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control, p-analysis, hydraulic actuator H-infinity loop shaping was proposed by McFarlanad a

Glover [3] in the late eighties. Since then, mucbrikvhas
%een done to develop H-infinity loop shaping. Hiiity
control is well-known and so the principles will becalled
briefly.

Abstract: Two robust control design methodologies ar
analyzed and compared in this article: the H-imfirgontrol
system design and the CRONE control system dedige.
aim of this article is to give practical considéas that will
help a designer to choose between these two mdtues.
The example of an electrohydraulic actuator is giveorder
to evaluate the implementation of each methodolagy to
compare the final performance.

Let's consider the generalized block diagram showrigure
2. The planP is assumed to be linear and time-invariant. The
general control problem it to synthesize a corgrathat will
keep the size of the performance varialdesmall in the

. resence of the exogenous signals
1 - Introduction P 9 9

The importance of robust control is growing in arde W —_:Elf z
ensure good performance despite the imprecisiorthef

model and the parameters variation. Several robust

methodologies are accessible to the designer. Each ! ‘ Y

methodology offers advantages and drawbacks arsdnibt
always easy to choose the right methodology reggrttie
process to control. In this paper, two robust aantr

Figure 2 - General control configuration
If P(s) is written :

methodologies are analyzed and compared to help the P.(s) P,.(9)

designer in its choice. Both methodologies are Uesgy- P(s) = PW(S) PU(S) . (1)
domain based methodologies, so they required tine f@asic vw vu

understanding on control methodology. the matrix betweenw and z called Linear Fractional

The article only deals with SISO systems. It firstoduces Transformation is;

the two methodologies under study: the H-infinitgntrol

design and the CRONE control design. Both methageto  2(S) = F(P(8), K(s))W(s) @
use the common unity feedback configuration (Figlije :[Pzw(s)+qu(s)K(s)(| —Pvu(s)K(s))‘lpvw(s)]W(s)
Then these methodologies are applied to an elégticaulic
actuator and performance is compared.

a0
Controller| Uncertain
plant

and so the problem to be solved B§s) andy being given,
find a stabilizing controller K(s) such that

d (1) |IF(P(s).K(s))|,, <y. This problem can be solve by two

methods: by Ricatti equations or by Linear Matrix

e(t) (t) Inequalities [1,2,4].

u(t)

Me
a0

Figure. 1 - Common unity feedback configuration

It is often said that H-infinity control approach leadsato
closed-loop system with good robustness propertiesTg.
foundation of this widespread idea is the well-known Small
Gain Theorem saying that a sufficient condition for stibili

of the closed-loop system is thit,| 4], <1, whereA is

the system uncertainty model. This leads to the stability
robustness shown in Figure 3.



Figure 3 — Stability robustness

In order to improve the H-infinity design methodolodiye

3 - CRONE control-system design

CRONE (the French acronym of "Commande Robuste
d'Ordre Non Entier") control system design [6,7] as
frequency-domain based methodology, using complex
fractional differentiation. It permits the robusbntrol of
perturbed linear plants using the common unity lheet

designer may add the desired control system performance &@figuration. It consists on determining the naahiand
robustness to the previous problem. This can be donegthro@ptimal open-loop transfer function that guarantiée
the choice of the plar®, that can contain both the systenfequired specifications. This methodology uses tifvaal

modelG and the design weighting functiows that permit to

derivative orders (real or complex) as high levatgmeters

fit more precisely the sensitivity functions. The resgitinthat make you easy the design and optimization hef t
model is called “augmented plant’. In this article, th&ontrol-system. While taking into account the plaight

proposed configuration is shown in Figure 4. It cont#tinse
weighting functions.

.

Figure 4 - Design configuration

Consideringr andd as inputs andl andz2 as outputs, the
matrix representation of this configuration is written:

(zl(s)j _( WS vvlsevxg(s)j( R(S)j @

z,(s)) \W,KS(s) W,TW;(s) )\ D(s)
with S= L and T = KG .
1+ 1+ KG

and now the problem to be solved ysbeing given, find a
stabilizing controlleiK(s) that minimizes:

‘( W,S(s) wlstxg(s)J

W,KS(s) W,TW,(s)
From relation (3), you can deduce that the robwgstns
warranted if:
- ||A||w <|[\/\/2||oo if A is additive, idA=G-G
is the set of uncertain plants and Gnom the nompteaht
(Figure 5a).
- A, <wws|, it A is  multiplicative, id

A=(G-G,,,)G.t, (Figure 5b).

