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Abstract

Balancing is one of the most efficient and most commonly used
methods for model reduction. In this note, we present a survey
of several balancing related model reduction schemes. Also we
introduce a multiplicative error bound and propose a new re-
duction method with an absolute error bound for positive real
balancing. In addition, a frequency weighted balancing tech-
nique with guaranteed stability and a simple bound on the H.,
norm of the error system, is presented.

1 Introduction
In this note we consider the linear time invariant dynamical
Ax(t) + Bu(t)

systems in state space form:
A| B
Ca(t)+ Du(t)y & G6)= { C D} &)

(t)

y(t)
where A € R"™", B € R™™, C € RP*", D € RP*™,
The transfer function of the system (1) is given by G(s) :=
C(sI — A)~'B + D. The problem, we are interested in, is

to find a reduced order system G..(s) := [%’%] where

A, € R™*", B, € R™*™, C, € RP*", D, € RP*™, with
r << n such that (1) The approximation error is small, and
there exists a global error bound, (2) System properties, like
stability, passivity, boundedness are preserved and (3) The pro-
cedure is computationally stable and efficient.

One of the most efficient and most commonly used reduction
techniques is the so-called Lyapunov Balanced Model Reduc-
tion first introduced by Mullis and Roberts [14] and later in
the systems and control literature by Moore [13]. Balancing
is achieved by transforming the system into a basis where the
states which are difficult to reach are ssmultaneously difficult
to observe. Then, the reduced model is obtained by truncating
the states which have this property. Besides the Lyapunov bal-
ancing method, other types of balancing exist, namely stochas-
tic balancing, first proposed by Desai and Pal [4] for balanc-
ing stochastic systems and later generalized by Green [8, 9];
bounded real balancing [16], applied to the bounded-real sys-
tems; positive real balancing [4], applied for model reduction
of positive real (passive) systems; and frequency weighted bal-
ancing [5, 12, 18, 20, 6] applied to minimize the weighted error
over a selected frequency region.

In this note, we present a survey of the balancing related model

reduction methods with the corresponding error bounds when-
ever such a bound exists. In addition, for positive real bal-
ancing we introduce a multiplicative error bound and propose
a new modified passive reduction technique with an absolute
error bound. Also, based on Gawronski and Juang’ method
[6], anew frequency-weighted balanced reduction method with
guaranteed stability and a simple bound on the H, norm of er-
ror system isintroduced. A similar work is Ober’s paper [15].
However, [15] lacks the error norms and the weighted balanc-
ing methods.

The reduced order models via any type of balanced reduction
is obtained by truncation of the corresponding balanced basis.
Hence we will use the following notation:
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where G(s) is partitioned in the balanced basis and G,.(s) is
the truncated reduced order model with order r < n.

2 Lyapunov Balancing M ethod

Let G(s) betheto-be-reduced model asdefined in (1). Closely
related to this system are two continuous time Lyapunov equa-
tions AP+PA" +BB" =0and A" Q+QA+C" C =0.Un-
der the assumptionsthat A isasymptotically stableand G(s) is
minimal, P, Q € R™*", caled the controllability and observ-
ability gramians respectively, are unique and symmetric posi-
tive definite. The square roots of the eigenvalues of the product
PQ are the so-called Hankel singular values o;(G(s)) of the
system G(s): 0;(X) = \/ Ai(PQ).

The asymptotically steble and minimal system G(s) is
caled Lyapunov balanced if P = Q@ = ¥ =
diag(o1lm,, -, 0¢Im,), Where oy > 03 > -+ > 04 > 0,
m;, @ = 1,---, ¢ are the multiplicities of o, and my + - -+ +
mg = n. Inthis basis, states, which are difficult to reach, are
simultaneously difficult to observe and a reduced modéd is ob-
tained by truncating the states corresponding to small Hankel
singular values o;.

