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Abstract

Open-loopStackelberg gamesareconceptualvery interesting
particularlyfor applicationswhichcontainahierarchicalstruc-
ture.Theexistenceof uniqueStackelberg equilibriawasshown
to betied to theexistenceof solutionsto certainnonsymmetric
Riccati equations,which arehardto solve. The paperreveals
a connectionbetweensolutionsof a standardalgebraicRiccati
equationanda nonsymmetricalgebraicRiccatiequation.As a
consequenceeasyveri£ableconditionsareobtainedto ensure
a Stackelberg equilibrium, which makes thesetype of games
accessibleto applications.

1 Introduction

ThealgebraicRiccatiequationsconsideredin thispaperappear

in two playerlinearquadraticopen-loopStackelberg gameson

the in£nite time horizon � �	��

� . It wasshown in [6] that the

nonsymmetricalgebraicRiccati equationand its correspond-

ing differential equationcounterpartis of greatrelevancefor

Stackelberg gameson the in£nite and £nite horizon, respec-

tively. Therefore,explicit solvability conditionsfor thesetype

of Riccatiequationsarehighly desirable.

A linear quadraticStackelberg gameis de£nedby linear dy-

namicsof theform

���������������������� �!�"� � ��# �%$ �'& � (1)

wherethematrices��(*),+.-	+ � �0/�(*),+.-2143 (5 �76 �98 ) arecon-

stantand :;�=< � �>< �?('@ . Furthermore,we considerquadratic

typecost-functionalsof theform

A �B#C��� � �"� $ � DE �GF�HI�J�K���GF �GL �M�J�����K�GF� L �N�!�"�PO!Q �
A �R#C��� � �"� $ � DE �GF�HS�!�K���GF � L �T�J�����K�GF� L �9�!�"�PO!QBU (2)

It is assumedthat the coef£cientsin (2) are symmetricwithH / (V) +.-	+ , L /XW (V) 1ZY[-	1ZY for 6]\ 5^�=_ \ 8 U Further-

more, we only considerthe open-loopinformation structure,

i.e. theplayersarecommittedto follow a predeterminedstrat-

egy. We agreethathereplayer 8 is the leader, i.e. he is seek-

ing a
A �`#X��� � �"� $ -minimizing strategy � �� #CQ $=� a functionof time

only, thatheannouncesbeforethegamestartsknowing how the

follower reactsto any of his choices.Thefollower, i.e. player6 , will thenminimizehis cost-functionalwith a strategy � �� #CQ $
alsoasa function of time only. For the precisemathematical

de£nitionof aStackelberg equilibriumwereferto [3].

In the secondsectionwe recall known resultsfor gameson

the £nite time horizon � �.� Q�a � which ensurethe existenceof a

uniqueStackelberg equilibrium; in this casethe performance

criteriaare(for 5 �b6 �c8 )

A / � 6
8 �GF #XQMa $>d / aT��#CQMa $

� 6
8
e=f

E
#C�GF #XQ $ H / ��#CQ $ �

�
WJg � �GFW #CQ $ L /XW � W #XQ $9$ OBQBU (3)

Thethird sectioncontainstheresultsfor thein£nitetime hori-

zon showing that both situationsare quite different. Sectionh
brings the resultsfor the in£nite time horizontogetherand

indicatesa connectionto the £nite horizon case. In the last

sectiontheobtainedresultsarediscussedandfurther research

directionsfor Stackelberg gamesareproposed.

Wethink thattheStackelberg concepthasrich applicationsand

to emphasizethis we cite [5], wherethis gametheoreticcon-

ceptwassuccessfullyappliedto solve a trackingproblemfor

¤exible robots.

2 Games on the £nite time horizon

Let usbrie¤ysummarizesomebasicresultsthathave beende-

rived for the £nite time horizon. Thesehave beenformulated

in the papers[8] and[4]. The £rst remarkableresult is based

on theconvexity condition:

#>iZ� $
L �9�0j �	� L �9�kj �L �l�Sm �Hn�0m �	� HZ�km �
d �oapm �	�qd �[apm � U



Theorem 1 (Simaan, Cruz; 1973). Let the linear quadratic

open-loop Stackelberg game ful£ll condition #>iZ� $ . De£ner /�s ��� / L�t �/X/ � F/ for 5 �76 �c8 and
r �T� s ���u� L�t ��9� L �T� Lkt ��M� � F � .

