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Abstract

Stability in presence of bounded uncertain time-varying time
delays in the feedback loop of a system is studied. The
stability problemistreated in the Integral Quadratic Constraint
(IQC) framework. The stability criterion is formulated as
frequency dependent linear matrix inequalities. The criterion
can be equivalently formulated as a Semi-Definite Program
(SDP) using Kaman-Yakubovich-Popov lemma. Therefore,
checking the criterion can be done efficiently by using various
SDP solvers.

1 Introduction

Time delay often occurs in engineering systems. Since the
existence of time delay usually causes instability of the sys-
tem, the study on the time-delay systems has received consid-
erable attentions, and time-delay robustness has been a large
research topic. Many stability criteria for time-delay systems
can be found in the literature. Stahility criteria for time-delay
systems tend to fal into one of the two categories: delay-
independent and delay-dependent. Asthe nameimplies, delay-
independent criteria provide conditions which guarantee stabil -
ity for any length of the time delay. On the other hand, delay-
dependent criteria exploit a priori knowledge of upper-bounds
on the amount of time-delay. These criteria are generally less
conservative than delay-independent criteria since more infor-
mation about the time-delay is assumed to be known.

Let us consider the following linear time delay system

z(t) = Ax(t) + Aqgz(t — 7(t)) (1)
where 7(¢) is a unknown time-varying parameter which satis-
fies

0<7(t) <h, |7(t)]<d, Vt>0, @
z € R"isthestate, A and A; € R™*"™ are constant matrices.
We assume that the state z(¢) = 0 for al ¢ < 0. In this paper,
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we shall develop delay-dependent conditions for robust stabil-
ity of time-delay system (1). More specifically, given apair of
scalars (h, d), our objectiveisto derive conditions under which
the delay system (1) isrobustly stabile for al 7(t) that satisfies
condition (2).

If the delay parameter 7 is unknown but constant, then the en-
ergy of x(t — 7) is the same as the energy of x(t). Hence,
asimple but conservative delay-independent stability criterion
for the system,

sup [|(jwl, — A) "' Ad|| < 1,

immediately follows the small gain theorem. The exact con-
dition for delay-independent stability was derived in [2] using
structured singular value. Many of the recent research works
focus on delay-dependent stability. Some of them were de-
rived using frequency-domain analysis (by u or IQC analysis)
[14, 5, 17, 7], while others use time-domain analysis (by var-
ious Lyapunov-Krasovskii functions) [16, 11, 13, 4]. See aso
[10] and [15] for the recent development on stability analysis
of time delay systems.

When the delay parameter is time-varying, stability analysisis
more involved. One of the difficulties, for instance, is that the
delay operator is no longer energy-preserving. In fact, if there
is no restriction on the speed of variation; i.e., no bound on
7(t), then the delay operator is not even a bounded operator on
the L, space no matter how small the length of thedelay is. To
seethis, let v(t) and 7(¢) be

(t) 1 t=0,
v =
0 otherwise

Thenv(t—7(t)) isequal to 1 for ¢ € [0, ¢] and 0 otherwise. The
energy of v(t — 7(t)) is equal to h while the energy of of v(t)
is equal to 0, which implies that the gain of the delay operator
isinfinite. Hence, intuitively, systems with time-varying delays
are more unstabl e than those with constant time delays, anditis
not obviousthat stability criteriafor system with constant time
delays can be easily generalized for time-varying delay sys-
tems. Over the past few years, researchers have been working
on stability analysis of linear systemswith time-varying delays
[12,6,1,9, 3, 8]. All of these results are developed in the time-
domain, based on Lyapunov’s second method using different
Lyapunov-Krasovskii functionals.

t € [0, A,

t
() = {0 otherwise ’ 3

In this paper, we consider the stability problem where the
delays in a closed-loop continuous-time system are bounded



but time-varying. We adapt the frequency-domain approach.
Specificaly, the stability problem is treated in the Integra
Quadratic Constraint (IQC) framework [14]. The stability
criterion is formulated as frequency dependent linear matrix
inequalities. The criterion can be equivaently formulated as
a Semi-Definite Program (SDP) using Kaman-Yakubovich-
Popov lemma.  Therefore, the criterion can be verified
efficiently using various SDP solvers.

