
C(Pp) £ {xeR"[x"Px<p} (5)

can be proved to be a robustly positive invariant region for the
state evolution of the closed-loop system, viz. x(0) € C(P,p)
implies that @} x(0) € C(P,p) forallt. When N = 0, given the
input constraint (2), the problem can be attacked as in Kothare
et al. [2] by solving the following LMI optimization problem
in the unknowns p, Q.Y and A:

Qven’ ©
subject to
1 xt)T
e ©
Q HT HT &7 (7
R’Y  plp, 0 0 0
RY2Q 0 plp, O 0 >0, (8)
CqQ+DqY O 0 Aly, 0
®Q+GY 0 0 0 Q-ABpB}
A>0, 9)
_ : i1 1
WQIY |y Qi'Qf =Qu P=pQ
L YQ¢' Q | K=YQl
(10)

In order to improve the usually modest control performance
pertaining to the above receding horizon quadratically stabi-
lizing controllers, in [3] it has been proposed to introduce N
additional input free moves over which the optimization takes
place. A further idea for improving performance was recently
proposed [9] and consists of adopting during predictions the
following family of virtual commands

i) = {
11)

where c(-|t) denotes N free perturbations over the action o§ an
admissible controller K and

k k=1 /k—1-i
K(t+klt) = <H¢K> X(t)+ Y, < I c1>K> (Ge(t+ilt) +Bpp(t+ilt))
0 i=0 0
(12)
represents set-valued state predictions, computed under the
condition

KR(t+K[t) + c(t 4 K[t),
KR(t + kit)

k=0,1,...,N—1,
k>N,

P(t-+KIt) € Sige 2 {P 2 [1plZ < ICkX(t+Kit) +Dac(t+KIt) 13},

k=0,1,...,N—1,

with §  characterizing all admissible perturbations along the
system trajectories corresponding to the virtual command se-
quences (11). The free perturbations c(-|t) are computed by
minimizing the following minmax quadratic index

N-1

Vx(t).Pe(l) £ 2( max

k=0 \ PKIDES 1kt

[I%(t+NIt) 13, (13)

[IR(t+K[t) [ + Hc<t+klt)H%m> +

max
p(t+N t)eSth‘t

Ry > 0, Ry, > 0 are symmetric state and input weighting matri-
ces and P > 0. Specifically, at each time instant t the problem
to be solved on-line consists of computing

¢* (-|t) £ argming )V (x(t), P.c(|t)) (14)
subject to

KX(t+K[t) +c(t+kjt) e Qy, k=0,1,...N—1 (15)

X(t+NJt) e C(Pp) C Q (16)

where C(P,p) is a robust invariant set under K 2 YQ~! with
(P,Q,p) solution of the LMI conditions (7)-(10). In (14), the
constraints (15) are used to enforce input constraints during
prediction whereas the constraint (16), hereafter referred to as
terminal constrain, is used to ensure closed-loop stability.

3 LMI formulation of cost upper-bounds, input
and terminal constraints

In this section we determine a suitable upper-bound to the
quadratic cost in terms of LMI conditions. A convenient upper-
bound to the cost (13) can be achieved by introducing non-
negative reals Jo,....,Jy—1 such that, for arbitrary P, K and
ok = c(t+KJt), pc = p(t+Kt), k=0,..,N —1, the following
inequalities hold true

max %] Rk + ¢ Rico < Jo (17)
PoES
max KRR+ RG < Jo k=1,...NGY
i=0,.....K
max  RYP&N+Ci_1Rion-1 < dnet (19)
i:o?i.ﬁ—l
Then, it results that
N-1
V(x(t),Pe(:[t)) <x§ Rexo+ kZE)JK (20)

In particular, we are interested in determining LMI condi-
tions relating any arbitrary triplet (xo,cx,K), k=0,.,N—1
to the class of all Jp,..,Jy_1 that satisfy (17)-(19). This will
be accomplished by directly exploiting standard S-procedure
arguments [8]. Let’s consider first (17) for a generic triplet
(Xo,C0,Jo). By recalling that

