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Abstract

A control scheme based on the singular perturbations
methodology and the sliding mode technique is designed for a
permanent magnet (PM) stepper motor. The control scheme
designed allows the angular velocity and position of the motor
to track some given reference trajectories and it is based on
the reconstruction of those signals from direct measurements
of the stator currents and stator voltages. Some simulation
and experimental results are shown to verify the performance
of the control strategy.

1 Introduction

Permanent Magnet (PM) Stepper Motors are electromagnetic
incremental motion devices very useful in industrial and re-
search laboratory applications. They are originally designed
to provide precise positioning control since they are open-loop
stable to any step position and no feedback is needed to con-
trol then if the load torque in the rotor is greater than the
detent torque. However, they have a step response with over-
shoot and relatively long settling time. Besides, loss of syn-
chrony appears when steps of high frecuency are given [1, 6].
It is thus necessary to develop control schemes to improve
the performance of stepper motors. Feedback control meth-
ods for this devices are difficult to implement because they
are a highly nonlinear systems and it is expensive to have
accurate measurement of some of its variables. For example,
feedback linearization has been used and implemented in [2],
while the concepts of passivity and flatness are applied in [10].
The sliding mode technique is proposed in [4, 5, 7, 11] and the
design and use of observers in a control scheme is described
in [4, 5, 7, 8].

One area that deserves more research efforts in permanent
magnet stepper motor control in the implementation of ro-
tor position measurements. Much research has been focused
at the identification of the rotor position signal in closed-loop
control strategies. For example, in [3] a sensorless rotor veloc-
ity tracking controller is proposed for the nonlinear dynami-

cal model of a permanent magnet stepper motor activating a
mechanical subsystem. In this work, the structure of the elec-
trical subsystem dynamics is exploited in order to reconstruct
the rotor position and velocity signals from measurements of
currents and voltages in the stator windings. These recon-
structed signals are used to sinthesize a control strategy to
obtain exponential rotor velocity tracking.

In the present paper, a control scheme, based on the singular
perturbation methodology and the sliding mode technique, is
designed for a PM stepper motor so that their rotor angular
velocity and rotor angular position track some given reference
trajectories. Following [3], the rotor position and velocity
signals are reconstructed from measurement of stator currents
and stator voltages and incorporated in the control scheme.
The performance of this control strategy was verified through
some numerical simulations and experimental tests.

2 Sliding Mode Control

2.1 Two-time scale model of the motor

The basic PM stepper motor consists of a slotted rotor with
no windings and a slotted stator with two or more coils. The
mathematical model for the PM stepper motor is given by
the following singularly perturbed form with ε = L (see [6]
for a detailed explanation and derivation)
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= −km

J
ia sin(Nγθ) +
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= −Ria + kmω sin(Nγθ) + va

ε
dib
dt

= −Rib − kmω cos(Nγθ) + vb (1)

were ia, ib and va, vb are the currents and voltages in phases
A and B, respectively, ω is the rotor (angular) velocity and
θ is the rotor (angular) position. L and R are the self-
inductance and resistance of each phase windings, km is the
motor torque constant, Nγ is the number of rotor teeth, J is



the rotor inertia, B is the viscous friction constant and τL is
the load torque. The term kd sin(4Nγθ) represents the detent
torque due to the permanent rotor magnet interacting with
the magnetic material of the stator poles. In the model (1)
one neglects the slight coupling between the phases, the small
change in the inductance as a function of the rotor position
and the variation on inductance due to magnetic saturation
(see [2] and the references therein). In the present work one
also neglects the detent torque and the load torque (i.e. one
sets kd = 0 N −m and τL = 0 N −m).
When ε = 0, one obtains the value of the currents in station-
ary state, more precisely

ias =
km
R

ωs sin(Nγθs) +
1

R
vas

ibs = −km
R

ωs cos(Nγθs) +
1

R
vbs (2)

Substituting (2) into the first two equations of (1) we obtain
the slow reduced subsystem

