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Abstract

A wheel slip controller for Anti-lock Brake Systems (ABS) is
designed using LQ-optimal control. The controller gain ma-
trices are gain scheduled on the vehicle speed. A parameter
dependent Lyapunov function for the nominal linear parame-
ter varying (LPV) closed loop system is found by solving a
linear matrix inequality (LMI) problem. This Lyapunov func-
tion is used to investigate robustness with respect to uncertainty
in the road/tyre friction characteristic. Experimental results
from a test vehicle with electromechanical brake actuators and
brake-by-wire show that high performance and robustness are
achieved.

1 Introduction

Automotive anti-lock brake systems (ABS) controls the slip of
each wheel to prevent it from locking such that a high friction
is achieved and steerability is maintained. ABS are character-
ized by robust adaptive behaviour with respect to highly uncer-
tain tyre characteristics and fast changing road surface prop-
erties [2, 19, 25]. The introduction of advanced functionality
such as ESP (electronic stability program), drive-by-wire and
more sophisticated actuators offer both new opportunities and
requirements for a higher performance in ABS brakes.

The contribution of the present work is a study of a model-
based design of wheel slip control. We consider electrome-
chanical actuators [7, 20] rather than hydraulic actuators. They
allow continuous adjustment of the clamping force. The wheel
slip dynamics are highly nonlinear and uncertain. Despite this,
our control design relies on local linear quadratic regulators us-
ing linearization and gain-scheduling. In order to analyze the
effects of this simplification, we develop a Lyapunov based sta-
bility and robustness analysis. Results from experiments using
a test vehicle are also included. The results presented here ex-
tend the preliminary results [10,18], primarily that the stability
analysis is more realistic as it is based on a 4th order model
rather than a 2nd order model. Also, means to improve the
transient performance at low slip are described.

Other contributions to model-based wheel slip control can be
found in the literature. The model based approach in [4] ap-
plies a search for the optimum brake torque via sliding modes.
This approach requires the tyre force, hence, a sliding observer
is used to estimate it. Another theoretical approach is presented
by [5]. Freeman designs an adaptive Lyapunov based nonlinear
wheel slip controller. A similar controller is found in [27] by
introducing speed dependence of the Lyapunov function and
also including a model of the hydraulic circuit dynamics. Dy-
namic friction models for the road/tyre characteristics using
conventional nonlinear control have been reported in [3, 26].

The use of Sontag’s formula is applied in the adaptive control
Lyapunov approach in [17]. PID-type approaches to wheel slip
control are considered in [8, 12, 22–24]. In contrast, our con-
troller contains no explicit friction model and relies on integral
action rather than adaption in order to eliminate steady-state
uncertainty. This simplifies the design and may improve the
robustness as the friction is difficult to model accurately for a
wide range for tyres and surfaces.

2 Wheel slip dynamics
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Figure 1: Quarter car forces and torques.

In this section, we review a mathematical model of the wheel
slip dynamics, see also [2, 4, 5]. The problem of wheel slip
control is best explained by looking at a quarter car model as
shown in Figure 1. The model consists of a single wheel at-
tached to a mass �. As the wheel rotates, driven by inertia of
the mass � in the direction of the velocity �� a tyre reaction
force �� is generated by the friction between the tyre surface
and the road surface. The tyre reaction force will generate a
torque that initiates a rolling motion of the wheel causing an
angular velocity �. A brake torque applied to the wheel will
act against the spinning of the wheel causing a negative angu-
lar acceleration. The equations of motion of the quarter car are

� �� � ��� (1)

� �� � � �� � �� ������� (2)

where � is the horizontal speed at which the car travels, � is the
angular speed of the wheel, �� is the vertical force, �� is the
tyre friction force, �� is the brake torque, � is the wheel radius,
and � is the wheel inertia. The tyre friction force �� is given
by

�� � �� � ��	� �� � 
� (3)

where the friction coefficient � is a nonlinear function of �� ,
the maximal friction between tyre and road, and the slip angle
of the wheel, 
. The longitudinal slip 	 defined by 	 � ����

�
describes the normalised difference between horizontal speed �
and the speed of the wheel perimeter ��. The slip value of 	 �
� characterises the free motion of the wheel where no friction



force �� is exerted. If the slip attains the value 	 � 	� then
the wheel is locked. The friction � can span over a very wide
range, but is generally a differentiable function of 	� �� and 

with the properties ���� �� � 
� � � and ��	� �� � 
� � � for
	 � �. Its typical qualitative dependence on slip 	 is shown in
Figure 2.
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Figure 2: Tyre slip/friction curves ��	� �� � 
�

If the motion of the wheel is extended to two dimensions, then
the lateral slip of the tyre must also be considered. The wheel
moves with velocity �� in the longitudinal direction and with a
velocity �� in the lateral direction. In this case, the longitudi-
nal slip 	� � �����

� and the lateral slip 	� � �	 � 	�� ���

are distinguished as well as the corresponding friction coeffi-
cients �� and ��. The upper part of Figure 2 shows the depen-
dence of the friction coefficient �� on the side slip angle 
. In
the sequel, for simplification purposes unless otherwise stated,
the side slip angle will be considered to be zero with �� � �
and �� � �. Using (1)-(4), for � � � and � � �, we get
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Note that when � � �, the open loop slip dynamics (4) be-
comes infinitely fast with infinite high-frequency gain. This
leads to a loss of controllability and the slip controller must be
switched off for small �. The following proposition summa-
rizes some useful properties of the closed loop system [18]:

Proposition 1 Consider the system (4)-(5) with ����� � � for
all � � �. If ���� � � and 	��� � ��� 	�� then 	��� � ��� 	� and
����� � � for all � � � where ���� � �

3 Control design

The control problem is essentially to control the value of the
longitudinal slip 	 to a given setpoint 	� that is either constant

or commanded from a higher-level control system such as ESP.
The control input is the clamping force �� that is related to the
brake torque as �� � ����. Integral action or adaptation must
be incorporated to remove steady-state errors due to model in-
accuracies, in particular the maximum road/tyre friction �� .
It is essential that the controller maintains a high performance
and is robust w.r.t. to any road/tyre friction curve.

The dynamics of the wheel and car body are given by (4) and
(5), respectively. Due to large differences in inertia, the speed
� will change much more slowly than the slip 	 and is therefore
a natural candidate for gain scheduling. Thus, for the control
design, we consider only (4) and regard � as a slowly time-
varying parameter. The control design requires nominal lin-
earized models for design. Let (	� ��) be an equilibrium point
for (4) defined by the nominal values 
, �� and ��
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The speed-dependent nominal linearized slip dynamics are
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where 
� and �� are linearization constants given by
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Assuming arbitrary values of 
� �� and �� , the wheel slip dy-
namics (4) can be written in the form

��� �
�����
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��� � � �� � (9)

where �� � 	 � 	� and 	� is the desired slip (setpoint). Fur-
thermore, we have defined

����� � �

�
	� 	� � ��

�


��

�

�
������ 
 	�� �� � 
� 


�

�
� ��

� �� �

�
�

��
�	� 	�� 
 �

�
����	

�� �� � 
�

It can be seen that (9) has an equilibrium point given by � � � �,
�� � � �� since ���� � �, and the linearized slip model (6) with
a perturbation term written as follows
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(10)

where ������ � ����� � 
���. Next, we describe a gain-
scheduled LQ approach to wheel slip control design when the
actuator dynamics are taken into account, integral action is in-
cluded and the rate of the clamping force is used as the con-
trol input. The latter is introduced partly to simplify the han-
dling of rate constraints in the implementation and partly to get
velocity-based gain-scheduled control which has known bene-
fits [15]. The dynamics of the augmented system are

��� � �� (11)
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0 5 10 15 20 25 30 35
0

0.5

1

1.5

2

2.5

3

3.5

K
1
/10

K
2

K
3
*1000

K
4
*1000

Speed v[m/s] 

Figure 3: Gain ����, as a function of �.

