
LINEAR FRACTIONAL ORDER CONTROL OF A DC-DC BUCK
CONVERTER

A.J. Calderón∗, B.M. Vinagre∗, V. Feliu†

∗ University of Extremadura. Badajoz. Spain.{ajcalde, bvinagre}@unex.es
† University of Castilla-La Mancha. Ciudad Real. Spain. Vicente.Feliu@uclm.es

Keywords: Fractional Order Control, Power Electronics, Pulse
With Modulation, Linearization, Variable Structure Systems

Abstract

The aim of this paper is the application of Fractional Order
Control (FOC) to the control of a Buck converter. This work
deals with the design of a linear controller for a DC-DC Buck
power converter. In order to achieve this goal, several design
methods are proposed and experimentally validated. Bode’s
ideal function will be used as reference system in all of them.
The employ of this design technique requires the obtention of
a continuous linearized model of the dc-dc converter (LC filter
+ PWM actuator). The resultant pseudo-continuous system is
a non-minimum phase system with a Right-Hand-Side (RHS)
zero. In this work, two methods are proposed for the design
of fractional order controllers in systems that exhibit this be-
havior. As well, a technique based on the discrete linearized
model is applied. In all the cases, discrete approximations of
the fractional controllers are obtained.

1 Introduction

Switched modeDC-DC power converters are used in a wide
variety of applications, including power supplies for personal
computers, dc motor drives, active filters, etc.Pulse-width
modulation (PWM), in which the duty ratio changes, sets the
basis for the regulation of switched mode converters. The ope-
ration of these devices is often based on the control of the out-
put voltage of a passive filter. A basicDC-DC converter cir-
cuit known as theBuck converter is illustrated in Fig.1. The
Buck converter consists of a switch network that reduces the
dc component of voltage and a low-pass filter that removes the
high-frequency switching harmonics. Several control strategies
have been used for the control ofDC-DC converters, such as
PI, Dead Beat, Sliding Mode Control, etc. [5].

On the other hand,FOC have been introduced in the
last decades for managing a variety of control problems
[9],[10],[11]. One of the main advantages of fractional con-
trollers is the possibility of obtaining an open loop transfer
function in the form of a fractional order integrator. Such a
system, usually called Bode’s ideal transfer function, gives a
controlled system robust to changes in process gain. In this
way, the purpose of this paper is to propose a method for the
control of power electronic converters by using a linear con-
troller based onFOC and Bode’s ideal function [3, 7] and then
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Figure 1: Buck converter

to obtain a discrete equivalent that allows its practical imple-
mentation. (First results have been presented in [4]). Accor-
ding to this, the closed loop transfer function of the converter
must be the following:

F (s) =
kc

sλ + kc
(1)

or, in other words, its open loop transfer function will be given
by:

G(s)D(s) =
kc

sλ
(2)

where,G(s) is the continuous transfer function of the plant and
D(s) is the controller.

The methods of design proposed in this paper are based on
frequency domain techniques. Therefore, a linearized model
of the plant is necessary in order to apply the design process.
First, a pseudo-continuous model is obtained from the discrete
linearized one. By using aw-transform the obtained pseudo-
continuous system is a non-minimum system, whose phase lag
must be cancelled. To take into account this phase lag two
methods are proposed. One of them is based on considering
the non-minimum phase term like a delay and to use a con-
troller that combines a fractional integrator and a Smith pre-
dictor structure in order to achieve the working specifications.
The other one deals with the design of the controller taking into
account the phase lag at the frequency of interest for determi-
ning the order of the Bode’s ideal function. Finally, in order to



avoid the handling of non-minimum phase systems due to the
use of thew transformation, the design problem is broached
considering directly the discrete linearized model of the dc-dc
converter and applying the discrete approximation of the resul-
tant fractional controller. In order to show the feasibility of the
proposed methods, a prototype has been built and experimen-
tal results are reported and discussed. The rest of the paper
is organized as follows. Section II describes the processes of
modeling and linearization of the plant and a real system model
is obtained. Section III deals with the controller design tech-
niques proposed in this paper. Section IV shows simulation and
experimental results and Section V states some conclusions and
guidelines for further work.