Notation: Symbol 7, is used to denote n-dimensional identity
matrix. Given a matrix M, the transposition and the conju-
gate transposition are denoted by M’ and M *, respectively. A
matrix M is called positive definiteif M belongsto H"™*" and
’Mz > 0fordlz € C",z # 0. Thenotations M > 0 isused
to denote positive definiteness. The positive semi-definiteness,
negative definiteness, and negative semi-definiteness have sim-
ilar definitions except that the “>" is replaced by “>*, “<“,
and “ <", respectively. We use L to denote the space of square
summable functions defined on time interval [0, c0). Given a
signal f in L, space, weuse|| f||L, to denotethe L, norm of f.
Given an bounded operator G on the L, space, we use ||G||1,
to denote the L, induced norm of G.

2 Main Results

Let D, denotethetime-delay operator and let A be (DT—I)%
Thatis, D, (v) := v(t — 7(¢)), and

t—7(t)
A(v) = /t o(8)df @)

In this paper, we derive stability criteria for linear time delay
systems based on Integral Quadratic Constraints (1QC) anal-
ysis. Given an operator H and a quadratic form o (v, w) de-
fined on L. space, we said that H satisfies |QC defined by o if
o(v,H(v)) > 0foralv € L.

2.1 1QCsfor OperatorsD, and A

The following lemmas are the main technical results of this
paper.

Lemma 1. Operator D, isboundedon L, spaceif d < 1. The
L induced normof D, isequal to 1//1 — d, and D, satisfies
integral quadratic constraints defined by

v(t)' X1v(t) — w(t) Xiw(t)dt, (5)

where X; = X isany positive definite matrix.

Proof. Let X; = X| > 0, and let v(¢) be any Lo signal. We

have

/Ooo ot — 7(8)) Xyu(t — 7(8))dt
_ /_T(O) R

< /00 1 v

—Jo 1-d
The last inequality follows that |7 (t)| < d, VYt > 0. This ver-
ifies that D, satisfies IQC defined o;. Furthermore, by tak-
ing X to be identity matrix, we immediately conclude that

||DT||L.2 S.ﬁ' Tosee | D, ||r, = ﬁ, let us consider the
following signal

(t) = 1 telo,
v 0 otherW|se

then one can easily verify that v(t — 7(t)) is equal to 1 for
t € [0, %], and equal to 0 otherwise. Hence we have

(6) X1v(0)d6

~ ], T(t):{dt telo,),

h  otherwise ’

lot —7®)IL, _ 1
@I,

S 1-d
This concludes the proof. We note that the Ly-gain of D, is
independent of h aslong as h is strictly greater than O. O

Lemma 2. Operator A is bounded on L. space. The L,
induced norm of A is equal to h, and A satisfies integral
quadratic constraints defined by

o2 (0, W) = /0 T Rty Xav(t) — w(t) Xow(t)dt,  (6)

where X, = X/ isany positive definite matrix.
Proof. Let X, = X} > 0andw = A(v). We have
t
w(t) = —/ v(8)db,
t—7(t)
and

w(t) Xow(t) = </tt o v(9)d9>1X2 (/ttT(t) U(n)dn)
ok

Hence, the followings follow the Cauchy-Schwartz inequality

) Xov(n)dodn

B ( /t thv(t‘))'sz(B)d9> "y
</tthv(0)'X2v(0)d0> ’ </tthv(n)’X2v(n)dn> ’
/t thv(e

wXow < [ (o) Xoo(n))

<h
<h ) Xov(6)do



Thisin turnimplies

[ [Tn ]
_h/ (/ t+S)X2v(t+s)ds>dt
<h/ (/ X2v()dt>ds—/ h2o(t) Xsv(t)dt

This verifies the IQC defined by o,. By taking X, = I, itis
obviousthat the L-gain of A isbounded by .