Theorem 2.1 Let the asymptotically stable and mini-
mal system G(s) has the Lyapunov balanced real-

ization as in (2) with P = Q = diag(3,Xs)
where X, = diag(alfml,--~7okfmk) and X, =
diag(ox+1lmyyrs > 0¢Im,). Then the reduced order

model G,.(s) in (2) is asymptotically stable, minimal and
satisfies
1G(s) = Gr($)1Hoe < 2(0kt1+ - +0g). €)



3 Stochastic Balancing Method

Let G(s) in (1) be asymptoticaly stable and minimal with
(i) m = p, i.e, G(s) issquare, and (ii) det(D) # 0. Let
W (s) be aminimal phase left spectral factor of G(s)G™(s),
i.e, W~ (s)W(s) = G(s)G~(s) where G~(s) := GT(—s).
A redlization of W(s) can be computed as W(s) =

A | Bw | it Bw = PCT + BDT, and Cy :=
Cw | D

D=1(C — BE,X) where P is the controllability gramian of
G(s), and X is the solution to the Riccati equation XA +
ATX + XBw (DDT)"'BLx + CT(DDT)~1C = 0.

The asymptotically stable, minimal, square and non-singular
system G(s) is called stochastically balanced if P = X =
diag(prle,, -+, pgls, ). Where py > po > -+ > pg > 0, t;,
it=1,---,qaethemultiplicitiesof x;, andt; + --- +t, = n.
u;'s are indeed the i** Hankel singular value of the stable part
of the so-called phase matrix (W™~ (s)) ~1G(s).

Theorem 3.1 Let the asymptotically stable, minimal,
square and non-singular system G(s) be stochastically
balanced and partitioned as in (2) with P, = X, =
diag(T';,T'2) where Ty = diag(pily,, -, uxlz,) and
Iy = diag(pgs11e,,,,- - 1qlt,). Then the reduced order
model G-(s) obtained by the stochastic balanced truncation is
asymptotically stable, minimal and satisfies

HG 1(G - GT)HHOO < HZ:kH E—ﬁ -1

HGT_ (G- GT)HHOO < Hi:k+1 ﬁ -1
In addition, if G(s) is minimum phase, G,(s) is minimum
phase as well.

4 Bounded Real Balancing M ethod

An important class of the dynamical systems is the so-called
bounded real systems whose transfer function is bounded by
one on the imaginary axis. This class of systems is used
in parameterizing al stabilizing controllers of a system such
that the closed-loop system satisfies an H,, constraint [15, 7].
G(s) in (1) is called bounded rea if I — DD > 0 and
I -G (jw)G(jw) >0, for Vw e R.

It can be shown that G(s) is bounded redl if and only if there
existsa) = YT > 0 such that

ATY + YA+ CTCO+ 4

(¥B+ CTD)R;'(¥B+CTD)T =0, “)
where R = I — DT D. Any solution ) of (4) lies between
two extremal solutions, i.e. 0 < YVmin < YV < YVmax: Vumin IS
the unique solution to (4) such that A + BR;'(BTY + DTC)
isasymptotically stable. Define Rg := I — DDT. Thenadual
Riccati equation

AZ + ZAT + BBT+ ®)
(20T + BDT)RE' (20T + BDT)T = 0.

is obtained where Z = Z7 > 0. As in the case for (4),

any solution Z of (5) lies between two extremal solutions,

ie. 0 < Zpin < 2 < Zhaxe (4) and (5) are called the

bounded real Riccati eguations of G(s). It is easy to show
that if Y = Y7 > 0 isasolution to (4), then Z = Y~ ' is
asolution to (5). Hence Zunin = Vol ad Zipax = Vi
Then a bounded real balancing transformation is obtained by
balancing Viin With Y1 | which is equivalent to balancing

ymin with Zrnin .

G(s) is caled bounded @ red
ymin: min:yr;;X:ZI;;X:diag(ElIlla co 7§quq) where
1>2& >& > >& >010;,i =1,---,q aethe
multiplicities of &, and iy + --- + I, = n. &;'s are caled the
bounded real singular values of G(s).

balanced if

Theorem 4.1 Let the asymptotically stable, minimal, bounded
real system G(s) be bounded real balanced and partitioned
asin (2) with Yuin = Zmin = diag(El,Eg) where = =
diag(§11,,- -+, & y,) and Zy = diag(§eq1lyy 5810, )-
Let the reduced order model G..(s) be obtained by trunca-
tion asin (2). Then G,(s) is asymptotically stable, minimal,
bounded real balanced and satisfies

1G() ~ Gols)lh <2 3 &

i=k+1

5 Positive Real Balancing M ethod

Another important class of dynamical systemsis the so-called
positive real (passive) systems. In a physical sense, the pos-
itive realness means that the energy produced by the system
can never exceed the energy received by it. The asymptoti-
caly stable system G(s) in (1) iscalled positiverea if m = p,
DT + D > 0and G~ (jw) + G(jw) > 0, for Vw € R
where G(s) = C(sI — A)~'B + D. Define Dp := D + DT
Similarly to the bounded real case, G(s) is positive real if and
only if thereexist akC = K7 > 0 such that