2 Plant model

2.1 Discrete plant model

To design the control system of a converter, it is necessary to
model the converter dynamic behavior. Unfortunately, mode-
ling of converter dynamic behavior is hampered by the nonli-
near time-varying nature of the switching and pulse-width mo-
dulation process. In order to obtain a valid model of the dc-dc
converter, this system is considered as composed of two sub-
systems:LC filter and aPWM actuator. A time-invariant linear
LC filter may be represented by a state space model

.
x(t) = Ax(t) +Bvs(t)

y(t) = Cx(t) (3)

wherevs(t) is the input of the filter and it is provided by a
PWM actuator where the input control is the duty cycle,d. In
the case of aON-OFF-ON PWM actuator of symmetric pulse
with respectT/2 its model is

vs(t) =




0 for T (k) ≤ t < T (k) + t1(k)
Vg for T (k) + t1(k) ≤ t < T (k) + t2(k)
0 for T (k) + t2(k) ≤ t < T (k + 1)

(4)
wheret1(k) = T

2 (1 − d(k)) andt2(k) = T
2 (1 + d(k)).

An equivalent discrete model of the joint systemPWM
actuator-LC filter can be obtained from the solution of the equa-
tion (3)

x(t) = eA(t−t0)x(t0) +
∫ t

t0

eA(t−τ)Bvg(τ)dτ (5)

Particularizing fort0 = kT , t = T (k + 1), and avs(t) given
by (4), the discretized model is given by the expression

x(k + 1) = eATx(k) + eAT (e−At1(k) − e−At2(k))A−1BVg

(6)

y(k) = Cx(k)

The matrixA is diagonalizable, and its Jordan canonical form
is

A = V ΛV −1, Λ = diag(λ1, λ2, ..., λn) (7)

Then, expression (6) becomes

x(k + 1) = eATx(k) + VΨ(k)V −1BVg (8)

whereΨ(k) is a diagonal control matrix of the form

Ψ(k) = eΛ
T
2 (eΛ

T
2 d(k) − e−Λ T

2 d(k)) (9)

which define the relation betweenΨ andd(k) in the case of
a symmetricON-OFF-ON actuator. Expression (8) defines a
nonlinear relation between the control variabled(k) and the
statex(k + 1).

The control design methods proposed in this paper are based
on frequency domain methods. Consequently, the first step in
the control design process is to obtain a linear model of the
dc-dc converter. Several methods have been proposed to carry
out this linearization: model averaging [6], first-order trunca-
tion of a Taylor series expansion [1] and methods based on the
functional minimization [8]. The last one is used in this paper,
which allows the use of lower sampling frequencies.

2.2 Linearized plant model

This method is developed in [8] and is based on the approxi-
mation of the diagonal matrixΨ(k) by

Ψ(k) ≈ Γ̂v(k) (10)

where Γ̂ is a constant diagonal complex matrix of the same
dimension ofΨ, andv(k) is a real function of the physical
control variabled(k).

The approximation (10) is defined in terms of an optimization
problem. Assuming thatΨ(k) = diag (ψ1(d), ..., ψn(d)) and
Γ̂ = diag (γ1, ..., γn) are complex matrices, will be found the
matrix Γ̂ and the functionv(d) which minimize the cost func-
tion

J =

1∫
0

n∑
i=1

(ψi(d) − γiv(d)) (ψi(d) − γiv(d))
∗
d(d) (11)

where∗ denote a complex conjugate transpose. This cost func-
tion penalizes the squared error of the approximation in all the
terms of the diagonal ofΨ(k) and through all the values ofd.

Applying the variational calculus to determine the optimalv̄(d)
for a fixed matrixΓ̂, the Euler condition gives the optimum

v̄(d) =
∑n

i=1 ψi(d)γ∗i∑n
i=1 γiγ∗i

(12)



Thus, the linearized model becomes

x (k + 1) = eATx(k) + V diag
(
Γ̄
)
V −1BVg v̄(k) (13)

wherev̄(k) is a fictitious control signal related to the real con-
trol signald(k). Its inversev̄−1 can be tabulated and used in
the control algorithm. In the case of anON − OFF − ON
actuator the equation to use is

d(k) = v̄−1 (v̄ (k)) (14)

2.3 Real system model for design

With parameters values (see Fig. 1)L = 3.24mH,RL = 0 Ω,
C = 48 µF , R = 117 Ω, andVg = 20 V , for a switching
frequency of2 kHz (T = 0.5ms), the obtained linear discrete
model is

x (k + 1) =
[

0.3070 −0.1100
7.4237 0.2585

]
x(k)+

103

[
0.1798
1.0571

]
Vg v̄(k) (15)

where v̄(k) is the fictitious control signal and the duty ratio
d(k) is obtained from the expression (14).