If the coupled system of matrix Riccati differential equations
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(4)

has a unique solution

y
d �
d �

satisfying the boundary condi-

tions
y # �%$ � �.��d ��#CQMa $ � d ��a ��d �`#CQMa $ � d �^a v d ��a y #CQMa $ ,

then

� �� � v L t ��9� �PF� d ��#CQ $ � � #CQ $>� � �� � v L t ��9� �uF� d �`#CQ $ � � #CQ $
de£nes a Stackelberg equilibrium where � � is the solution of

��'�b#>� v r � d � v r � d � $ � � ��# �%$ �'&2U

Thecoupledsystemof Riccati equations(4) is alsoknown as

Stackelberg Riccati (differential) equation. Thecorresponding

algebraicRiccati equationis calledthe algebraic Stackelberg

Riccati equation. Thenext resultis basedon a valuefunction

approachanddoesnot rely on theconvexity condition.

Theorem 2 (Freiling, Jank, Lee; 1999). For a linear

quadratic open-loop Stackelberg game assume that L �9�zj �
and L �9�kj � and let

r � � r � and
r �l� be as above.

1. Let { ��#CQ $ (|) +.-	+ be the solution of the standard (i.e.

here and below: symmetric) Riccati differential equation

v �{ �S� { �!�}�p�,F { �.�?Hn� v { � r � { � �~{ �B#CQMa $ � d ��a.U
(5)

2. Let the solution { �R#CQ $ (�) � +.- � + of the standard Riccati

differential equation

v �{ � � HZ� �
� r �l� � { � � v r �

v HI� v � F (6)

� � v r �
v Hn� v � F

F
{ � v { �

r � �
� � { �

with terminal condition { �`#XQMa $ � d �^a �
� � exist on

� �	� QMa � .

3. Let the coupled system

v OOBQ
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(7)

with terminal values
y #CQMa $ � �	�Bd ��#CQMa $ � d ��a and

d �`#CQMa $ � d �[a have a solution on � �.� QMa � .
Then there exists a unique open-loop Stackelberg equilibrium

which is given by

� �� #CQ $ � v L�t ��M� � F � d ��#XQ $ � � #CQ $=�� �� #CQ $ � v L t ��M� � F� d �`#XQ $ � � #CQ $=�
where � � #CQ $ is a solution of the closed-loop equation

��'�b#>� v r � d � v r � d � $ � � ��# �%$ �'&	U

Suf£cientconditionsfor theexistenceof thesolutionsof (5) -

(7) on � �	� QMa � canbe found in Chapter4 of [1]. Notealsothat

theseequationsarenumericallyeasierto treatthanthenonlin-

earboundaryvalueproblem(4).

3 Games on the in£nite time horizon

One of the authors([6]) consideredopen-loopStackelberg

gameson the in£nite time horizon for the £rst time. Let us

brie¤ycite theresultsfrom [6]. Thenext Theoremis basedon

theconvexity conditionandgivestheequilibriumstrategiesin

feedbackform. Theconvexity conditionreadsnow asfollows:

#=i�� $
L �M�,j � L �M�kj �L �T�0m �HI�Sm � HZ�km � U

Theorem 3. If condition #=i�� $ is ful£lled and if there exists a

stabilizing solution � to the nonsymmetric algebraic Riccati

equation

� � � � �
� � � � F �

� � F � � Hn� �HZ� v HI� v � r �
(8)

with

r � ����� � �
� � �u�

L �M� � �
� L �M� �L �T� � L �M�

t � � F � �
� � F�
� � F �

� s r � r �r �T� v r � �



i.e. the closed-loop matrix
� �
� � v r � is stable, then the

unique Stackelberg equilibrium exists and is given by

� ��� �� � v L t ��9� � �
� L�t ��M� �

� F � �
� � F�
� � F � ����� (9)

where � is the solution of the closed-loop equation

�� �b# � �
� � v r ��$=���~� # �2$ � &

� U (10)

It is interestingto mentionthat thealgebraicStackelberg Ric-

cati equationassociatedto (7) doesnot show up hereon the

in£nite time horizon,but that a similar resultasabove canbe

obtainedfor the £nite time counterpart,which we take from

[6].

