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Abstract

We introducenon–autonomouswell–posedand (absolutely)
regular linear systemsas quadrupelsconsistingof an evolu-
tion family and output, input and input–outputmapssubject
to naturalhypotheses.In the spirit of G. Weiss’ work these
mapsare representedin termsof admissibleobservation and
control operators(the latter in an approximative sense)in the
time domain. In this settingtheclosed–loopsystemexists for
a canonicalclassof ‘admissible’feedbacks,andit inheritsthe
absoluteregularityandotherpropertiesof thegivensystem.In
particular, onecaniteratefeedbacks.

1 Intr oduction

As a motivation, we first look at the finite dimensionalnon–
autonomouslinearsystem�������
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	������
	��������
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on the statespace3 with control operators�����
	54%687 3 ,
observation operators&(���
	94 3 7;: , the control space6 ,
andthe observationspace: . Let < �����=�0	 , �(�>�?�@! , be the
evolution family (propagator)on 3 generatedby ���AB	 . Then
theoutputof (1) with �C�D! , thestateof (1) with �"1E�D! , and
theinput–outputoperatorof (1) aregivenby�GFIHJ�"10	K���
	+�'&(���
	 < �����=�0	)�L1M�N+OGP H=���RQ OH < �����
S"	
�5��S"	)�T��S"	�UMS/���V H �W	K���
	%�'&(���
	 Q OH < �����
S"	
�5��S"	�����S"	�UMS/� ���.�MX (2)

If onefeedsbackthe outputvia �T���
	��ZY[���
	�#W���
	 , the result-
ing closed–loopsystemis describedby theperturbedevolution
equation���\���
	%�^] E���
	_�`�5���
	aY[���
	
&(���
	Gbc�����
	K�d�+�.�e����\�0	��,�L1MX (3)

Of course,�����
	�� <Wf �����J�c	�� 1 solves(3), if <Wf is generatedbyE���
	��g�5���
	
Y[���
	a&(���
	 . This evolution family alsosatisfiesthe

‘variationof constantsformulas’

< f �����J�0	)�[� < �����J�c	����gQ OH < �����aS"	�����S"	
Y[��S"	
&(��S"	A <Wf ��S/�J�0	)�hUMS/� (4)< f �����J�0	)�[� < �����J�c	����gQ OH < f �����
S"	�����S"	aY���S"	
&(��S"	A < ��S/�J�c	��hUMS (5)

for �-�i� and �`j 3 . Identity (4) is the integratedversionof
(3). To derive (5), we perturb < f by k �����
	
Y[���
	
&(���
	 . There
areformulasanalogousto (4)and(5) relatingthemapsfrom (2)
with thecorrespondingonesof theclosed-loopsystem.These
formulasareneededto show furtherpropertiesof the closed–
loop system.For instance,the closed–loopsystemis observ-
able(controllable)if andonly if the open–loopsystemis ob-
servable(controllable).We establishinfinite dimensionalver-
sionsof theseresultsin Section3.

If we passto an infinite dimensionalstatespace3 , it is not
clear anymore that (3) possessesdifferentiablesolutionsfor
‘many’ initial valueseven if the Cauchyproblemfor ���AB	 is
well–posed,cf. [4], [5, l VI.9], [6]. Nevertheless,the formu-
las(2) still work andthereis anevolution family < f fulfilling
(4) and (5). Thus �����
	9� < f �����J�c	��"1 is the ‘mild’ solution
of (3), [4]. However, point or boundarycontrol andobserva-
tion leadto input andoutputoperators�5���
	[4+6m7 3 O and&(���
	�4 3 O 7 : for spaces3 Oon 3 n 3 O , where &(���
	
usually is not closable,seee.g. [2], [9]. In orderto solve (4)
in this moregeneralsetting,we may restrictourselvesto ‘ad-
missible’observationandcontroloperators– roughlyspeaking
thosefor which the expressions(2) make sense.Thenwe are
also facedwith the questionwhetherthe operators�5���
	 and&(���
	 areagainadmissiblefor the perturbedevolution family< f , which is necessaryto verify (5) or to iteratefeedbacks.