To show that ||A|| = h, let 7(¢t) = h for all ¢. Then opera-
tor A isan linear time-invariant operator such that the transfer
function of A isequal to

v(8) Xov(0)dodt

The L» induced norm of A satisfies

2

—jwh _ 1 _ h2

(&
Alf, > li
A1, > iy |

Hence, ||A|lL, > h which in turn implies that ||A]| =

Again, we note that the Lo-gain of A is independent of d;
that is, the variation of 7 has no effect on the worst-case energy
amplification. O

2.2 Stability Criteriabased on 1QC Analysis

Our results are based on the following transformation, similar
to the oneintroduced in [17].

Lemma 3. Let M € R™ " be a constant matrix. Then the
time-delay system (1) can be equivalently formulated as

i(t) = (A+ MAQz(t) + (In — M)Aqwy (1)
+ M AgAws(t) + M Ajws(t)

= z(t — 7(t)),

()

where wi (t)

Using (7), one can put the linear time delay system in standard
Linear Fractional Transformation (LFT) setup for robustness
analysis, as shown in Figure (1). The LTI system G has a state
space representation

ﬂ?(t) = A.r(t) + Bﬂ[)l (t) + BQ’II)Q (t)
01(t) = o(t)
€)
. [ z(2)
Balt) = [“71 (t)]

where @, = D, (), w2(t) = A(dy), and matrices A =
A+ MAy, Bl = (In — M)Ad, Bz = [MAdA MA%]
Since systems (1), (7) and (8) are equivalent, stability of any

—
G
—
W W U1 Uy
D,

A

Figure 1: Equivalent System of (1)

one of the systems implies stability of the other two. Applying
standard |QC analysis[14] to (8) and using the IQCs derived in
Lemmas 1 and Lemma 2 for D, and A, respectively, we have
the following stability result for linear time delay system (1)

Theorem 1. Linear timedelay system (1) isstableif there exist
symmetric positive-definite matrices X1, X of suitable dimen-
sions, such that for somee > 0,

X, 0

G(jw)* {T% =

h2XJ G(]W) - |: 0 < _617

0
Xo
Yw € [0, 0]

The above stability condition can be formulated as a semi-
definite problem (or linear matrix ineguality) using the well-
known Kaman-Yakubovich-Popov lemma[18].

Theorem 2. Linear timedelay system (1) isstableif there exist
matrices P = P' > 0X; = X| > 0, Xo1 = X}y, Xoo,
X3 = XJ3, and @ of suitable dimensions, such that

Xo1 Xoo]
>0

Xéz X23_

M (P-Q)As+h*Xee QAA QAY]

h?Xe3 — X3 0 0
* * —Xop —Xo <0
* * * —X23
WhereH11_PA+A'P+QAd+A Q+ X1+hX21

In cases where there is no restriction on 7(t); i.e., d = oo, or
d > 1, we choose M to be I,, and reformulate (7) as

o(t) = (A+ Ag)z(t) + Agw(t)
o(t) = &(t) = (A+ Ag)z(t) + Aqw(t)

wherew(t) = A(v). Stability criterion for (1) can be obtained
using |QC defined by (6) and we have the following theorem

©)

Theorem 3. Linear timedelay system (1) isstableif thereexist
symmetric positive-definite matrix X, such that

2 !
II;,;, PAj;+nh (A;"Ad)XAd <0 (10)
* —-X
wherelly; = P(A+Ag)+ (A+Ag) P+h?(A+A)' X (A+
Ad).



2.3 Further Stability Results

Stability criteria derived in the previous section are used on
simple norm-bounded type of integral quadratic constraints for
D, and A, which might be very conservative. Less conserva
tive criteria can be derived provided | QCs which better charac-
terize D, and A are available. In this section, stronger IQCs
for D, and A are derived

Lemma 4 (Swapping lemma for operator D). Let H bea
stable linear time invariant system with state space represen-
tation &, = Apz +u, z,(0) = 0, and let T denote the
operator of multiplying 7(¢); i.e., T'(v(t)) := 7(t)v(¢). Then

D;oH(s)=H(s)oD; — H(s)oT oD, osH(s).