The state �� is the integrated slip error (giving integral action),
�� is the slip error, �� is the clamping torque produced by the
actuator, �� is the clamping torque commanded to the actuator
and � is its commanded rate of change. The actuator bandwidth
is � � �� rad/s. With
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the system can be written as the following linear parameter-
varying (LPV) system with a perturbation:

�� � ������ � ��� 
 �����
� ��������� (15)

where �� � ��� �� � �� � �
�
� �. The gain-scheduled LQ controller

is given in the form � � ������, where the matrix ���� is
computed by solving the following standard linear quadratic
optimal control problem

���� ����� �� �

� �
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�� (16)

We notice that � is known while �� is unknown as � �� depends
on the tyre parameters, vertical load, wheel slip angle, road
friction, etc.

The wheel slip approach has been implemented in the ABS sys-
tem of an experimental test car equipped with electromechan-
ical brakes and a brake-by-wire system. It has the following
nominal parameters � � ��� ��, �� � ��	�� , � � ����,
� � 	� �� �� and the friction model in Figure 2. Assuming
	 � �	� and the nominal design �� � �� and 
 � �, we
get 
� � 	�� and �� � ���. We notice that since 
� � �
the chosen operating point is on the unstable part of the fric-
tion curve, i.e. to the right of the peak. For the control design,
we choose � � 	 and ���� � ����� with ����� � � � 	��

and all other elements of �� equal to zero. The choice for ����
leads to a gain schedule with reduced gain as � � �. Reduced
gain is useful to avoid instability due to unmodelled dynamics
as � � �� see Figure 3 (�� has been reduced by a factor of
10 and �� and �� increased by a factor 1000 for presentation
purposes).

4 Stability and robustness

The control design presented above is based on gain-scheduling
and linearized nominal models such that stability should be in-
vestigated separately. Moreover, there are numerous uncertain
model parameters, the most important being the maximal fric-
tion coefficient �� , which calls for a robustness analysis. We
take a Lyapunov approach based on the closed loop system

�� � ��������������� �������� 
� ��������� (17)

The equilibrium point �� � ���
�
� ��

�
� ��

�
� ��

�
� for the closed loop

system (17) is now defined by
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�
� � �� (19)

Defining the error variable �� � �� ��, the closed loop system
can be written in the following form

��� � ����� ������������ 
� ���������� (20)

We note that ����� � �, i.e. it is a vanishing perturbation.
In order to analyze the stability and robustness of the closed
loop with respect to the uncertain road/tyre friction character-
istics, we seek a Lyapunov function for the closed loop system
(20). Our approach is first to seek a Lyapunov function that
proves uniform exponential stability of origin of the nominal
LPV closed loop system

��� � ������� (21)

with ����� � ���� � ��������. The next step is to study if
the stability margin provided by this Lyapunov function is suf-
ficient to show robustness with respect to a large class of un-
known tyre/road friction characteristics influencing the vanish-
ing perturbation ��. We will utilize standard methods for LPV
systems, namely a parameter-dependent quadratic Lyapunov-
candidate, and formulate the problems in terms of LMIs. Let
the Lyapunov function candidate be

 ���� � ���! ����� (22)

where ! ��� � � is symmetric and specified below.

Proposition 2 Assume there exist a " � � and a smooth func-
tion ! ��� that satisfies for all ���� � � � ���� � �

! ��� � � (23)

�!

��
��� � � (24)

! �������� 
��
�
���! ��� 
 "! ��� � � (25)

Then, the origin is a uniformly exponentially stable equilibrium
for all trajectories of the nominal closed loop system (21) that
satisfies �	� � ����� � 	 � 	�, ����� � �, ����� � � and
���� � ���� � ���� for all � � �.