The resulting perturbationproblem (3) generalizesthe set-
tingsof both theDesch–Schappachertheorem(where Y[���
	h�&(���
	p�rq ) andtheMiyaderatheorem(where Y[���
	h�s�����
	h�q ) from semigrouptheory, [5, l III.3], [12]. In thecontrollitera-
turethereis arich perturbationtheoryfor theautonomouscase
(i.e., ����
	��t , �5���
	(�t� , &(���
	(�Z& , Y[���
	��uY ). Linear
systemsbelongingto thePritchard–Salamonclass, [11], were
exhaustively treatedin [3]. D. Salamonand G. Weissintro-
ducedthelargerclassof well–posedlinear systemsin [14] and
[17]–[20]. Herethesemigroup< is givenandtheoperators

N
,F , and V aredefinedin an abstractway by certainalgebraic

relations.Onecanthenconstructadmissiblecontrolandobser-



vationoperators� and & andobtainformulassuchas(2) if the
systemsatisfiesaquitenaturalregularity hypothesis.Weisses-
tablishedapowerful feedbacktheoryfor regularsystemsin the
Hilbert spacesituation,[21]. We refer to [2, l 3.3], [10], [13],
andin particularto O. Staffans’monograph[15] for furtherin-
formation.

For non–autonomoussystemsin variationalform, thereis the
well–known approachdueto J.L. Lions, see[1], [2, Chap.2],
[9]. In a general setting, D. Hinrichsen, B. Jacob, and
A.J. Pritchard,[6], [7], [8], constructedan evolution family
solving (4) for initial values � containedin a densesubspace3 of 3 underratherweakassumptionscoveringautonomous
regularsystems.But (5) andtheadmissibilityof theperturbed
systemwasinvestigatedonly in [7] requiringstrongerhypothe-
sesof Pritchard–Salamontype.

In the presentwork we combinethe direct approachof Hin-
richsen,Jacob,and Pritchardwith someof Weiss’ ideas: In
Definition2.3weintroduce‘Lebesgueextensions’of givenob-
servationoperators&(���
	 , cf. [17], which allow thestudyof (4)
and(5) for all �?j 3 andto simplify severaltechnicaldetailsof
the proofsconsiderably. For similar reasons,we mostly work
with non–autonomous(absolutely)regular systems, which are
definedin the spirit of Weiss’ work (seeDefinitions 2.8 and
2.9),asopposedto admissiblesystems, which have beenused
in [6], [7], [8] and are given directly by operators�5���
	 and&(���
	 . In Theorem2.4,Proposition2.7,andTheorem2.10we
thenrepresentagivenregularsystemsimilarasin (2).

It is known that (3) canonly be solved if the feedbackis not
‘too large’, [16, Exa.6]. We thusintroducea classof admis-
sible feedbacksin Definition 3.1, cf. [15, l 7.1], [21, l 3]. In
our main Theorem3.2 we then establishthe existenceof an
absolutelyregular closed–loopsystemfor a given absolutely
regularnon–autonomoussystemwith admissibletime varying
feedback.We further derive analoguesof (4) and(5) for the
operatorsgivenin (2) andverify thattheclosed–loopsystemis
controllable(or observable)if andonly if the givensystemis
controllable(or observable). Also, iteratedfeedbacksbehave
asonewould expect.

However, the extension of Weiss’ theory to the non–auto-
nomouscaseis limited by two seriousobstacles:Onecannot
apply transformmethodsand, in contrastto semigroups(see
e.g.[5, l II.5]), we do not have a generalextrapolationtheory
for evolutionfamilies.Thefirst pointexcludestheuseof trans-
fer functions(beingcrucial in [21]), but leadsusto arguments
whichwork in aBanachspacesetting(asin [15, Chap.7]).The
secondpoint forcesus to employ approximationformulasfor
therepresentationof controlsystemsin Proposition2.7.A sim-
ilar problemoccursin thecomputationof thefeedbacksystem
andin thecontext of (5), seeTheorem3.2.