Corollary 1. Assume that condition #=i4� $ is ful£lled. If the

nonsymmetric Riccati differential equation

v �� � � � �
� � � � F �

� � F � � HI� �HS� v Hn� v � r �

with � #CQ a $ � d ��a �
d �^a v d ��a admits a solution on � �.� Q a � ,

then there exists a unique Stackelberg equilibrium.

Thesecondresultis basedon thevaluefunctiontypeapproach

andon theHilbert spaceapproachpresentedby [8] andthere-

fore avoids the convexity condition. Here, � ��� +� denotesthe

Hilbert spaceof squareintegrablefunctions(with respectto

theLebesguemeasure)on thepositive realline.

Theorem 4. Assume that the coef£cients of the Stackelberg

game are such that � is stable and the matrices L �9� � L �9� are

positive de£nite. Let the stabilizing solution { � of the standard

algebraic Riccati equation

� � � �!�����0F � ����Hn� v � � r � � �
� sl� � # � � $

(11)

exist and let also the stabilizing solution { � of the standard

algebraic Riccati equation

� � � �������zF � ����H v � � r � �
� sl� �`# � � $

(12)

exist, where

� s � � v r �
v Hn� v � F � � s � � �

�

H s � HZ� �
� r �l� � r s ��� L�t ��9� �nU

Partition the solution { ��� { �M�� { ����
{ �T�� { �M�� � where each block

is of size :x�?: . If { �M�� is invertible, then there exists a unique

Stackelberg equilibrium for any initial value &�(�) + . The

Stackelberg strategy for the leader is explicitly given by

� �� � v L�t ��M� � F� � { � � (13)

and � is the solution of

�� �b#>� v r { � $>���~� E � �v { t �9�� { �T�� &	U (14)

The Stackelberg strategy for the follower is attained by

� �� #C� �� $ � v L t ��9� �uF� # { �J� � ��� �� $ (15)

with � �� as � ��� +� -solution of

�� �� � v #>� v r � { � $ F�� �� � { � r � � { � � (16)

and � � as solution of

�� � �b#=� v r � { � $ � � v r �!� �� v r � � { � � � � � # �2$ �'&
(17)

and � given by (14).

4 Observations and main result

Beforewe studytheconnectionbetweensolutionsof (12) and

(8) we cite somewell known resultsfor concerningthe stan-

dard(symmetric)algebraicRiccati equationsappearingin the

precedingTheorem.For proofsandfurtherreadingwereferto

[7] or to Chapter2 in [1].

Lemma 1. Assume for the algebraic Riccati equation� ��# � � $ � � , that L �M�,j � .

1. The algebraic Riccati equation has a semi-stabilizing so-

lution {��� , if

(a) #>� � ��� $ is stabilizable;

(b) there exists a solution { � { F to the inequality� ��# {n$ m � .

The semi-stabilizing solution is moreover the maximal so-

lution.

2. {��� is stabilizing if there exists { E � { FE such that� ��# { E $ j � U
3. {��� is invertible and stabilizing, if there exists no #>HI� � � $

non-observable eigenvalue � with Re � \ � .



4. If #=� � ��� $ is stabilizable and Hn�0m � , then {��� m � U
Remark 1. If we replace in the preceding Lemma L �M� by L �9� ,
� by � , Hn� by H , ��� by

�,�
� and

r � by
r

analogous results

also apply for the (semi-) stabilizing solution {��� of (12).

From theseconsiderationandTheorem4 we arenow ableto

obtainanexistenceresultfor thenonsymmetricalgebraicRic-

cati equation(8).

Theorem 5. Assume that the Stackelberg game ful£lls the fol-

lowing assumptions:

1. The matrix � is stable, L �9�0j � and L �9�kj � .

2. There exists � E � � FE with � ��# � E $ j � or the pair#=Hn� � � $ has no non-observable eigenvalue in left complex

half plane.

3. The pair #>� � r $ is stabilizable.

4. There exists � E � � FE with � �`# � E $ j � or the pair#=H � � $ has no non-observable eigenvalues in the left com-

plex half plane.

Then there exists a (unique) stabilizing solution � � to (8),

which is explicitly given by

� � �
vP� t ��9� � �T� � t ��9�

� �M� v�� ��� � t ��M� � �T� � ��� � t ��M� � (18)

where the appearing matrices are given by the stabilizing solu-

tion

{ �� � s � �M� � ���
� �T� � �M� j �

of (12).