Proof. Let v beany Ly function and definey and z to be

y(t) = Apy(t) + v(t), y(0)=0
2(t) = Apz(t) +o(t — 7(1)), 2(0) =0

Letr(t) = y(t — 7(t)) — 2(t), and we have

#(t) = gt = T(0) (1 = 7() — 2(0)
= Au(y(t = 7(t) — 2(t) — 7(8) - §(t - 7(1))
= Aur(t) - () - D (§(1)).

whichimplies D, (Hv) = H o D;(v) — H o T o D, (4 (Hv)).
This concludes the proof. O

Lemma 5 (Swapping lemma for operator A). Let H and T’
be the operators as defined in Lemma 4. Then

AoH(s)=H(s)oA—H(s)oT oD, o H(s)

Proof. The proof is similar to the one of Lemma 4. Let v be
any L, function and definey, z and x to be

9(t) = Apy(t) +0(t), y(0) =0

t—7(t)
2(t) = Apz(t) +/t v(0)df, z(0) =0

= [ T s - 0
One can easily verify that
H(t) = y(t — 7(0)(1 — +8)) — y(#) — £(0)
-/ T 00— 20— +0) -yt — )

t—T7(t)
— Ay / y(0)d0 — Anz(t) — F(t) - y(t — 7(2)
= Apr(t) = #(t) - D (y(t)).

whichimplies A(Hv) = H o A(v) — H o T o D, (Hv). This
concludes the proof. O

Using these swapping lemmas, the following integral quadratic
constraintsfor D, and A can be derived.

—
> G
w3 | e | W1 U1| V2| O3
D-
A <
+D, |—

Figure 2: Extended System

Lemmab. Letv(t) beany L, signal, and H (s) beany strictly
proper stable transfer matrix of the form (sI — A,)~!. Let
y = Hv, z = Hw, r = Hw, wherew = D, (v), w(t) =
7(t) - D, (y). For any given X; = X| > 0, X» = X} > 0, the
following integral inequalities hold

= le ) [(zl—ur)]le P Y

(11)

[e’e) d2
/ ! Xy — ' Xy dt > 0 (12)
0 —

Proof. By swapping lemma4, wehavez —r = D, (y), w =
D (v). Thenintegra inequality (11) followsimmediately from
Lemmal. Letw = D, (y). Then

/Ooo W(t) Xow(t)dt = /OOO 7(t)2w(t) Xotw(t)dt
<d? /OOO W(t) Xow(t)dt < d* /OOO ﬁy(t)'Xﬂ)(t)dt

Thelast inequality followsLemmal andthat w = D, (y). This
concludes the proof. O

Lemma?. Letv(t) beany L, signal, and H (s) be any strictly
proper stable transfer matrix of the form (sI — A;)!. Let
y = Hv, z = Hw, r = Hw, wherew = A(v), w(t) =
7(t) - D, (y). For any given X3 = X} > 0, X4, = X} > 0, the
following integral inequalities hold

[ef=f]- Lo sl ez o

(14)

[e’e) d2
/ 1 dlew - ’LlA},‘X’4UAJ dt Z 0
0 —

Proof. By swappinglemma5wehavez —r = A(y) andw =
A(v). Then integral inequality (13) follows immediately from
Lemma 2. Integral inequality (14), which is similar to (12), is
derived using the same argument for deriving (12). O



X Hy 0 0 0 0 0 0 1
* h2H35 X2 Hs 0 0 0 0 0
x x 2 X, 0 0 0 0
O(jw) = * * * —HiX 1 H, 0 —HIXaH;3 0
* * * * _H;XQHQ 0 _H§‘Y2H4
* * * * * —)&731 - H§1Y1H3 _X32
L * * * * * * —X33 — HZX27‘[4_