Note. An extendedversionof thispaper(with completeproofs)
appearedin SIAM J.ControlOptim.41 (2002),1141–1165.

2 Representationof regular systems

Throughoutthispaper3 �a:+�Jv denoteBanachspaces,w � 3 �a:�	
is the spaceof boundedlinear operators,w � 3 � 3 	E��4 w � 3 	 ,w H � 3 �a:E	 is endowed with the strongoperatortopology, andxyjz]|{e�J}g	 .
Definition 2.1 A set < �r� < �����=�0	
	 OG~ H ~ 1-� w � 3 	 is anevolu-
tion family if

(E1) < �����J�c	%� < �����a��	 < �����=�0	 , < ���M�=�0	%��q ,
(E2) �����=�0	%�7 < �����J�c	 is stronglycontinuous,and

(E3) ��< �����=�0	 �p���D�0��� OG� H)�
for ���>���u���t! and constants� ��{ and � j�� . We
alsodefine ����He�W	����
	I�@� OH < �����
S"	a�T��S"	�UMS for � �s���r! and�Cj�����|�=� �a] �M��}`	K� 3 	 .
Evolution families arise as solution operatorsof non–auto-
nomousevolutionequations,althoughnoteveryevolutionfam-
ily solvessuchaproblem,seee.g.[5, l VI.9] andthereferences
therein.In thefollowing weextendseveraldefinitionsgivenby
G. Weissto thenon–autonomouscase.

Definition 2.2 Let < be an evolution family on 3 and F H 43 7m����|�a� �a] �M�J}g	��=:�	 , �-��! , belinear operatorssatisfyingFIH=�[�RF O < �����J�c	�� on ] ����}`	 andQ H)� O� H � �\FIH=��	����
	 � � ¡ UM� �`¢ � � � � � £
for �¤��� �,! , �?j 3 , andsome� 1E¥ ! , ¢ � ¢ ��� 1 	 ¥ ! . Then� < �JFI	+�^� < �K¦�F H 4§� �,!/¨0	 is a non–autonomousobservation
system.

Definition 2.3 We definefor a non–autonomousobservation
system� < ��FI	
&(���0	)�94B�>©«ª|¬c® 1 &  �\�c	��?4¯�@©«ª|¬0® 1 {S Q H)� H �GFIH=��	���°±	�U2° (6)

for �²j 3 H 4¯�³¦c�´j 3 4 thelimit in (6) exists̈ . We
further set µ ��&(�
A 	K�=�0	�4B�¶¦0��jZ����|�a� �
] �M�J}g	�� 3 	g4��T���
	gj3 O for a.e. �+�,�M��&(��AB	
�T�
A 	�j��T��«�a� �
] �M�J}g	��=:�	J¨ .
Our first representationtheoremextends[17, Thm.4.5] to the
non–autonomouscase.

Theorem2.4 Let � < �JFI	 be a non–autonomousobservation
systemand let &(���0	·4 3 H 7 : be given as in Defini-
tion 2.3. Let �^j 3 and ���¸�o�u! . Then < �����=�0	)�rj 3 O
if and only if {�¹0S¤� 1 �GF H ��	������i°±	�UM° convergesas S^º³! .
If this is the case, then the limit equals &(���
	 < �����=�0	)� . Thus,�GFIH=��	����
	+�'&(���
	 < �����J�c	�� for a.e. ��j�] �M�J}g	 .



Thetheoremfollows from theidentity{S Q O � O ]BFIHJ�/b)��°±	�U2°C� {S Q O � O ]BF O < �����J�0	)�/b)��°±	/UM°$X
Definition 2.5 Let < bean evolutionfamily on 3 and

N+OGP H»�N �����J�c	�4M�T��|�=� �
] �e��}`	K�J6-	%7 3 , �+�,�-��! , belinear operators
satisfyingN+OGP H=��� N+OGP ¼ ���T½|] ���J}g	
	_� < �����a��	 N�¼aP HJ�����������.�-�.!/� (7)� N+OGP H=� � £ �g¾5� � ��¿§À ��Á H P OÃÂÃP Ä � ��! � � k � � �)1M�
for �ij�� � ���T�-�J6-	 and constants�)1 ¥ ! , ¾ � ¾ ���)1�	 ¥ ! .
Then � < � N 	��Å� < ��¦ N+OGP Hg4»�o�Æ�'�Ç!/¨0	 is called a non–
autonomouscontrolsystem.