Proof.  is a suitable Lyapunov function candidate since (23)
ensures that it is upper and lower bounded by positive definite
quadratic functions in �� for all � � ����. Along trajectories of
the nominal closed loop (21), the time-derivative of  is

� � ���
	
! �������� 
�����

�! ���


��
 ���

�! ���

��
�� �� (26)



It is known from Proposition 1 that �� � � during braking
such that (24) ensures that the last term in (26) is not positive.
Hence, (25) implies that

� � �"���! ����� � �" (27)

It is then a standard result by Corollary 3.4, p. 140, in [16], that
the origin is uniformly exponentially stable, i.e. ����� tends to
zero exponentially with rate "#�. �

In order to transform these conditions to standard LMI condi-
tions, we introduce a smooth parameterization of ! ��� similar
to [6] and discretize a suitable interval for the variable �:

! ��� � !� 
 !��
�� 
 !�� 
 !��

�� (28)

with symmetric !�, !�� !� and !�. The terms depending on �
are motivated by the explicit expressions for ! ��� solving the
algebraic Riccati equation for a similar design based on a 2nd
order model [18]. Of course, in the present case, a more com-
plex parameterization may lead to a better Lyapunov function
in the sense that it may prove a larger stability margin. Ineq.
(23) - (25) now define a standard LMI problem [1] with the
objective of maximizing the scalar variable " � � and when
the LMI conditions are imposed at a finite number of values
�. A gridding approach is chosen because the parameterization
of ! ��� is not convex. We have chosen 12 values in the inter-
val ����#$ � � � ���#$. This leads to a solution of the
LMI conditions (23) - (25) with " � ���. It follows that the
given design makes the equilibrium point �� � � locally expo-
nentially stable when the setpoint is chosen 	� � �	�, even in
the presence of uncertainty in the friction curve. The amount
of uncertainty may, however, restrict the region of attraction.

Given the " � � and matrices !�� !�� !�� !� that solve the
above mentioned LMI-problem, we may examine if the Lya-
punov function candidate proves a sufficient stability margin to
account for the uncertainty in ��. Along the trajectories of the
perturbed closed loop (20), the time-derivative of the Lyapunov
function  for the nominal closed loop satisfies

� � �"���! �����
 ����! ���� ���������� (29)

In Figure 4, three figures are shown for � as a function of 	;
for � � ���� �� and ���#$ respectively. In the left figure, the
side slip angle is 15 degrees and zero in the other two figures.
In each figure, three curves are shown for ���� �	� ��� ���.
���� ��� and ��� are set to their respective equilibrium values. Fig-
ure 4 shows that the robust stability requirement (29) is satis-
fied for all ��� � ��	�� 	� 	�� for the selected friction curves.
Although curves are shown only for � � ���� � and ���#$,
we have verified that (29) is fulfilled for intermediate values of
�, 	 and 
. Unfortunately, this approach does not allow us to
make a rigorous conclusion about anything except local stabil-
ity since the Lyapunov-functioncandidate at hand appears to be
conservative. However, our analysis indicate the following ob-
servations that are in good agreement with our experience from
simulations and experiments. First, the robustness margins are
most difficult to fulfill at low speed (less than say ��#$), high
�� , and large 
. This is as excepted, since the uncertainty
scales with 	#� and at high �� and large 
� the slip dynam-
ics have the highest degree of open loop instability. Second,
largest robustness margins are achieved by placing the setpoint
somewhat to the right of the friction curve peak. On the other
hand, maximum friction is achieved at the peak value and max-
imum steerability suggests that the slip is as low as possible. In
general, the slip value where the peak value is attained is re-
duced as �� is reduced. Therefore, a reasonable compromise
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Figure 4: Time derivative of  .

is to let the setpoint be close to the peak value and depend on
an estimate of �� . This corresponds to generating the nomi-
nal model by linearizing near the peak of the nominal friction
curve. Note that the only information on the friction curves
utilized in the control design, is the slope at the setpoint.

5 Implementation details

Gain scheduling is implemented by switching gain matrices,
where the gain matrices are computed for a finite number of
operating points (12 velocities logarithmically spaced between
0.75 m/s and 32 m/s). To achieve bumpless transfer, the in-
tegrator state �� is reset at the switching instants to achieve a
control signal without any discontinuities.

The wheel slip 	 and the speed � are estimated online using
an extended Kalman filter based on wheel speed and acceler-
ation measurements. The slip setpoint, 	�� is supossed to be
provided by a higher level control system. The wheel slip con-
troller is deactivated when the speed is below 1 m/s, and the
controller state is reinitialized when the brake pedal is fully re-
leased.