(6)

ATK + KA+ (KB -0T)DRH(KB-CH)T =0.  (7)

A dual Riccati equation

AL+ LAT + (£CT - B)DRH(LCT - BT =0.  (8)

is also obtained where £ = £7 > 0. (7) and (8) are the so-
caled positive real Riccati equations of G(s). Any solutions
K and L of, respectively, (7) and (8) lie between two extremal
solutions, i.e. 0 < Kpin < K < Kpax @ad 0 < Lipin < L <
Lumax- 1f K =KT > 0isasolutionsto (7), then £L = K~ isa
solution to (8). Hence Kpin = Lk, and Kppax = £1,. Then
analogously to the bounded real balancing case, a positive real
balancing transformation is obtained by balancing the minimal

solutions Ky, @and L, to (7) and (8), respectively.

G(s) is cadled postive rea balanced if Kpin = Lumin =
Koix = Lohe = diag(mil,,, -+, mols,) Where1 > 7 >
T > .- > me > 0,8, 1 = 1,---,q are the multiplicities
of mj, and s; + --- + sq4 = n. m; are caled the positive real

singular values of G(s).

Denote by M, the Moebius transformation, defined as
W(s) ™ G(s) = (I — ¥)~1(I + ¥). Itiswell known that
applying a Moebius transformation on a square bounded real



U(s) yields a positive real system. M is a bijection with in-

verse Gs) s W = (G(s) — 1)~} (G(s) + I)~L, i.e, given
apositivereal system G(s), ¥ = M~1(G(s)) isbounded real.
Then one can show that ¥(s) is bounded real balanced with
bounded real gramians = if and only if G(s) = M(¥) is posi-
tive real balanced with positive real gramians1l = Z.

Theorem 5.1 Let the asymptotically stable, minimal, positive
real system G(s) be positive real balanced and parti-

tioned as in (2) with Kpin = Luin = dlag(Hla H2>
where 11, = diag(m[sl,u- ,kask) and 11, =
diag(mpy1ls,y s s Tgls,)- Then G,(s) obtained by

the positive real balanced truncation is asymptotically stable,
minimal and positive real balanced.

Note that there exists no results on the norm of the error
G(s) — G,(s). Itisclear that the error results of the stochastic
balancing can be employed for positive-real balancing as well.
However, in that case the bounds will be in terms of the spec-
tral factors of G(s), not in terms of G(s); that is, we will have
bounds on theerror |[V=1(V —V,.)||oc Where G+ G~ = V™~V
and G, + G, = V,~V,.. Towards this goal, we state the main
result of this section which gives an absolute error bound for
(DT + G(s))™! — (DT + G,(s))~! and amultiplicative-like
error bound directly interms of G(s) and G, (s).

Theorem 5.2 Given the asymptotically stable positive real
system G(s), let G.(s) be obtained by the positive real bal-
anced truncation as above. Define R? := (D + DT)71,
op =2 ||R|* Y, mand ag := [|[DT 4 G(s)]|2.. . Then,

(DT +G(s) ™" = (DT + Gr()) s < n
I (DT +Gr(5) ™ (Gls) = Gr(5)) Il < 1

©)
(10)

We state (10) as a multiplicative-like error bound rather than an
exact multiplicative error bound because of the term G,.(s) +
DT. However, one can easily see that it is a multiplicative
error interms of G(s) + DT and G,.(s) + DT. One can view
(10) also asaweighted error bound where only input weighting
existsand isgiven by (DT + G..(s)) .

5.1 A modified positivereal balancing method with an ab-
soluteerror bound

In this section, we will introduce a modified positive real bal-
ancing method for a certain subclass of positive real systems.
Then based on Theorem 5.2, we will derive an absolute error
bound for the proposed method.