One way to obtain a control systemis indicatedin the next
definition,cf. [6], [7], [8].

Definition 2.6 Let < bean evolutionfamily on 3 andlet 3 O ,�,�È! , be Banach spacesin which 3 is denselyand con-
tinuouslyembedded.Assumethat < �����=�0	 has a locally uni-
formly boundedextension < �����=�0	o4 3 H 7 3 O (which then
satisfies(E1) and is strongly continuousw.r.t. � ). We call�5���
	zj w �\6¤� 3 O 	 , �9�Ç! , ( < –)admissiblecontrol operators
if thefunction < ������AB	��5�
A 	����
A 	 is integrablein 3 O ,

� � H �5��AB	)�W	W���
	�4B� Q OH < �����
S"	�����S"	�����S"	�UeS9j 3 �
andthereare constants�)1e� ¾ ¥ ! such that� � � H �5�
A 	��$	����
	 � £ ��¾5� � �K¿ À ��Á H P OÃÂÃP Ä �
for all ! � � � � � �����)1 and �?j�� � �
] �M�
�GbG�J6-	 .
It is clear that

N OGP H �D4¯�m� � H ����AB	)�W	W���
	 definesa control sys-
tem. Conversely, in the autonomouscaseone can represent
every control systemby an admissibleobservation operator�d4(6¶7 3 � � , [18, Thm.3.9], where 3 � � is the extrap-
olation spaceof the semigroup< , seee.g. [5]. Since there
is no extrapolationtheory for generalevolution families, we
have to proceedherein a differentway. Let �,jg�T��«�a� ������6-	 ,���Z! , and É j�Ê . We define ���pË/�$	����
	Ì� É N �����
� k �Ë 	)���
where

N �����=�0	)��4¯� N �����a!2	)� if � � ! . It can be seenthat�pË§�Cj[��Í�|�a� ����� � 3 	 . To approximate
N

, we introduceN Ë �����=�0	)��� N ËOGP H �?4¯��Q OH < �����aS"	K���pË§�W	K��S"	�UeS (8)

for � �r�[�^! , É jgÊ , and ��j`�T��|�=� �����J6 	 . Theseoperators
canbeexpressedbyN Ë �����=�0	��[� É Q OH � N �����aS k �Ë 	)� k N �����aS"	)�W	�UeS (9)

� N �����J�c	��Î� ÉW< �����J�c	 Q HH � �Ë N ���M�
S"	��pUMS k9É Q
OOG�IÏÐ N �����
S"	)�»UeS

dueto (7). If we take a function ��j`����|�a� �
] �M�J}g	���6-	 andex-
tendit by 0 to � , thenN �����=�0	)� k N Ë �����=�0	)�[� É Q OOG�IÏÐ N �����
S"	)�»UeS"X (10)

We furtherdefineoperators�»Ë±���
	�j w �\6�� 3 	 by�»ËW���
	
ÑÒ4¯�^���pË§�$Óc	����
	�� É N �����a� k �Ë 	���Ó��
where � Ó?Ô Ñ for Ñ`jD6�X The next resultcanbe established
using (9) and (10). In an approximative sense,it givesa re-
placementof theautonomousresultmentionedabove.

Proposition2.7 Let � < � N 	 bea non–autonomouscontrol sys-
tem, É j@Ê , ! � � � � � �E���)1 , �)1 ¥ ! , Ñij·6 , and�Cj[����|�a� ������6-	 . Thenwehave:

(a)
N ËOGP H �[7 N �����J�0	)� , � N Ë �����J�0	)� � £ �.Õ�¾ ���)10	 � � �K¿ À ��Á H P OÃÂÃP Ä � .

(b) �����=�0	%�7 N �����=�0	�� and ���7m�»ËW���
	
Ñ are continuousin 3 .