<1. ()

3

where G

nom

+

Figure 5 — Unstructured uncertainty (a) additive (b)
multiplicative

half-plane zeros and poles, the controller is tbétained
from the ratio of the open-loop frequency respottsdhe
nominal plant frequency response. Three Crone acbntr
generations have been developed, successivelydixtethe
application fields. In this paper, only the thirdngration is
introduced.

The initial third generation Crone method is based a
particular Nichols locus called generalized templatand
defined by an any-direction straight line segmerduad
open-loop gain cross-over frequenagg (Figure 6). This
generalized template is based on the real parh (@ipect to
imaginary unit i) of complex fractional integration

ot 2] o

with n=a+ib0C; ands=0 + jwlC,;.

In the Nichols chart at frequencygcg, the real ordema
determines the phase placement of the templatethemdthe
imaginary ordeb determines its angle to the vertical.
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Figure 6 - Representation in the Nichols chart of the
generalized template by an any-direction straigyn |

In the version of third generation Crone contrasige used

in this article, the open-loop transfer functiorfided for the
nominal state of the plantZ,om(s), takes into account the
control specifications at low and high frequencied a set of
band-limited generalized templates around resonant
frequencywr. Thus S.,om(s) is defined by:

Note that the wuncertainty defined above is said

“unstructured”.
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(e, "N+ s, " bz0
ﬁnom(s)_K( + J |_|(1+S/CU]< \M

S N ‘
+5 -
D/i (C /wk+1 J

k 1+S/a4< (1+S/w ”h (6)

where
o =+ of fef ) 1+ @? /it || ana

C, =[w../w [ fork#0 ©

K ensures a gain of 0 dB atg, the ordenl fixes the steady
state behavior of the closed-loop system at lowUescies, ‘ [
and the value ofy, has to be chosen as equal to or greater
than the high-frequency order of the plant.

\ ;
Once the transfer function is defined, the thirdegation (0dB, -180°
CRONE methodology can be described in five points:

1 - You determine the nominal plant transfer functiod ¢he

uncertainty domains. For a given frequency, an daigy

domain (called “template” by the QFT users) is sheallest  Figure 7 - Optimal open-loop Nichols locus to position the

hull including the possible frequency responsethefplant. uncertainty domains

The use of the edge of the domains permits to tat®

account the uncertainty with the smallest numbedath. To 5 - The last point is the synthesis of the controliathile

construct this domain securely, the simplest watp idefine  taking into account the plant right half-plane zeamd poles,

it convexly. the controller is deduced by frequency-domain sgste
identification of the ratio off...{jed to the nominal plant

2 - You specify some parameters of the open-loop f&ans fynction transfeiGyon(j ). The resulting controlleK(s) is a
function defined for the nominal state of the piathe rational transfer function.

number of band-limited generalized templat€sand N and
the rational ordersl andn, . All the five points can be achieved using the CRONE
Toolbox developed by the CRONE Team [8].

‘Mmax

©

3 - You specify the bounds of the sensibility functidhat
you would like to obtain. LetVl o be the required resonant4 - Application to an electrohydraulic actuator

peak of the nominal complementary sensitivity fiorct 4.1 - Description of the system

he system under study is an electrohydraulic aotuimked

0 an uncertain load described by a mass-dampargspet
(figure 8). The viscous coefficierlts is supposed to be
constant, the madels and the stiffnesks are supposed to
vary slowly (compared with the system dynamics).e Th
values of these parameters are:

4 - Using the nominal plant locus and the uncertaint
domains in the Nichols chart, you optimize the psaters
wr, ak andbk (for kz0)wk andwk+1 in order to obtain the
optimal open-loop Nichols locus. An open-loop Niksho
locus is defined as optimal if it tangents thig _ magnitude

contour and if it minimizes the variations i for the other bs =86 N.s/m
parametric states. By minimizing the cost function 0<M, <80Kg

J= (M,max - M,nom)2 where M, _ is the maximal value of 1000 <Ks < 12 000 N/m
resonant peakd,, the optimal open-loop Nichols locus

positions the uncertainty domains correctly, sot ttiey

overlap the low stability margin areas as little pssible Ks ; by

(Figure 7: case (c) is the best configuration). The
minimization of J is carried out under a set of shaping