L1 = PkXo +GCo+ Bppo, Vpo € S (21)

one has that (17) is satisfied provided that

(@K X0+ GCo + BpPo) " Re (P X0 + GCo + BpPo) +¢§ Ruco < Jo
(22)

for all pp such that
Pg Po < (CkXo +Dqo) " (CkXo + DgCo) - (23)

Conditions (22) and (23) can be rearranged respectively as

-3 BRaBopy 20 10T po-+- - b 0| 10 | > 29
| (25)

~wp+ i R | | >0



where DJ, Eg = EJ >0 and Fy = Fj > 0 are matrices of ap-
propriate dimensions defined by

o O] R O RG
T A K L K PXSK K P
DO_[ G’ ]Rpr’ EO—[ x G'RG+Ry |’
o [ G
o= D;l; [CK Dq}
(26)

Then, the implication:

(22) holds true for all pg satisfying (23) 27)

can be shown, via the S-procedure [8], to be true iff there exists
a scalar coefficient o > 0 such that the following matrix

3]

* Jo— [ Cg}(EO-i-ToFO)[ 2 }

>0

(28)

is semidefinite positive for the triplet (xo,Co,Jo). By Schur
complements, semidefinitedness of (28) is equivalent to both

—BJRBp+10l >0 (29)

o= e B+ k)| 2 |-
IO} (—BngBp+1:ol)_lDo[ o } S0 (30)

be true. Condition (29) can be satisfied independently by
the triplet (xo,Co,Jo) by selecting a sufficiently large to. Un-
der (29), (30) characterizes the class of all admissible triplets
(X0, Co,Jo) for a given 1o. In order to enlarge this class, a con-
venient choice is

%o £ argming o A (Eo +1tF0 +D§ (—BERXBp+1:O|)*l Do>
subject to
—BpRBp+ 70l >0

(1)

where A denotes the largest eigenvalues. Finally, by performing
a Cholesky factorization

LiLo = Eo+tFo+Dy (~BIRBp+1wl) 'Do  (32)

(see [10] if the matrix is only semi-definite positive), one can
equivalently rearrange condition (28) as the following LMI
condition

S0 &

JO _[le)- ICE]LE)F >0 (33)

*
which is linear in the terms Xg, co and Jo. Then, for a given Xo,
the LMI condition Xg > 0 can be used to characterize all Jy that
satisfy the implication (27) for any co, Moreover, one can min-
imize the upper-bound to the cost by selecting the minimum Jg
which satisfies £y > 0. The same procedures can be repeated
for conditions (18) and (19). Specifically, consider (18) for the
generick=1,....,N — 2. Define vectors

c=legcf o)t eREFIN p S(pfpl .

(34)

and matrices
Oy 2 Df € RN @y 2 [ DL g 1] e R kL
(35)
Then, the set of all k-steps ahead state predictions can be refor-
mulated as
Rir1 = Dixo + DG+ DBpp,, VP €S, 1=0,....k (36)

and the condition (18) rearranged as

R4 1R 1 + G Ruck < (37)
forall pj, i =0,...,k such that
bl pi < (Ck%i 4+ DqGi) " (Cc%i + DqGi) - (38)

Again, the above two conditions (37) and (38) can be rewritten
respectively as

7EIBECT>IRXCBKBp_pk72[X(T) & DE P, + Xk — X QI}EK{ ’é‘; } >0 (39)
Bl G+ 2 ST+ 0 SR | | 20, i=00k (40

where D/, Ex = EJ > 0 are matrices of appropriate dimensions
defined by

Df £ { o ] R«@L B
k GT@'[I(’ Xk Pps
DT R Dy O RDG
Ex & s = 0 0 41
K * GTCDIRXCDKGJr{ 0 R, } (1)

where the square matrix R, is added to the last n, rows and
columns of the sub-matrix G ®} R«@G of Ex, while Hi, Gi =
G! and K = KT > 0 are given by

~ T - f -
we[W 8] ae[S 0] ae[T 8] @
with
Hy £ O(nenu) xnps Go £ 1y, and Fo as in (26) (43)
andfori=1,..k
o ,C
HT 2 | GTo! ,CI | [Ck®i1 O] ,
Dg
G 2 Bpd ,CLCk®i_1Bp 0 (44)
! * —1 ’
5T
[ — ~ ~
F2| Gdl, | CiCk[@i_1 ®i_1G Di_1By]. (45)
Bl
p¥i—-1