Then, the discrete transfer function of the converter is

G(z) =
V (z)
V̄ (z)

=
103

[
1.0571z−1 + 1.0100z−2

]
1 − 0.5655z−1 + 0.8958z−2

(16)

whereV (z) is the output voltage of the converter andV̄ (z) is
the fictitious control signal.

As the model system is discrete and the design method used
is based on a continuous frequency-domain, the discrete model
must be converted into a pseudo-continuous system using the
bilinearw-transformation. So, the obtained pseudo-continuous
systems is:

G(w) = −k (w − p) (b1w + b2)
a1w2 + a2w + a3

(17)

being k = 103, p = 4 103, b1 = 471, b2 = 8.2684 107,
a1 = 2.4613 104, a2 = 8.336 106, a3 = 2.12848 1011.

As it is observed, the previous system (17) corresponds to
a non-minimum phase system, which has a right-hand-side
(RHS) zero.

2.3.1 Separation of minimum phase and non-minimum
phase systems

The presence of RHS zeros in the continuous model involves
certain constraints in the control system behavior of the con-
verter. The transfer functionG(w) can be write as the compo-
sition of a minimum-phase functionGfm(w) with an all-pass
filter A(w) [2], soG(w) = Gfm(w)A(w), where

Gfm(w) = k
(w + p) (b1w + b2)
a1w2 + a2w + a3

(18)

and

A(w) =
−w + p

w + p
(19)

3 Controller design

3.1 Controller design based on the Smith predictor struc-
ture

The aim of this section is to design a fractional controller for
the buck converter in the presence of a RHS zero. The con-
troller design will be carried out in two steps. First, minimum-
phase subsystemGfm(w) will be compensated. Next, non-
minimum-phase subsystemA(w) will be considered.

3.1.1 Minimum-phase subsystem compensation

For this purpose Bode’s ideal function will be taken as referen-
ce system. Considering the transfer function of the minimum-
phase subsystem (18) and a desired open loop transfer function
for the compensated minimum-phase subsystem of the form
(2), the parameterskc andλ will be selected to obtain a speci-
fied phase margin (PM ) and crossover frequency (ωc). So, the
transfer function of the compensatorDo(w) can be obtained
as:

Do(w) =
kc

wλGfm(s)
=

kc

(
a1w

2 + a2w + a3

)
wλk (w + p) (b1w + b2)

(20)

being the design equations:

kc = ωλ
c , λ = 2

π (π − PM) (21)

Taking as working specifications for the design:PM = 64o;
ωc = 1.36 103 rad/seg, the parameters of the compensator
arekc = 1.1 104, λ = 1.29. Taking into account the original
system, it is, a non-minimum phase system, the compensated
system after this first step is:

G(w)Do(w) =
kc

wλ

(−w + p)
(w + p)

(22)

The previous expression consists of the Bode’s ideal function
plus an all-pass filter. The all-pass filter introduced a phase lag
that must be remove.

3.1.2 Non-minimum-phase subsystem compensation
using the Smith predictor structure

The previous analysis reveals that the RHS effects must be con-
sidered in the controller design process. In this section, the
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Figure 2: Smith predictor structure

non-minimum phase term will be compensated by using the
Smith predictor structure (see Fig. 2)

By using this control structure, the total controllerD1(w),
marked with a dotted line in the figure 2, will be

D1(w) =
Do(w)

1 +Do(w)Gfm(w) −Do(w)G(w)
(23)

Consequently, the global transfer function of the closed loop
compensated system will be

F (w) =
kc

wλ + kc
A(w) (24)

Equation (24) differs from (1) and so an error between the com-
pensated system and the Bode’s ideal function can be observed
at the frequency of interest. This error must be remove for
preserving the design specifications, and a different phase mar-
gin and crossover frequency must be calculated to take into
account the errors in module and phase. According to this, the
new values of the corrected specifications are:PM = 84.22o;
ωc = 2.53 103 rad/seg, and so, the new parameters of the
compensator arekc = 4.19 103, λ = 1.06.