ω̇s = −
µ
k2m
JR

+
B

J

¶
ωs − km

JR
vas sin(Nγθs)

+
km
JR

vbs cos(Nγθs)

θ̇s = ωs (3)

where the subindex s denotes the slow components of the
original variables. The fast reduced subsystem is given by
dı̃af
dτ = −Rı̃af +vaf ,

dı̃bf
dτ = −Rı̃bf +vbf (see [7] for a detailed

computation), where the subindex f represents the fast com-
ponents of the original variables, and the symbol ∼ represents
an approximation of these when ε→ 0 in the fast time scale
τ = t/ε. One can notice that this subsystem is linear and
exponentially stable.

2.2 Controller design

Since Nγ is a known parameter, one makes the assignment

vas = − sin (Nγθs) vs

vbs = cos (Nγθs) vs (4)

were vs is the new scalar control input. When substituting
(4) in (3) one obtains

ω̇s = −
µ
k2m
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+
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J

¶
ωs +
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JR

vs

θ̇s = ωs (5)

Since the fast reduced subsystem is exponentially stable there
is no need of a fast control, that is vaf = vbf = 0.

2.2.1 Angular velocity control

It is desired to track a given angular velocity reference tra-
jectory, ω∗s(t), then it is chosen the slow switching function

σ1 (ωs, ω
∗
s) = s3 (ωs (t)− ω∗s(t))

+s2

Z t

0

(ωs (λ)− ω∗s(λ)) dλ (6)

where s3 and s2 are constant real coefficients. The equiv-
alent control method [4] is now used to determine the slow
reduced subsystem motion restricted to the slow switching
surface defined by σ1 (ωs, ω

∗
s) = 0, obtaining the so-called

slow equivalent control
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To complete the slow control design, one sets

v = vse + vsn (8)

were vse is the slow equivalent control (7) which acts when the
slow reduced system is restricted to σ1 (ωs, ω∗s) = 0, while vsn
, the so-called attractive control, acts when σ1 (ωs, ω

∗
s) 6= 0.

In this work, vsn is given by [4]

vsn = −JRLs
km

(ωs (t)− ω∗s(t))

−JRLss2
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with Ls being a positive constant. The equation that de-
scribes the projection of the slow subsystem motion outside
σ1 (ωs, ω

∗
s) = 0 can by written as

σ̇1 (ωs, ω
∗
s) = −Lsσ1(ωs, ω∗s)

2.2.2 Angular position control

It is desired to track a given angular position reference trajec-
tory θ∗s(t), then, the following switching function is proposed
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were a3 and a2 are constant real coefficients. The controller
is obtained in the same way that for angular velocity control,
this is v = vse + vsn with
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with Ws being a positive constant. The projection of the fast
subsystem motion outside the slow switching surface defined

by σ2
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3 Rotor and Velocity Calculation

Our main objective is to track a reference signal trajectory
for the rotor and velocity variables without using mechanical
sensors. For doing this, a model-based, open loop estimation
algorithm is used to reconstruct the rotor position from the
electrical subsystem dynamics. Following [3], a rotor posi-
tion signal can be calculated from known parameters, stator
currents and stator voltages. More specifically, by defining

z (t) =
£
z1 (t) z2 (t)

¤T
=
£
cos (Nγθ) sin (Nγθ)

¤T
(13)

p (t) = LI (t) +
km
Nγ

z (t) (14)

where I (t) =
£
ia (t) ib (t)

¤T
, it can be shown that

ṗ = V − IR (15)

where V =
£
va vb

¤T
. This last equation is obtained from

the time derivates of p (t) and z (t) and the electrical subsys-
tem in (1). Thus

p (t) =

Z t

0

[V (δ)−RI (δ)] dδ + p (0) (16)

where p (0) is obtained from (14). If the motor is initially
aligned (i.e. θ (0) = 0 rad) then

p (0) =

 Lia (0) +
km
Nγ

Lib (0)

 (17)

which is a measurable expression since the rotor phase cur-
rents ia and ib are measurable. Then p (t) can be computed
on line from (16) and (17) and an alternative expression for
z (t) can be obtained, this is

z (t) =
Nγ

km
(p (t)− LI (t)) (18)

Then, a reconstruction of the rotor position is given by

θ (t) =
1
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arctan

µ
z2 (t)

z1 (t)

¶
(19)

In order to calculate the rotor angular velocity ω (t), a stan-
dard backward difference algorithm (Euler type), is used by
means of the rotor position signal obtained from (19).