The rationale for introducing the matrices HT, Gi and F; is that
of expressing conditions (18) fori = 0,...,N —1 all in terms

pr]T € R+ of the same vectors ¢, and p,, which is instrumental for the

application of the S-procedure, while the exact dependence is



maintaining. In fact, observe that

X0
g EUHiTEk =gl | 6y |,
Ci
PGl p, =[p", PH { E;;ﬁ } (46)
Xo
WG| 2| e dIR o [ @)

Gi
Again, via the S-procedure it can be shown that the implication

(37) holds true for all po, ..., pk satisfying (38) (48)

is satisfied if there exist k+ 1 reals t§ > 0, ..., > 0 such that
the following matrix

7Bg&)1k—Rx&)kBp*2=<:oT=<éi f(Dk+2=<:0‘C=<I:|i) { )éi ]

* - cf] (Ek+2=<:oﬂ('£l){ )éi }
L)

is semidefinite positive for the triplet (xo, ¢y, Jk). By using the
same arguments used to derive (33) one arrives to

Zké N _[X;I)— QI]LI
* |

} >0 (50)

where
Lyl = (Ex+ 3K o4F) +
(Dt 3K o #Fh) " (~BROFRBKBy — S oG ) " (Dic+ Tl o HH)(51)
and 2, i = 0,...,k are given by

35, ... 3] = argming., A (LgLi)
subject to (52)
(—BRPI RPBp— Sk (TGi) > 0.
Finally, the following LMI condition
ZN—]_ 2 |: JNﬂ:l _[Xg 9-l|\-||71}L1l\-171 :l > 0 (53)

results a sufficient condition for (19) to hold true where the
matrix Ly_1 factorizes

L ilnos = (EN,l s %i“‘*lﬁ.) +

AN_1~\T ~ ~ ANt~ )L
(Do) (BT P18y 31116

(Dn-1+ 5N EH) (54)
with D_;, En—1 = EJ_; > 0 matrices defined by
R S
Dhs=| Tl , | PON-1Bp
N éﬁilPéN,l &>1,\—‘71P(T>N,1G
En12 I 0 0 55
N-1 * GT®L71P®N,1G+{ 0 R, ] (5)

and

1., AN £ arg minx-1 A(LN_1Ln-1)

subject to
(—BR®f_PON_1Bp— SN N 1G)) > 0.

(56)

All the above discussion can be summarized in the following
result.

Lemma 1 - Let the initial state xo, the stabilizing control law K
and the input increments c; be given fori =0,..,N — 1. Then,
the set of all non-negative variables Jo, ...,Jy_1 Which satisfy
the following N — 1 LMI conditions, ; >0, i =0,...,N—1,
provide an upper-bound to the cost as indicated in (20).
Notice that, for the specific structure of the matrices
G, i =0,...,N—1, problems (31), (52) and (56) have
always solution by taking their arguments sufficiently large.

Proof - By collecting all the above discussion. m]

Next step is to find LMI conditions that allows us to en-
force the quadratic input constraints (2) along the predictions
fork=0,...,N — 1. This consists of imposing that

(Kxo+¢0)T Qu(Kxo +¢o) <

< (57)
(KR + )" Qu(KR+cx) <

02
W, VpieS,i=0,., k{8
with X given by (36). Condition (57) directly translates into
the following LMI feasibility condition
W —(Kxo+co)"
* Qal

where, for each k, condition (58) can be satisfied by determin-
ing a suitable LMI Y, > 0. One way is to use the arguments
used in determining Zy by eliminating the universally quanti-
fied variables px. A more direct, though possibly conservative
strategy is to consider that an outer approximation to the set of
predictions Xy is provided by the ellipsoidal set

Yo = >0 (59)

Ze2 {xe R™ : X' Rex+¢f_jRiG1 <J1}  (60)

where J_1 is the variable involved in the cost upper-bound
(20). Then, for each k = 1,...N — 1, condition (47) can be
rewritten as

(Kx+cx) " Qu(Kx+cp) < W, Vxe Z. (61)

Via the S-procedure it can be shown that (61) holds true iff
there exists a non-negative real 6 > 0 such that the following
matrix