3.2 Controller design by the phase lag compensation.

The second proposed design technique takes into account the
additional phase-lag introduced by the all-pass filter. This addi-
tional phase delay can be evaluated at the frequency of interest
(ωc) being:

∠ (A(jv))|v=ωc
= −37.55o

The open loop transfer function of the compensated system in
this case will be:

D(w)G(w) =
1

Gfm(w)
kc

wλ
G(w) (25)

The controllerD(w) will be obtained from the minimum phase
subsystem, considering the phase lag ofA(w), resulting a new
phase margin for design:

PM ′ = PM − ∠ (A(jv))|v=ωc
= 64 + 37.55 = 101.55o

Controller
V = 12Vr

+
-

Table
v( k )

PWM
d( k )

Filter
V

Figure 3: Block diagram for simulation

From the expressions (21) the controller parameters are ob-
tained as:kc = 532, λ = 0.87.

3.3 Controller design based on the discrete linearized
model

In this section a new design alternative for the controller is
proposed from the discrete linearized model of the converter.
For this purpose a discrete version of the Bode’s ideal function
will be taken as reference system applying the Tustin’s bilinear
transformation. So, the open loop transfer function of the de-
sired compensated system will become:

G(z)D(z) =
kc(

2
T

z−1
z+1

)λ
(26)

wherekc andλ will be selected to obtain the specified phase
margin (PM) and crossover frequency(wc). The transfer
function of the compensatorD(z) can be obtained as:

D(z) =
Kc(

2
T

z−1
z+1

)λ

1
G(z)

(27)

G(z) corresponds to (16) and the design equations are (21).
Taking as working specifications for the design:PM = 64o,
ωc = 1.36 103 rad/seg, the parameters of the compensator
arekc = 1.1 104, λ = 1.29. The discrete fractional integra-
tor is approximated by continuous fraction expansion (CFE) as
proposed in [12].

4 Simulation and experimental results

In order to show the performance of the three proposed me-
thods, simulation and experimental results for all the con-
trollers, with the specifications listed before, are shown here.
For obtaining the simulation results of the compensated system,
the first step is to find the discrete equivalents of the previous
controllers. This is achieved using inversew-transformation,
and, in the case of the fractional pseudo-integrator, it is ap-
proximated by CFE method aforementioned.

The simulated system correspond to block diagram in Fig. 3
where: the block”Table” perform the conversion between fic-
titious control signal and duty ratio; the blockPWM provides
to the filter a voltageVg during the intervald(k); the block
”Filter” is the LC filter plus the load resistance.



Figure 4: Simulated frequency responses for the designed con-
trollers

Figure 5: Simulated step responses for the designed controllers

Figure 4 displays the Bode diagrams of the compensated sys-
tem with the described controllers. These results show that the
design specification, phase margin (PM ) and crossover fre-
quency (ωc), are satisfied.

Figure 5 shows the simulated step responses obtained with the
described controllers. An overshoot can be observed in the time
response of the controlled system using a controller based on
the discrete version of the Bode’s ideal function. This over-
shoot is due toλ > 1, and can be removed by changing the
design specifications.

A real prototype of the Buck converter has been built to verify
the feasibility of the proposed methods. The controller algo-
rithms has been implemented in aPentium 166 MHz machine.
Figures 6, 7 y 8 show the experimental responses obtained with
the different controllers. As can be observed, there is a good
agreement between simulated and experimental results. All the
controllers exhibit a good behavior in transitory and stationary

Figure 6: Experimental step response for Smith predictor struc-
ture case

Figure 7: Experimental step response for phase-lag compensa-
tion case

regimes.

5 Conclusions

Several alternative new methods to control power electronic
converters based on the use of fractional order controllers are
proposed in this paper. The controller design methods are
given, and simulated and experimental step responses are pre-
sented in order to show the performances of the controlled sys-
tem and the flexibility and feasibility of the methods. This pa-
per has shown that other alternatives can be applied to the con-
trol of systems that exhibit non-linearities or RHS zeros, like
power electronics converters, and the practical implementation
of the obtained controllers is feasible and they give good re-
sults. New works are carrying out with the goal of extending
the use of fractional order operators to sliding mode control, as
the definition of switching surfaces.
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