. . . M.
constraints on the four usual sensitivity functions

Figure 8 - Model of the load



The complete model of the electrohydraulic testcbers
given by table 1 and by the following nonlineartstspace
model:

X =f,(X)+g(X)u if y, 20
X = f,(X)+g(X)u if y, <0

Y = h(X)
with: X T :[P PR, v y vyl
S)v+ yu P P\sugr(P R)
Vo +Sny J(R-Py)
S)v Y, P P\S|gr(P P)| |»
f.(X) = Vo S)y -AR J(R-P.,)
e (SR SR Ky -y ~by-F)
\Y
~w,
B [~Sv*Vuy|P-PlsignP -R)
Vo* Sy _/](Pl - Pz)_/]p(Pl - PP1)
B Sov_yu\j‘Ps_Pz‘Sigr(Ps_Pz) f
f,(X)=| Vo=Spy -/](Pl—Pz)-/\p(Pz—sz)
1
m(sopi =SSP, = Ks(y_yo) _bsV_ F )
\Y
—w,
g"(X)=(0 0 0 0 k) and h(X)=v. (7)
Py supply pressure 240 bar
P tank pressure 7.5 bar
Py, P, | cylinder chamber pressur¢s bar
Pp;  |hydrostatic bearings pressiire236 bar
P, |hydrostatic bearings pressiire212 bar
B Bulk modulus 1®bar
V1, V, | cylinder chamber volume$ — m’
Yu Amplification stage spool m
position
Vo cylinder half-volume 245.10n°
Mo cylinder rod mass 31.8 kg
S cylinder rod effective ared  243:1@n?
y cylinder rod position m
% cylinder rod velocity m/s
Ky amplification stage gain 1.17*f0
m°/s/A
A cylinder leakage coefficient 1.10 s*
A, |hydrostatic bearings leakap,5.10" s*
coefficient
Wy cut-off frequency of the | 942 rad/s
amplification stage
F; friction force N

Table 1 — Notations for the electrohydraulic model

1
Note: The friction forceF; can be considered null thanks toZ = 1+

the hydrostatic bearings.

As H-infinity control and CRONE control are to bppéied
on linear system, it is first necessary to lineatize model of
the electrohydraulic actuator. To this end, an imauput
linearization under diffeomorphism and feedbac&akieved.
So that this linearization is available whateverlthed and its
parameters, the output considered for the linetoizas the
pressure difference. Indeed, if this output is emgsthe
linearization law does not depend on the parametttbe
load. Moreover to get a relative degree equal ito drder to
simplify the linearization and its numerization,etfinear
model of the amplification stage is not taken iateount in
the linearization. However it is necessary to ooesi
afterwards an inverse band-limited model of theget (see
figure 9).

Pl- P2

>

e | Linearization Inverse band-limited Yu Electrohvdraulic
— model of the — A

system e systen
Y T amplification stage y|

Figure 9 - Scheme of the linearization strategy

—

Finally the linearized model of the electrohydrauystem
between inpué and output®P1-P2) is described by:

R(s)-Py(s) _ K, @©.
:

e

with k, = 7.108 andr= 2000 chosen so that the input-output
linearized system has the same behavior than tseofider
linearized system around the operating point ddfimgv= 0
andy=0 and 1/(s+5000) coming from the band-limited node
of the amplification stage.

Once the system is linearized, a robust control law
computed to control the velocity by using the neods:

X =f(X)+g(X)e
Y =h(X)

9),

with: X7 :[AP AP v y] where AP=P,-P,
AP

-500AP - (5000+ a) AP

df(X)=
and £(X) L (AP-K.(y-yo)-bv-Fuy)

M, +M,

Vv

with g"(X)=(0 500@AP 0 0) andh(X)=v,
this model being sampled at peribg= 1ms.