Using the above IQCs, one can derive less conservative stabil-
ity criteriafor system (1). Consider system (8) and the follow-
ing extended system

g1 =Apy + 01

2 = Ap1z1 + 0y

7y =Apr + fi

U2 = Ap2ys + 2

Zo = Apaza + W2

To = Apars + fo

(16)

where A, and A, are two given Hurwitz matrices. Sig-
nals oy, vs, W, and w- are as defined in (8). Signals f; and
fo aeequa to 7 - D, (y) and 7 - D, (y), respectively. Let
=2 yl vy 2z 2, r{ ri]. Thensystems (8) and
(16) can be combined and put into the LFT setup as shown in
2, whered} = [y} yb] andwf = [f{ f}]. State spacerep-
resentation of LTI system G can be easily derived using state
space representation of (8) and (16). Here we omit the details.

Since the origina time delay system (1) is embed in the ex-
tended system shown in Figure 2, stability of the extended
system implies stability of the original system. Applying
lemmas 4 to 7, one can verify that the following integral
quadratic constraint holds for v} := [¢] @) 4], andw; :=

(@) @y f fi]

< o) s m(m)}
o II o dw >
/_oo |:’lUt(]UJ):| () [wt(]w) w=z0
where v, (jw) and . (jw) are Fourier transform of v.(t) and

wy(t), respectively. TI(jw) = I(jw)* is of the form (15),
where

= [Hlljm]

(
o lud] =)

J
and Hl(jw) = (]OJI — Ahl)_l, Hg(jw) = (]wl — Ah2)_1.
Matrices X;, X, and

77{2:
)

= |3

are symmetric positive-definite matrices of suitable dimen-
sions. We have the following stability theorem for the extended
systemin Figure 2.

X3 }
X33

(15)

Theorem 4. The extended systemis stable if there exist X; =
X >0,X,=X}>0,and

. X311 X3
X5 = >0
3 |:Xé2 X33

such that for somee > 0

[é(gw)yn(jw) {G(}'“)} < =, Vwe[0,00]  (17)

where II(jw) is of the form (15).

Remark 1. Using Kaman-Yakubovich-Popov lemma, one can
derivean equivalent condition of (17) in termsof Linear Matrix
Inequalities (LMIs). Here we omit the details.

3 Example

In this section, we present a numerical example to test the sta-
bility criteria proposed in this paper and compare them with
existing criteriafrom the literature.

Consider the following system (Example 4 of [12]),

0= g0+ |

As indicated in [12], this system is not asymptotically stable
independently of the size of the delay. When delay parameter
7(t) isarbitrarily time-varying; i.e., d = oo, using the criterion
in[12], one obtains asymptotically stability incase 0 < 7(t) <
0.8571. Using criterion (10) in Theorem 3, we obtain the bound
0 < 7(t) <0.9999.

_01] ot — (1) (18)

If we further restrict the variation of 7(¢) to be strictly lessthan
one, then stability regionsas shown in Figure 3 can be obtained
using Theorem 2. Here we compare our criteriawith those pro-
videdin [9] and [3]. In Figure 3, the solid lineis obtained using
the criterion in Theorem 2, while the dotted and dashed lines
are obtained using criteriagivenin [9] and [3], respectively.

Aswe can seefrom Figure 3, the stahility region obtained using
thecriterionin [9] is much smaller than the region obtained us-
ing the criterion in Theorem 2. On the other hand, the criterion
in Theorem 2 is dlightly conservative compared to the crite-
rion givenin [3]. Currently, we are working on implementing
the stability criterion given in Theorem 4, which hopefully is
much less conservative and can give a better estimation of the
stability region.
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Figure 3: Stability Regions

4 Conclusions

Stability conditionsfor linear time delay systems were derived.
The delay parameter is an unknown time-varying function for
which the upper bounds on the magnitude and the variation
are given. The influence of time-varying delay is modelled as
uncertainties in the system, and integral quadratic constraints
were derived to characterize the effect of these uncertain op-
erators. Conditions for stability were then derived based on
IQC analysis. The advantage of this approach isthat the results
can be easily generalized to systems with multiple delays, and
extended to deal with systems with parametric uncertainties,
unmodelled dynamics, and/or various simple non-linearities.
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