Notice that the reconstruction of the rotor position given by
(19) is exact, assuming that the stepper motor is initially
aligned. Also, the backward difference algorithm used for the
computation of the rotor angular velocity has some drawbacks
such as noise. However, this kind of approximation is typi-
cally utilized in applications where rotor position is obtained
via sensor measurement.

4 Sliding Mode control using recon-
structors

4.1 Angular velocity control

In this case, it is considered that the angular position can
be measured and just the angular velocity is reconstructed.
Thus the switching function is now defined as
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where ω̂ is the rotor angular velocity reconstructed signal.
The control law is then given by v = ve + vn where
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is the equivalent control while the attractive control has the
form
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4.2 Angular position control

Now it is considered that the phase currents of the motor are
the only variables that can be measured. The reconstruction
of the angular velocity and the angular position are then used
and the switching function is now defined as
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where ω̂ and θ̂ are now the rotor angular and velocity recon-
structed signals, respectively. The control law is, as before,



given by v = ve + vn, with ve being the equivalent control
expressed as
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and an attractive control vn of the form
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Remark 1 One may notice that a single and a double inte-
gral compensation terms are included in the switching func-
tions (20) and (23). Such terms compensate the error in-
duced by the reconstruction of the rotor angular velocity when
an unknown load torque or detent torque appear. However,
unknown initial conditions can not been adecuately compen-
sated.

5 Simulation and Experimental Re-
sults

In this section we present the results obtained through nu-
merical simulations and laboratory experimentation using the
equations of the stepper motor described in (1) together with
the sensoless sliding mode control proposed in this work , us-
ing the nominal values R = 0.25 Ω, L = 2.3 mH, km = 0.272
N −m/A, Nγ = 50, J = 187.2X10−6 Kg−m2, B = 6X10−4

N −m/rad/s, τL = 0 N −m and kd = 0.1km. These values
correspond to a stepping motor build by Aerotech wired in
a bipolar arrange (Aerotech 310 SMB3, Eastern Air Devices
Inc.).

To fulfill the objective of making the angular velocity and the
angular position of the motor to track a given trajectory, the
following trajectory function was used:

ϕ∗ = ϕ̄0 + f(t, t0, tf )
£
ϕ̄f − ϕ̄0

¤
were t0 is the initial time, tf is the final time, ϕ̄0 is an initial
value, ϕ̄f is a final value and f(t, t0, tf ) is a sufficiently smooth
interpolating time polynomial, of the Bézier type that should
satisfy

f(t0, t0, tf ) = 0 f(tf , t0, tf ) = 1

and is given by [9]
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with r1 = 252, r2 = 1050, r3 = 1800, r4 = 1575, r5 = 700
and r6 = 126. For trajectory tracking velocity it was chosen
t0 = 0 s, tf = 0.4 s, ϕ∗ = ω∗, ϕ̄0 = ω̄0 = 0 and ϕ̄f = ω̄f = 3
rad/s , while for trajectory tracking position it was chosen
t0 = 0 s, tf = 0.2 s,ϕ∗ = θ∗, ϕ̄0 = θ̄0 = 0 and θ̄f = 0.031416
rad. For experimental purposes we used ϕ̄f = ω̄f = 3.8
rad/s.

The initial conditions of the motor variables for both cases,
numerical simulation and laboratory experimentation, were
fixed to ia(0) = 0.0 A, ib(0) = 0.0 A, ω(0) = 0.0 rad/s and
θ(0) = 0.0 rad.