[ —KTQuK +8kR« —KTQuck
* 7 — ¢f Quek — Ok (J-1 — Cf_1 RuCi_1)

is positive semidefinite which, in turn, is equivalent to verify
that both

—KTQUK +6kR¢ >0 (63)
0% — ¢} Quek — Ok (k-1 — f_; RuCk-1)
—cT QuK (—KT QuK +6kRy) KT Que > 0 (64)



hold true. Then, by selecting

B 2 arg &r)nl% 0 subjectto (—KTQuK +6xRy) >0  (65)
k=
factorizing
Vi Vi = Qu+ QuK (-KTQUK +8R) "KTQu  (66)
and observing that
(64) > 0forcy=0= (64) >0 Vck (67)
one can rewrite (64) as the following LMI condition
2 A _TyT

* |

LMIs (67) and (68), if satisfied, define sufficient conditions on
Jk and ¢ that give rise to admissible state predictions.

Lemma 2 - Let the initial state xo and the stabilizing control
law K be given. Then, all vectors ¢y that along with Jg, k =
0,...,N — 1 satisfy the LMI conditions Y, >0, k=0,....,N—1,
generate set-valued state predictions that, along with the corre-
sponding c, fulfil the input constraint (2) for k =0,..,N — 1.
Notice that, problems (66) have always solution by taking their
arguments sufficiently large.

Proof - By collecting all the above discussion. m]

It remains to impose that: Xy € C(P,p) C Qy i.e.

RPN < p (69)

where XN = ®xXn-1 + GC1 + Bppn-1, VPN-1 € Sv-1. The
constraint (69) can be arranged as follows
(DK RN—1 +Gen—1 +Bppn—1)T P(Pxfn—1 +Gen_1 +Bppn_1) <p  (70)
subject to
(@K RN—1 + Gen—1 + Bppn—1)T P(@k&n—1 + GCn_1 + Bppn-1)
+cf_1RueN-1 < In-1 (71)
V-1 St &1 PRN_ 1+ Gl RuCN 2 < N2 (72)
VpN-1 St Pl_y PN—1 < (Ck&n—1 +Dgen-1)" (CkRn—1 +Dgen-1). (73)
The above conditions (70)-(73) can be rewritten respectively as
RN-1 ] _

p—[ oy s JE |

& CN— CN—
2[ fads Jon| 2 |- [dhadhe IR | 22 |z
o AN—
der- [ Fapha Jev| B ]-
& CN— CN—
2 b 10| O -l elad, R &7 ]2

RN-1

CN—
s }[ i cl, }DNO[ c,':,; ]zo. (76)

In2—[ K1 Phs ] Eng [

I or AN-1 q . oT ON-1
[ 1P ]ENPN—l [ PN-1 }H[ *N-1 PN-1 ]DNPN—l { oN-2 } -

T T ON-1
[h1chs }FNpNil [ o }20. (77

where

T T

D PO, @, PB,

o EN= KTPK +< P
* B)PBp

T T
].FN:{ e }.DN:[ ‘;Jg: }[GO]

.
[ GTPG+Rs O _ _ 0
* FN1’{ 0 0 }ENO’[O 0 ]DNO’{O Ru }
T T T
cle 0 DJ D c
_[ ke G Dq [
* ENpy g { 0 -l }FNPN—l { 0 0 }DNPN—l [ 0 }[qu]

Then the implication
(70) holds true for all Xn_1 satisfying (70)-(72)
and for all py_1 satisfying (73)

can be shown via S-procedure to be true if there exist scalars
¥ >0, >0, 1) > 0such that the following matrix

CN—
—En+ ) En+THENg 4’3\‘ENDN71 (DN+I'1\‘DN—I'3\‘DNDN71){ cm,; }

78
PN 1~y o )

—[ CN_1 SN2 } Fn+

N N N ON-1
+17 FNl +1 DNO T3 FNPN,1 }

ON-2

is semidefinite positive for (cn—1, CN—2, IN—1, IN—2). By the
same arguments used in the section, one obtains

N N T T T
p—TidN-1— T2 [ g o JLK

N2 79
N y | (79)
where
;
L L =F + (O + 7Dy — YD )
-1
((En+ BN+ BN — N Ergy ;) On+TDN-DNgy ) (80)
where N, i = 1,2, 3, are given by
N N .Nj & i AT
[, 7,13 ] = arg minx A(LGLn)
subject to (81)

(—EN —|—T’£‘EN —|—T’2\1ENO _T’?ZIENpNA) > 0.