(c) ] �¤H��»ËW��AB	)�LbG���
	^7 N �����J�c	�� and � ] ��He�pËW�
A 	��"b)���
	 � £ �¾ ���)1���{c	 � � �K¿§À ��Á H P OÃÂÃP Ä � .
Here the limits as É 7 } are taken in 3 and are locally
uniformin �����=�0	 .
Definition 2.8 Let � < � N 	 and � < ��FI	 benon–autonomouscon-
trol and observationsystems. If there are linear operatorsV H 4e����|�=� �a] �M��}`	K�J6-	%7m����|�=� �a] �M��}`	K�a:�	 , � �g! , satisfyingV H ���RF O N OGP H �Î�oV O ����½|] ����}`	a	 on ] ���J}g	 and� V H � �K¿§À ��Á H P H)� O� )ÂÃP ¡ � �,ÖE� � �K¿�À ��Á H P H�� O� )ÂÃP Ä �
for �yjy�T��|�=� �a] �M��}`	K�J6-	 , �+�,�-�.! , andconstants�)1 ¥ ! , Ö �Ö ���)10	 ¥ ! , then × �Ø� < � N ��F���V/	 �Ù� < � N+OGP Hc�JFIHc��VLHe	 OG~ H ~ 1 is
calleda well–posednon–autonomoussystem, and V"H , �[�i! ,
arecalled input-outputoperators.

Definition 2.9 A well–posednon–automonoussystem × �� < � N ��F���V"	 is calledregular(with feedthroughµ �'! ) if

©|ª«¬c® 1 {S Q O � O �ÚV O �$Óc	���°±	�U2°C�'!
(in : ) andabsolutelyregular if

©«ª«¬0® 1 {S Q O � O � �ÚV O �$ÓÛ	K��°±	 � � ¡ U2°y�'!
for all �+�.! and ÑÒj?6 , where ��Ó2���0	�4¯��Ñ for � �g! .
Again we generalizea representationtheoremby Weiss,[19,
Thm.4.5], to the non–autonomouscase. The proof usesthe
approximation&  ���0	 from (6).



Theorem2.10 Let × �Ü� < � N ��F���V"	 be a regular non–auto-
nomoussystem,let &(���0	 and &  ���0	 begivenbyDefinition2.3.
Then

N ��A«�=�0	)�Cj µ �\&(��AB	��J�c	 and VLH0�[�R&(��AB	 N ��A«�=�0	�� for � ��!
and �`j��T��«�a� �
] �M�J}g	��J6 	 . Moreover, &  ��AB	 N �
A|�J�c	��o7ÈVLH0� in� � �|�=� �
] �e��}`	K�a:Î	 as S5ºm! and � &  �
A 	 N ��A«�=�0	)� �K¿ À ��Á H P H)� O� 
Â«P ¡ � �Ý � � �K¿ À ��Á H P H)� O� 
ÂÃP Ä � for S@j���!/�Û{Kb and a constant Ýg�ÞÝ���� 1 	
independentof � and � .
Thenext resultgivesa differentapproximationof VLH . Herewe
needabsoluteregularityandx ¥ { .
Proposition2.11 Let × be an absolutelyregular non–auto-
nomoussystem,xßjÈ��{M�J}g	 , and &(���0	 and

N ËOGP H be given
as in Definition 2.3 and (8). Then

N Ë ��A«�=�0	)�·j µ ��&(��AB	��J�0	 ,&(��AB	 N Ë �
A|�J�0	)�[7àVLH�� in ����|�=� �a] �M�J}g	��=:�	 as É 7Æ} , and� &(��AB	 N Ë �
A|�J�0	)� �K¿§À ��Á H P H)� O   ÂÃP ¡ � �,ÕeÖ ���)1c	 � � �K¿§À ��Á H P H)� O   ÂÃP Ä �
for �?j��T��«�a� �
] �M�J}g	���6-	 , �-�g! , É j�Ê , and � 1 ¥ ! .
3 Feedbacks