The LQ design implemented in the test vehicle differs slightly
from the one described above, since it is based on a discretiza-
tion of the linearized model. This discrete-time model also
contains communication delays present in the real-time com-
puter system and explicitly takes into account actuator rate con-
straints as described in [11].

6 Experimental results and redesign

In this section we describe and discuss three experimental tests,
all of which are from braking on dry asphalt, without any steer-
ing maneuvers. We only show results for a single front wheel.

The results from the first test are show in Figure 5. The slip
setpoint is 	� � ��� and we note that the regulation is highly
accurate and satisfactory. Similar conclusions were made for
other road conditions, including ice/snow and wet asphalt [10].
When the speed approaches zero, some variability in the slip
emerges. Since the clamping force does not oscillate, we con-
clude that this is due to sensor noise that is known to increase
as the speed goes to zero. However, the initial transient is not
satisfactory as the clamping force does not increase fast enough
such that the slip is too low and the resulting friction force is
too low in the interval �� � � � �� leading to increased brak-
ing distance. This is due to the significant model inaccuracy
in the low-slip region, cf. Figure 2, and a redesign of the slip
controller is necessary for this region.



0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t, [s]

Slip (λ,  λ*=0.09)

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5
x 10

4

t, [s]

Clamping Force: ABS(u, solid), Driver(F
b
, dashed)

0 0.5 1 1.5 2 2.5
0

5

10

15

20

25

t, [s]

Speed: Wheel (ωr, solid) & Vehicle (v, dashed)

Figure 5: Experimental results with braking on dry asphalt.

We consider two redesign approaches. The first idea is based
on the observation that the initial state of the controller will
play an important role in the initial transient. In the second
test, Figure 6. The slip setpoint is 	� � �		 and the initial
state of the integrator ����� was set to a value that corresponds
to the nominal steady-state clamping torque typically required
for dry asphalt, using (18). We notice that the initial transient
is significantly improved, but with an overshoot that might be
reduced by more accurate initialization. Similar ideas were
exploited systematically in [13, 14], where a multiple model
adaptive control approach with a controller state resetting rule
was derived based on an adaptive control Lyapunov function.
This allows automatic initialization of the controller state based
on an estimate of the current road conditions, and it also pro-
vides automatic resetting when the friction coefficient changes
abruptly during braking.

The second redesign idea is based on the concept of off-
equilibrium linearization and design in gain-scheduled control
[9], and is similar to the approach taken in [21]. The idea is to
introduce gain-scheduling that is particularly targeted to tran-
sient states in addition to conventional gain-scheduling that is
targeted to near-equilibrium operation. In the present problem,
we essentially switch gain matrices when the slip 	 is lower
than a given threshold, namely ��	�. These gain matrices are
also designed using LQR based on local linearizations, but the
nominal 	 is now on the steep part on the left side of the friction
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Figure 6: Experimental results with integrator initialization.

curve, Figure 2, and therefore typically lead to a higher gain
than near equilibria. Consequently, the transients are speeded
up and the overall performance is improved as shown in the
third test, Figure 7. The slip setpoint is 	� � �		. Again,
there is some overshoot, but we believe this can be reduced by
fine-tuning of the switching thresholds and the off-equilibrium
control design.

7 Conclusions

Using Lyapunov analysis and experimental verification, we
have investigated performance and robustness of a model-
based nonlinear wheel slip controller for ABS. In order to
achieve robustness, the approach does not rely on explicit
knowledge of the tyre/road friction curve. Static uncertainty
(due to unknown �� ) is eliminated using integral action, while
dynamic uncertainty (due to unknown shape of ����) is handled
by a robust design with a sufficient stability margin.

Although a detailed comparison with commercially available
off-the-shelf ABS has not been conducted, the present results
are encouraging, in particular when taking into account the
modest time taken to design, tune and commission this model-
based approach. The robustness analysis and redesign based on
the experimental experience shows that there are possibilities
for further improvement of the control algorithms and tuning.
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Figure 7: Experimental results with slip/speed scheduling.
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