3.1 Algorithm NB-Frozen

An implementable algorithm which uses the previous result un-
der the assumption that P and K are held constant to their values
computed in the initialization phase is as follows:

1. Attimet =0 given x(0), find

[Yopt, Qopt] = arg Qrgipn P (82)

subject to the constraints (7), (8), (9), (10).
Let K < Yopt Qopt: P popt Qopt-

2. Compute the scalars: ¢ by solving (31); r}‘, k=1,...,N-2,
i=0,....k by solving (52); TN, i=0,...,N—1 by solving
(56); 6, by solving (65); riN, i =1,2,3 by solving (81);

3. Ateachtimet >0, find Copt(tt), Copt(t+1|t), ..., Copt(t+N—
1|t), the minimizer of

min J (83)
Ji,8(t+ilt) i=0..N-1

subjectto %; >0,i=0,...,N,Y; >0,i=0,... N—1;
4. feed the plant by Gopt(t]t) — Kx(t) + Copt (t[t);



5. t—t+1andgotostep 3.

The following result solves feasibility and closed loop stability
questions:

Proposition 1 Let the NB-Frozen scheme have solution at time
t =0. Then, it hassolution at each futuretimeinstant t, satisfies
the input constraints and yields an asymptatically (quadrati-
cally) stable closed-loop system.

Proof: See [3].

4 A numerical experiment

Consider the same two-carts/spring system of [2, 9]. In all sim-
ulations we have used R, = 1, Ry = H'RyH, with Ry = 1 and
input constraints u = 0.1. Fig. 1 reports the output and in-
put for the proposed NB-Frozen algorithm and the Polytopic-
Frozen MPC scheme of [3] for N = 2, respectively. As there
clearly results, an identical control performance has been ob-
tained by using the two different descriptions for the uncer-
tain system. However, as reported in Table 1 the NB-Frozen
algorithm shows a remarkable reduction of the computational
complexity, measured in Flops per step, as the control hori-
zon increases. In order to give a statistical measure of how
the Algorithm NB-Frozen performs w.r.t. the Polytopic-Frozen
Algorithm, a series of 200 randomly chosen plants (® m, Gm),
m=1,...,200, belonging to the uncertainty structure given
by the plant (see [9]), have been generated. For each couple
(®m,Gm), m=1,...,200, a 100-time step MPC nominal sim-
ulation have been run and an estimate of the optimal quadratic
cost computed. These results have been compared with the up-
per bound to the optimal cost after 100-time step for the MPC-
Polytopic and the MPC-NB frozen algorithms. The relative
error has been finally computed and in the Tables 2, 3 an esti-
mate of the relative error mean and the standard deviation are
given.

5 Conclusions

We have presented a novel robust predictive control strategy robustly
which asymptotically stabilizes an input constrained uncertain linear
system with norm-bounded uncertainties. The numerical procedure is
based on the minimization, at each time instant, of an upper bound of
a minmax quadratic index, under the constraint that all future states
are robustly steered within N-steps into a feasible positively invariant
set. The S-procedure plays a crucial role in determining the convex
constraints of such an optimization problem. A significant reduction
of the computational burden and no control performance loss with re-
spect to the polytopic paradigm has been observed from the numerical
experiments.
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Figure 1: Regulated plant output and input

Table 1: Comparison of numerical complexity per step

N=1 N=2 N=3
Polytopic-Frozen | 3686 | 9586 | 27946
Nb-Frozen 2119 | 4505 7835
Table 2: Nb-Frozen vs. Exact
N=1 N=2 N=3
Mean 0.3011 0.2838 0.2636
Standard Deviation | 0.0113 | 0.0145 | 0.0101

Table 3: Polytopic-Frozen vs. Exact

N=1 N=2 N=3
Mean 0.2935 | 0.2261 | 0.1581
Standard Deviation | 0.0156 | 0.0198 | 0.0156
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