Let × bea regularnon–autonomoussystem,&(���0	 begivenby
Definition 2.3, and Y��
A 	[jD�+Í����T�-� w H���:+�J6-	a	 . For �ij 3
and � ��! , wearelookingfor functions���
A 	�jy&(�
] �M�J}g	�� 3 	eáµ ��&(�
A 	K�=�0	 satisfying�����
	+� < �����=�0	)�Î� N+OGP H�Y[��AB	
&(�
A 	�����AB	�� �+�.�e� (11)

or, if
N ��A«�=�0	)�g� � H �5�
A 	����
A 	 for admissiblecontrol operators�5�\�c	 ,

�����
	�� < �����J�c	���� Q OH < �����
S"	
�5��S"	
Y[��S"	a&(��S"	)����S"	/UMS"�â�+�.�MX
As shown by [16, Exa.6],onecannotallow for every bounded
feedbackin (11), in general.(We notethat this examplegives
rise to an absolutelyregular autonomoussystemwith xR�Ç{
and YÙ���r��q .) This factmotivatesthenext concept.

Definition 3.1 Let × ��� < � N ��F���V/	 be a well–posednon–
autonomoussystem. We call Y[��AB	Zjã��Í���� � � w H ��:+�J6 	
	
an admissiblefeedbackfor × if there is � 1Ù¥ ! such thatq k V_���-�`� 1 �J�c	aY[��AB	 , �E�,! , haveuniformlyboundedinverses
on � � �a] �M�J����� 1 bG�a:Î	 .
Of course,Y[��AB	 is admissibleif� Y[��AB	 � Í·ä ]
ª|å/æ O  �ç 1_èaé/ê H ~ 1 � V±�G�»��� 1 �J�0	 � b � � ��4eë§X
The right handside of this inequality equals } if �5���
	 and&(���
	 areof ‘lower order’, seee.g. [3]. We point out that the
invertibility of q k V_�\�����)12�=�0	
Y[�
A 	 is in fact necessaryfor
somepropertiesof thefeedbacksystem.

Theorem3.2 Let × �ã� < � N �JF���V"	 be a regular non–auto-
nomoussystemand Y[�
A 	�j�� Í ��� � � w H ��:+�J6-	a	 beanadmissi-
ble feedback. Thenthefollowinghold.

(a) Thereis anevolutionfamily < f on 3 such that < f �
A|�J�c	��?jµ ��&(��AB	��J�0	 ,� &(�
A 	 < f �
A|�J�c	�� ��¿ À ��Á H P H)� O   ÂÃP ¡ � �`¢ � � � � �����AB	�� < f ��A«�=�0	�� is theuniquesolutionof (11), and< f �����=�0	)��� < �����=�0	)��� N+OGP H�Y[��AB	
&(�
A 	 < f �
A|�J�0	)�
for �?�à����! , �Øj 3 , and a constant¢ � . If, in addition,N �
A|�J�0	)��� � HJ�5��AB	)�T��AB	 for < –admissiblecontrol operators�����
	 , then

< f �����J�c	��[� < �����J�c	��W�EQ OH < �����
S"	
�5��S"	
Y[��S"	a&(��S"	 < f ��S/�J�0	)�LUMS/X
(b) If thesystemis absolutelyregular and xyjz��{M�J}g	 , then

< f �����J�c	��[� < �����J�c	��¤�8©«ª|¬Ëeì Í Q
OH < f �����
S"	K] �»Ë_��Y[�
A 	=FIHJ��	)bG��S"	�UMS

for � �s���s! and �.j 3 , where the limit is taken in 3 and
is locally uniformin � . Moreover, × f �Ù� < f � N f �JF f ��V f 	 is
an absolutelyregular system,where wesetF f H ���'&(�
A 	 < f �
A|�J�0	)�_� N fOGP H �[�Å©«ª|¬Ëeì Í ] � f H �»Ë§�"b)���
	K�V f H �[�Å©«ª«¬Ëeì Í &(��AB	�� f H �»Ë§���¶� fH �����
	��RQ OH < f �����
S"	a�T��S"	�UMS
for ���í�Ù�î! , �Üj 3 , �Üj8�T��|�=� �
] �M�J}g	��J6 	 , and �Üj����|�=� �a] �M�J}g	�� 3 	 , where the limits are taken in 3 and �T��|�=� re-
spectively.