Given a positive real system G(s), define F(s) as Fg(s) +
R? = (G(s) + DT)~!. Itisclear that Fg(s) + R? is positive
real. To apply the modified algorithm, we will assume that
Fg(s) + R?/2 ispositive real aswell. Therefore, the modified
algorithm discussed below will be applicable to the family

D := {G(s) : G(s) and Fg(s) + R?/2 is positive real }

Through out this section, by positive real systems we mean
the positive rea systems that belong to the family D. The

modified positive real truncation is obtained as follows: Given
G(s) € D, define H(s) with the corresponding D-term Dy
as DY, + H(s) = (DT + G(s))~!. Since G € D, H(s)
is positive real. Let 7; denote the positive real singular val-
ues of H(s). Then apply the positive real balanced truncation
to H(s) to obtain H,(s) by keeping largest £ modified pos-
itive real singular values 7; of H(s). The final reduced or-
der model G, (s) is constructed from H.,.(s) using the equality
D, + G.(s) = (DL + H,(s))~!. By construction D,. = D.
It follows from the definition of D that since H,(s) € D,
G, (s) is positive real as well . Notice that the state-space
representations of H (s), H,(s) and G,.(s) are easily obtained
through the formulae D%, + H(s) = (DT + G(s))~! and
D, +G,(s) = (D% + H.(s))"".

Theorem 5.3 Given the positive real system G(s) € D, let
G, (s) be obtained by the modified positive real balancing
method introduced above. Then G,.(s) is asymptotically sta-

ble, positive real and satisfies

1G(s) = Gr(s) I < 2IBTH? (Fhgr + -+ 7). (11)

By Theorem 5.3, we approximate a positive real system G(s)
by areduced order positive real system with an absolute error
bound on the H., norm of the error if G(s) € D. This er-
ror result is analogous to the error result (3) of the Lyapunov
balancing and (6) of the bounded real balancing. As Example
7 illustrates if G(s) € D, the proposed method is a promis-
ing alternative to the positive real balancing. The condition
G(s) € D isdtill under examination, but we believe, from the
experience we gained through a vast amount of numerical ex-
amplesthat, it is not arestrictive condition.

6 Frequency Weighted Balancing Method

All the balancing methods introduced above try to approxi-
mate the full order model G(s) over al frequencies. How-
ever, in many applications one is only interested in a certain
frequency range. This problem leads to the so-called the fre-
guency weighted balancing method. Enns' [5], Lin and Chiu’s
[12], Wang's et al. [18] and Zhou's [20] frequency weighted
balanced reduction methods are the most common approaches
to attack this problem. These methods construct some input
weighting W;(s) and output weighting W, (s) and try to min-
imize the weighted error || W, (s)(G(s) — G (5))Wi(s) [l -
We want to mention that W;(s) and W,(s) are some fictitious
guantities unless they are specified by the user. In most cases,
the original problem is to approximate G(s) over a frequency
interval [ w1, ws ] and no input and output weighting is given.
Towardsthisgoal, Gawronski and Juang [6] introduced another
type of weighted balanced reduction method where for a given
frequency band [ w1, ws ], the construction of the weights are
avoided simply by using the frequency domain representation
of the gramians. We will propose afrequency weighted balanc-
ing method as a modification to [6] which guarantees asymp-
totic stability and provides a simple error bound.



6.1 Gawronski and Juang's frequency weighted balanced
reduction method [6]

In the frequency domain, the controllability gramian P isgiven
by P = o+ [ H(w)BBTH*(w)dw where H,, := (jwl —
A)~L. For agiven frequency band Q = [w;, wo] of inter-
est, Gawronski and Juang suggested to choose the frequency
weighted controllability gramian as

Pq = Pws) — P(w) where (12)
P(w) = % ™ H(w)BBT H* (w)duw. (13)

Some tedious manipulations yield that, see [6] for details,
P(w) is the solution to the Lyapunov equation AP(w) +
P(w)AT + We(w) = 0, where W,(w) := S(w)BB" +
BBTS*(w) and S(w) := & In((jwl + A)(—jwl + A)~1).
Therefore, the weighted gramian Pg, in (12) is obtained by
solving the Lyapunov equation APq + P AT + W.(2) = 0
where W,.(Q) := W.(w2) — W, (w1 ). Define Qgq, the weighted
observability gramian, analogous to (12) and (13). The sim-
ilar argument yields A7 Qq + QAT + W,(Q) = 0, where
Wo(Q) := W, (ws) — Wo(wy), and W, (w) := S*(w)CTC +
CTCS(w). Hence the computations of P and Qq require
evaluating the logarithm in S(w) in addition to solving two
Lyapunov equations. For small-to-medium scale problems for
which an exact balancing can be computed, .S(w) can be effi-
ciently computed as well.