Beforewe prove the Theoremlet us notethat it alsocontains

thecasewheretheconvexity condition #=i�� $ holdsand � is sta-

ble. Consequently, Theorem4 guaranteesauniqueStackelberg

equilibrium.

Corollary 2. Assume that � is stable and that the convexity

condition #>i�� $ holds for a Stackelberg game on the in£nite

time horizon, then the semi-stabilizing solution { �� to (11) ex-

ists. Furthermore, the semi-stabilizing solution {P�� m � to (12)

exists, if the pair #=� � r $ is stabilizing. If moreover the pairs#=Hn� � � $ and #>H � � $ have no non-observable eigenvalues in the

left complex half plane, then {��� and {��� are both positive def-

inite and stabilizing. The unique stabilizing solution � � to (8)

exists and has the representation (18).

Proof of Theorem 5: ConsidertheHamiltonianmatrix associ-

atedto (12),which is

�k� e s �
� v r � v r � �v Hn� v � F � �v HZ� � v � F Hn�
� v r �l� r � �

U (19)

Thecorrespondingmatrix for thenonsymmetricequation(8)

� � e s �
� � v r � v r �
� � v r �T� r �
v Hn� � v � F �v HZ��Hn� � v � F

(20)

is orthogonalequivalentto � � e by

� � e ��� � � e �PF � � s �
� � � �
� � � �
� � � �� � � �

U (21)

Since �{��� is an invariant subspacefor � � e we infer that

� F �{��� is aninvariantsubspacefor � � e . It is easyto check

that

�PF �{��� �
� �� �l� � �M�
� �� �9� � ���

U

Since � �M� is by our precedingobservation invertible we get

with

� �� �l� � �M�
t � � � �vu� t ��M� � �l� � t ��M�

the representationformula (18) of thestabilizingsolution � � .
The £rst part of the proof shows that � � e and � � e have the

samesetof eigenvaluesandthereforemust � � beunique,if it

exists.

As pointedout in the last sectionthe algebraicRiccati equa-

tion associatedto (7) is not involvedon the in£nite time hori-

zon.However, it is worthnotingthatgiventheexistenceof the

stabilizingsolution � � of (8) at leastonestabilizingsolutiony
d �
d �

of

�
�
�

�
y
d �
d �

��� v � r �T� v r �
� � F �v Hn� � � F

y
d �
d �

� �Hn�
HZ� v

y
d �
d �

� r � r �
y
d �
d �

(22)



exists - this follows easily from the fact that Im �� � is
� � e -invariant and containsthereforean : -dimensional� � e -

invariantsubspaceof the form Im

�y
d �
d �

, which de£nesthe

desiredsolutionof (22).

Wementionthefollowing interestingfact:

If astabilizingsolution

y
d �
d �

of (22)exists,it is uniqueunder

thefollowing additionalcondition:

� is stableandeveryeigenvalueof � is #=Hn� � � $ unobservable.

In thiscaseoneobtainsfrom [2] that � � e has: eigenvectorsof

the form

�
�
�� W

correspondingto eigenvaluesin the openleft

complex half plane,where � � � � U�UBU � � + � is aJordanbasisof � .

Moreover, if this condition is ful£lled then,accordingto [1],

Chapter2, both(8) and(12)donotadmitastabilizingsolution.

5 Discussion

In this paperwe derived explicit conditionswhich ensurethe

existenceof thestabilizingsolutionof nonsymmetricalgebraic

Riccatiequationsappearingin socalledopen-loopStackelberg

gameson the in£nite time horizon. The resultobtainedis in-

terestingfrom different points of view. First of all it brings

togethertwo approachesusedin [6] to obtainexistenceresults

for Stackelberg equilibria.On theotherhandit alsoshows that

the inherentstructurein the Stackelberg conceptcanbe used

to treatnonsymmetricRiccatiequationswith helpof standard

algebraicRiccatiequations.

The next stepis to £nd in a similar way existenceresultsfor

the nonsymmetricRiccati differentialequationcorresponding

to thealgebraicequation.This would alsohelp to understand

Stackelberg gamesonthe£nitetimehorizonagooddealbetter

thanwedonowadays.
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