Note: As the control-system is implemented numdyicand
as H-infinity and CRONE design are continuous fesgty
approaches, the discrete-time design problem isfoamed
into a pseudo-continuous problem using ztend bilineamw
transformation defined by :

- . . ar,
11w with w=jv and v:tar( Sj.
w 2




4.2 - H-infinity controller required resonant peak of the nominal complementary

First, the weighting functions have to be choseyarding the sensitivity function. The control-system bandwidth0.06.

following requirements: 4 - You compute the parameteak, bk, vr , vk an dvk+1 in

g g‘?nggztl[g';gtgei?gt)rzg?g'?%nzoo'?06 order to obtain the optimal open-loop Nichols lo¢figure
§ the additive uncertainties and the muItipIicativelz)'_US'_ng th_e C_RO_NE E:ontrol TOOIb_OX’ you 'obta_m:.

uncertainties. a,=1;b,=0;4;a,=-2132, b, =-16.6 ; a, =1;

b =25; v, =0,065; v, =0,0005; v, =0,001;
Thus, it has been chosen (Figure 10): v, =03 ;Vv,=07.
5\ +1
W,(jv) = jv+5e W, (jv) =1e7 05 and 5 - Finally, you synthesize the controller transfendiion:
. -5 ) -
13jv + 6e”) +1 (W+ 025)(w+ 003 (W2 + 366w+ 2.025%)

1e* K(w) =115 (W+ 35)(W+1)> (W 5e )W

v
+1
W, (jv) =1e7 000 (10) - ‘
ELA ) 3 3 g |
10 oy S
Then the controller is computed using the robusttrod

Toolbox of Mathworks [5]:
K (W) =- 5.8&3_4 * 20
(wW+1e")(w-1598)(w+ 238)(w+ 0.75644(W* + 8e™*w + 2.0652°) 0

(w+126)(w+10)(w+ 319)(w+ 107)(w+6e°)w orill

0 b e

20 I I I I I

=200 -180 -100 -50 o 50 100
o ol Figure 11 - Nominal open-loop transfer function and
B Y A A ] N 7 uncertainty domains

] S S U N 4 -] y - Fractional open-loop MNichols chart

Magnitude (dB)

Figure 10 - Weighting functions (__ ) S S S S S S
and closed-loop responses (- - -) 0 W @ am e w0 &

Phase (deg)

4.3 - CRONE controller Figure 12 - Optimal open-loop Nichols locus

You follow the methodology given in section 3 tomquute
the CRONE controller. . .
4.4 - Comparison of the two methodologies
1 -You determine the nominal plant transfer functiod &he 44,1 - granalysisresults
uncertainty domains (Figure 11).
The first comparison is achieved usingi-analysis that is a

2 - You specify some parameters of the open-loop feans Powerful tool to analyze the robustness properntiesnear

function defined for the nominal state of the plant feedback systemsl, is the structured singular value related
the number of band-limited generalized templats: 1 and to an uncertainty structu#® A more accurate definition can
N =1, be found in [1,2,4]u-analysis allows to achieve a structured
the ordeml= 1 and the ordem,= 3. analysis of the robustness properties of a feedlsgskem

and to find the admissible interval for each par@merhus
3 - You specify the sensibility functions that you wablike results are less conservative than with an unsiredt

to obtain for the nominal plant. LeM, =1dB be the analysis made simply with the norm H-infinity.



Theorem(Generalization of small gain theorem):
Let £>0. The loop in figure 2 is internally stable fdf A

with [|A[, < 87" if and only if: supu, T (io)<B.

This theorem is used in order to study the moduahasgin
robustness of the two feedback systems defineddtions
4.1 and 4.2. We consider a mixed (real and complek)
order to avoid discontinuity problem.

Results for the H-infinity desigmaXp, = 0.98
thus modulus margin robustness is warranted
888< K, <12112N/mand1l6<M <84 7%Kg.

Results for the CRONE desigmax p, = 0.89
thus modulus margin robustness is warranted
320< K, <12680N/m and 045< M < 10Xg.

So the results are good for both controllers sitioey
guaranty the modulus margin robustness for the npater
variations given in section 4.1.

4.4.2 - Simulation results

The figure 13 shows the simulation results for aeqgi
trajectory and the nominal, minimal and maximaldoaith
both controllers. The CRONE controller is more rsthto

parametric variation. It leads to shorter settliimges than H-

infinity controller although the weighting functiow; has
been chosen to get the larger possible bandwidth.

5 - Conclusion

Two robust control-system design methodologies Heeen
studied and compared in this article: the H-infindontrol
system design and the CRONE control system design.

The interest of the H-infinity control-system desig the
state-space representation that allows easy cotiputfor

fc

fc
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Figure 13 - Simulation results
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