5.1 Simulations results

The coefficients in the switching functions (20) and (23) were
selected as s0 = 4999, s1 = 69, s2 = 0.165, s3 = 0.0018,
a0 = 80, a1 = 13, a2 = 0.165 and a3 = 0.0048 together with
Ls = 2550 and Ws = 1550.

The time closed-loop plots corresponding to angular velocity
tracking and angular position tracking when a load torque
is also applied are shown in Fig. 1 and Fig. 2, respectively.
From this plots, one can notice the nice response of the system
with no overshoot for the angular velocity and the angular
position. Also, the control variables are kept within practical
limits of operation and the perturbation due to the change in
the load torque is adequately compensated.
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Figure 1: Trajectory tracking for angular velocity.

The figures 3 and 4 show the behavior of the angular velocity
and position variables when variations of +30% and +15%
are introduced in the nominal values of the viscous friction
constant (B) and the phase resistance (R), respectively. We
can notice the excelent performance of the control schemes
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Figure 2: Trajectory tracking for angular position.

when the system has a parametric uncertainty togheter with
a change in the load torque. In all simulations the value of
the load torque was changed to τL = 0.05 N−m at t = 0.5 s,
for angular velocity, and at t = 0.25 s, for angular position.
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Figure 3: Trajectory tracking for angular velocity (variations
in the viscous friction and the phase resistance).

5.2 Experimental Results

In order to experimentaly evaluate the performance of the
proposed control schemes, a platform was built for the PM
stepper motor. The platform consists of an electronic and a
control section. The electronic section is formed by a pulse
width modulation (PWM) circuit, an isolation stage, a shot
sequence stage and a power stage. The control section con-
sists of a personal computer (Pentium II at 120 MHz with 256
Mb in RAM), where the control schemes were implemented
usign the programming language LabWindows/CVI. Both ex-
periments, this is for angular velocity and angular position
control, were made usign a sampling period of 1 ms.
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Figure 4: Trajectory tracking for angular position (variations
in the viscous friction and the phase resistance).

For the laboratory experimentation the coefficients in the
switching functions (20) and (23) were selected as s0 = 0,
s1 = 2300, s2 = 1.2, s3 = 0.002317, a0 = 50, a1 = 958,
a2 = 1.80 and a3 = 0.002448 together with Ls = 2299 and
Ws = 1478.45.

The time closed-loop resposes corresponding to angular veloc-
ity tracking and angular position tracking are shown in Fig. 5
and Fig. 6, respectively. The angular velocity and the phase
currents were filtered using a third-order Butterworth filter
with cut-off frecuency at 15 Hz. In these plots one notice
that there are a small delay between the reference trajectory
and the real signal. This is due the magnetic detention of
the motor which can be consirered as an initial load that the
control scheme can compensate. Also, the control schemes
adequately compensate the uncertainty in the parameters of
the model since these are different frome the real values.
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Figure 5: Experimental trajectory tracking for angular veloc-
ity.
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Figure 6: Experimental trajectory tracking for angular posi-
tion

6 Conclusions

In this article a sensorless sliding mode control scheme was
proposed for the trajectory tracking of angular velocity and
angular position in a PM stepper motor. For angular veloc-
ity tracking only one mechanical sensor is needed to measure
the angular position whereas no mechanical sensors are used
for angular position tracking. In order to reconstruct the ro-
tor position signal from currents and voltages in the motor’s
phases, the structure of the electrical subsystem is exploited
as proposed in [3]. A calculated rotor velocity signal is com-
puted using a backwards difference algorithm applied to the
reconstruction of the rotor position. These calculated me-
chanical variables are considered as if they were real mea-
surements in the design of the sliding mode controller.

The sliding mode approach used in the design of the control
scheme permits to adequately compensate the effect of un-
known perturbations (e.g., changes in the load torque and
parametric uncertainty ). Though no experimental results
are shown here for different load torque, it is shown that the
control schemes adequately compensate the magnetic deten-
tion torque and the uncertainty in the nominal values of the
parameters.
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