Gawronski and Juang’s frequency weighting method is ob-
tained by balancing P, against Qq, i.e. Po = Qq =
diag(om, In,, -+, 0n,In,) Where n; are the multiplicities of
each singular value o; and ny + - -- + ny = n. Then there-
duced order model is obtained by truncation of the balanced
basis. However, since W, (Q2) and W, () are not guaranteed
to be positive definite, stability of the reduced model is never
guaranteed.

As seen from the above discussion, the constructions of input
and output weightings W;(s) and W, (s) are avoided by defin-
ing the gramians over the specified frequency range. Indeed
one can show that this method is equivalent to Enns's method
where W;(s) and W,(s) are chosen as the perfect band-pass
filters (i.e. an infinite dimensional realization of W;(s) and
W,(s)) over the frequency band [ wy, ws ].

6.2 Themodified frequency weighted balanced truncation
method

In this section, we will introduce a modification to Gawronski
and Juang's and obtain a frequency balancing method which
guarantees stability and provides a simple error result.

Let W.(Q) := MAMT = Mdiag(\i,---,\,)M” and
Wo(Q) := NANT = Ndiag(éy,---,6,)N” be the EVD
where MMT = NNT = [, with [\] > -\, > 0
and [61] > ---]0n] = 0. Let p := rank(W.(Q2)) and
0 = rank(W,(£2)). Inspired by Wang's et al. [18] approach,
define B := Mdiag(|\|"/?, -, |\,|"/2,---,0,---,0) and
C = diag(|61]Y/2,---,|6,|"/2,---,0,---,0)NT. Then our

modified frequency weighted gramians P, and Qq are ob-
tained as the solutions to APy + PoAT + BBT = 0 and
QA + ATQq + CTC = 0; consequently the modified fre-
quency weighted balancing is obtained by diagonaizing Pq,
and Qq, i.e. Po = Qq = diag(6,Ir,,- -, 6-,1;,) Where g,
are the modified singular values, r; are the multiplicities of &;
and7r + - +7,=mn.

Theorem 6.1 Let the asymptotically stable system G(s) be
in the modified frequency balanced basis as discussed above,
and also let GG, be obtained by the truncation of this bal-
anced basis. Assume that rank([ B B ]) = rank(B) and
rank([CT CT]) = rank(CT) . Then G,.(s) is asymptotically
stable, minimal and satisfies

1 G(8) = Gr(5) s, < 201BIITll(Trtr + -+~ +Tg)

where Jp = diag(|\|7Y2, -, [\, |7Y2,0,---,0)0MTB
and Jc := CNdiag(|01| 72, -+, |6,/ 71/2,0,---,0).

Note that the assumption rank([ B B ]) = rank(B) is aso
made in Wang's et al. [18] approach. Define G(Z) := BZ +
ZTBT. Let G(Z) = MAMT bethe EVD of G(Z). Denote
B = M | A |Y/2. It was shown in [18] that for almost all
Z € C™*" rank(| B B]) = rank(B). Notice that we have
the exact setup with Z = BT (S(ws) — S(w1))*. Hence we
expect that our approach will apply in most cases. Indeed, for
avast amount of simulations, the assumption has always been
satisfied and it does not seem to be a difficulty in practice..

7 An example on positive-real balancing

Consider a circuit, G(s) consisting of 50 sections intercon-
nected in cascade; each section is as shown in Figure 1-a. The
input is the voltage V' and the output is the current I, of the
first section. The order of G(s) isthenn = 100. We apply 3
methods, namely (i) Positive real balanced reduction (PRBR)
(ii) Modified positive real balanced reduction (MPRBR) and
(iii) Lyapunov balanced reduction (L BR); and reduce the order
tor = 10. We note that G(s) € D, hence alowing the usage
of MPRBR. The largest 40 of the normalized Hankel singular
values o, the positive real singular values 7; and the modified
positive real singular values 7; of G(s) are shown in Figure
1-b. Asthe figure illustrates, they all show a very similar de-
cay behavior. This means that for positive rea systems, 7; and
m; play the role of the Hankel singular values. Hence each of
these 3 sets of singular values reveal that the decay rate is fast,
consequently G(s) is easy to approximate.