Part (a) is aversionof theresultsin [6], [7], [8]. Its proof relies
essentiallyon thedefinition<Wf �����J�c	��?4¯� < �����=�0	)��� N OGP H Y��
A 	���q k V�������� � �=�0	
Y[�
A 	a	 � � F H �_�
for �,j 3 . The proof of part (b) is muchmoreinvolvedand
usesin particulartheapproximationandrepresentationresults
of theprevioussection.In theautonomouscase,see[15], [21],
onecanput thelimits in (b) insidetheintegralsusingextrapo-
lation theory;andit is possibleto computethegeneratorof the
resultingsemigroup< f .

We now study the relationshipbetweenthe open and the
closed–loopsystemin moredetail, see[15, Chap.7]and[21,l 6] for similar resultsin theautonomouscase.To put the for-
mulasin a conciseform, wedefine FÎ�����=�0	����Rï Á H P OÃÂ FIH=� and

× �����=�0	%��ð < �����=�0	 N �����=�0	FÎ�����=�0	*V_�����J�0	�ñ
mapping3Üò � � �
] �M�
�GbG�J6-	 to 3mò � � �a] �M�a�Gb\�=:�	 , �+�,�-�.!/X
Proposition3.3 Let × be an absolutelyregular non–auto-
nomoussystem,xRjs��{e��}`	 , Y[��AB	 be an admissiblefeedback



for × , and × f bethefeedback systemof Theorem3.2. ThenV f H �i��q k V H Y[��AB	
	 � � V H ��V H ��q k Y��
A 	)V H 	 � ���&(��AB	 N f �
A|�J�0	��
× f �����=�0	 k�× �����J�c	+� × �����J�0	¤ð ! !!óY[��AB	�ñ × f �����=�0	� × f �����J�c	 ð ! !! Y[��AB	 ñ × �����=�0	�X

A partof this propositionwasalreadyestablishedin theproof
of Theorem3.2,therestcanbeverifiedby algebraicmanipula-
tions.

Definition 3.4 (a) A non–autonomouscontrol system� < � N 	 is
called exactly (approximately)controllableon ] �M�a�Gb if

N �����=�0	
is surjective(hasdenserange)andit is calledexactly (approx-
imately) null controllableon ] �M�
�Gb if < �����J�0	 3 is containedin
the(closureof)

N �����J�c	
� � �
] �M�
�GbG�J6-	 .
(b) A non–autonomousobservationsystem � < �JFI	 is called
(continuously)initially observableon ] �M�
�Gb if FÎ�����J�c	 is injec-
tive (boundedfrom below)and (continuously)finally observ-
able on ] �M�a�Gb if ôMõ�ö FÎ�����=�0	�÷ ôMõ�ö/< �����=�0	 (if ��< �����=�0	)� �s�Ý � FÎ�����=�0	)� � � for a constantÝ ¥ ! and �?j 3 ).

Proposition3.3 implies that thesecontrol theoreticproperties
remainunchangedunderfeedback.It alsoguaranteesthat re-
peatedfeedbacksbehavenicely.

Proposition3.5 Let × be an absolutelyregular non–auto-
nomoussystem,xRjr��{M�J}g	 , Y[��AB	 be an admissiblefeedback
for × , and × f bethecorrespondingfeedback system.Then ×
possessesoneof the propertiesin Definition3.4 if andonly if× f hasthesameproperty.

Proposition3.6 Let × be an absolutelyregular non–auto-
nomoussystemwith x.j��
{e�J}g	 , Y[��AB	 be an admissiblefeed-
back for × , × f be the correspondingfeedback system,andøY[��AB	�j[��Í����T�-� w H���:���6-	
	 . Then

øY[��AB	 is admissiblefor × f if
andonly if Y[�
A 	�� øY[�
A 	 is admissiblefor × . If this is thecase,
then × f �Iùf �i� × f 	 ùf .
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