The sigma plots of the reduced and error systems are depicted
in Figure 1-c and 2-a respectively. Let Gy(s), G,(s) and
G (s) denote the reduced models obtained by, respectively,
LBR, PRBR and MPRBR. G,,(s) and Gy(s) are very close
and dightly better than G,,(s). All the error norms and corre-
sponding upper bounds are tabulated in Table 1. The proposed
multiplicative error bound (10) for G,(s) + D and the abso-
Iute error bound (11) for G, (s) aretight like the upper bound
(3) for Giy(s). These results indicate that when G(s) € D,
MPRBR isapromising aternative to both PRBR and L BR.
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8 An exampleon frequency weighted balancing

The 120" order SISO full order model (FOM) describes the
dynamics of a portable CD player. The sigma plot of the FOM
is shown in Figure 2-b. To match the maximum peak of the
sigmaplot, first we choose w;, = 10 and w, = 1 x 103. Were-
ducetheorder tor = 15 by applying (i) Gawronski and Juang's
method (GFBT), (ii) our modified frequency balancing method
(MGFBT) and (iii) (unweighted) Lyapunov balanced trunca-
tion (LBT); and, respectively, obtain the reduced models (i)
Gy(s), (i) G r(s) and (iii) Gy(s). The sigmaplots of the re-
duced and error systems are depicted in Figure 2-b and Figure
2-c respectively. As Figure 2-c shows G ¢(s) and G, ¢(s) out-
perform G, (s) in the chosen frequency interval. Furthermore,
Gmy(s) and G(s) behaves very similarly. Hence, for this ex-
ample, our modification to GFBT did not have a negative im-
pact on the quality of approximant in the specified region, on
the contrary it added the asymptotic stability and an absolute
error bound. The H, errors and corresponding error norms
are tabulated in Table 2-a. Now we choose w; = 5 x 10° and
wy = 1 x 10° to match the ripple in thisinterval. The sigma

Exact error | Upper bound

|G — Gpll#, 27x107° | 29x107°

IG — Gulla 3x107° 3.5x107°
G — GpllHa 74%x107°

IGpp(G — Gl | 59%x107° | 14x107°

IGp — Gppll#. 46.x1077 | 72x107"

Table 1: Error norms and bounds for the Circuit Example where
Gp(s) = (DT + G(s)) " and Gpp(s) = (DT + Gy(s)) ™

plots are shown in Figures 3-a and 3-b. As expected, G (s)
and G, ¢(s) match G(s) and outperforms G () in the speci-
fiedinterval . Onthe other hand, intheinterval [wq, ws ], even
though G,,,;(s) matches G(s) quite well, G¢(s) behaves bet-
ter than G, (s). Thisis because of the fact that the modified
gramians are no longer the exact frequency-limited gramians,
but are close to them. Hence G, ¢(s) performs slightly worse
than G (s) over [ wy, wy |. However the over all response is
much better. Notice that while G, ;(s) matches the peak of the
sigmaplot over [ 10, 10% | rad/sec, G ¢(s) isfar from G(s) over
thisrange. The conclusion is that there is a trade-off between
the guaranteed stability and the performance in the specified
frequency interval. Thisis also valid for Wang's et al. modi-
fication to Enns' methods to guarantee stability [18]. The H o
norms and the upper bounds are presented in Table 2-b. The up-
per bound for ||G(s) — Gz (5)||#.. 1S pessimistic because of
the fact although MFBT is a frequency weighted method, the
upper bound is an H., bound for the whole frequency range.

Exact error Upper bound
IG(s) — Gp(s)||noy | 423 x 1077 | 2.36 x 10 *
@ G0s) = Cos(s)e | 384 x 102 | 340 x 10T
|G(8) — G#(8)||Hu 3.85 x 1072
Exact error | Upper bound
) IG(s) — Gu(s)|[nae | 423 x 1072 | 2.36 x 107"
IG(5) — Gy (s)||ro, | 1.45 x 10° 1.70 x 10*
1G(5) — G (8)||Hmo 6.83 x 10"

Table 2: Error norms for the CD Player Example for (a) w1 = 10
andwz =1 x 10* and (b) w1 =5 x 10® and wa = 1 x 10°

9 Conclusions

We have presented a survey of balancing related model reduc-
tion schemes and their corresponding error norms. Two new
methods are proposed for positive real and frequency weighted
balancing. Moreover, amultiplicative error bound has been in-
troduced for positive real balancing. Two numerical examples
have been illustrated to verify the efficiency of the proposed
algorithms.
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