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Abstract

This paper considersanalysisof anti-windup compensators
basedoncoprimefactorizations,for lineartime-invariantplants
with aninputsaturationnonlinearity. An explicit local ��� gain
boundis presentedwhichrelatesthesizeof theexternaldistur-
bancesto thedifferencebetweensignalsin thesaturatedsystem
andthecorrespondingsignalsin thenominal(unsaturated)sys-
tem. This resultshows how stability andperformancedegrade
gracefully as the external disturbancesgrow larger, and also
gives someintuition into how the local propertiesare deter-
minedby the ��� - and ��� -normsof thesystemcomponents.

1 Intr oduction

In thispaperweconsiderthecoprimefactor-basedanti-windup
synthesismethodof [1], which wasin turn built on theframe-
work of [2] and [3]. The plant is assumedto be linear and
time-invariant,apartfrom asaturationat theinput,anda linear
time-invariantcontrolleris alsoassumedto begiven.Together
thesedefinethe requiredclosed-loopbehaviour in the unsat-
uratedregime. Compensationis thenaddedto the controller.
This compensationonly actswhen the plant input saturates,
andits purposeis to lessentheeffectsof this saturation.

The framework is an extensionof that of Kothareet al [3]
whichemployedaparametrizationof all coprimefactorsof the
linearcontrollerwhich have thesameMcMillan degreeasthat
controller. This wasextendedin [2] to a parametrizationof all
coprimefactorsof thecontrollerand,crucially, theproblemof
choosinga suitablecoprimefactorizationof thecontrollerwas
thenseentobeequivalentto thatof choosingasuitablecoprime
factorizationof theplant.

A synthesismethodfor stableplantswasproposedin [2], which
usedan ��� optimisationto guaranteestability and perfor-
mance,measuredin termsof the gain from the differencebe-
tweenthecontrolleroutput& plant input in thesaturatedsys-
tem,to theplantoutputand/orcontrolleroutput.An alternative
synthesistechnique,which is alsoguaranteedto always lead
to a globally stabilizing solution, was presentedby Teel and
Kapoor[4]. Theirschemecanalsobeinterpretedasachoiceof
plant coprimefactorization,althoughnonlinearfactorizations
of a linearplantarealsoconsidered.Their paperintroduceda
performancecriterion relatingthe differencebetweenthe real
behaviour andtheidealizedbehaviour withoutsaturationto the

amounttheidealizedplantinput exceedsthesaturationlevel.

This paperhasthreepurposes:firstly, to bring togetherthe lo-
cal andglobal analysisresultsof [5] and[1] in the context of
coprimefactoranti-windup,secondly, to re-expressonelocal
resultin a moreintuitively usefulform, andlastly to motivate
thesearchfor extensionsto thelocal resultsfor unstableplants
which wouldmorecloselyresemblethestableplantresults.

2 Problem Definition

Figure1 shows a nominaltrackingproblemwherethesignals	
ref, 
 lin, 	 lin and � lin arethe referencesignal,controllerout-

put, plant output measurementand error signal respectively,
and ��
 and ��� are disturbances. The plant and stabilizing
controller are assumedto be finite dimensional,linear, time-
invariant systemswith transferfunctions ������� and ������� re-
spectively, andthe plant is furthermoreassumedto be strictly
proper. This interconnectionhasthefollowing closed-loopre-
lation: �� � lin	

lin
 lin

���� ��"! #$! � #$!% #&! ! � !� ! # � ! � # � !
��'�� 	

ref�(
�)�
��

(1)

where
!�* � � %,+ �-�.�0/ 
 is thesensitivity function.

Thesamebasicsystemwith input saturation1�243 anda linear
anti-windupcompensatoris shown in Figure2, where 5
 and 

aretheinput andoutputof thesaturationnonlinearity:
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Identicalexternalsignals	 ref L ��
 L ��� areassumed.

Remark 1 Notethatthisisanidealizedpicturefor thepurpose
of analysis.In practice, thesaturationelementshownwouldbe
implementedaspart of thecontroller – thusguaranteeingthat
thesaturation at theplant input itself never activates.Asa re-
sult, thesignal � 
 canonly representdisturbancesat theplant
input which enterindependentlyof thesaturating actuators; it
cannotbeusedto representnoiseon thecontroller output.

By choosinginitial left- andright-coprimefactorizationsof the
controller � �NMO / 
P MQ P andtheplant � �SR P�T / 
P suchthat
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Figure1: Nominallinearsystem
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Figure2: Systemwith saturationandanti-windupcompensator

they satisfy the Bezoutidentity am dqprd,s ac dHt-dvu i , andby
letting w representthesetof unitsin x�y{z , i.e.w}| u�~ ` | `���` Y ^�� x�y z�� (3)

then we can expressthe family of all coprime factor anti-
windupcompensators([2]) aso\ u `baced [ s�� i-j `lamnd�� \ (4)

over all ` � w ; thesynthesisproblemis to choosea suitable
coprimefactorizationof V , or of W , or to choosè .

3 Stability & PerformanceAnalysis

By consideringtheinterconnectionof Figure2 asaLFT onthe
deadzone�{��� ([6], [7], [1]), it may be seenthat stability of
Figure2 is equivalentto stabilityof Figure3,whereweassume
that
prd ` Y ^ jri is strictly proper1.

Furthermore,[ � o\ � \ and Z in Figure2 canbegivenin termsof
thenominallinear responsesof Figure1 andtheoutputof the
deadzonenonlinearityin Figure3:[ j [ lin u�t d `

Y ^ � o\ j \ � (5)o\ j \ lin
u�� i-j p d ` Y ^ � � o\ j \ � (6)\ j \ lin
u j p d ` Y ^ � o\ j \ � (7)Z j Z

lin
u j t d ` Y ^ � o\ j \ � (8)

1For well-posednessof the interconnectionin Figure3, it is desirablethat�k�0�D�������������
; by a happy coincidence,andunderthe mild assumption

that � is strictly proper, this is equivalentto
���� � ������� �

, which guarantees
thatthereis noalgebraicloop in theinterconnectionof Figure2.

We denotetheexternalsignalsby ¡ , andthe transferfunction
from ¡ to \ lin by ¢

¡v| u £¤ Z ref]�^] _ ¥¦ (9)¢�| u¨§ V.© j V.©eW j V.©�ª (10)

sothat ¢.¡ u \ lin . Whenwe wish to consideronly anisolated
disturbance,sayat

] ^
, this is simply achievedby ignoringthe

otherrowsof ¡ andthecorrespondingcolumnsof ¢ .

We would like to address,both locally andglobally, two « _
performancecriteria which have beenproposedfor the inter-
connectionin Figure2:¬ In [2] the suggestionis to minimize the « _ gain from

thedifferencebetweenthesaturated& unsaturatedinputs
( o\ j \ ) to the differencebetweenthe actual& nominal
outputs( Z j Z lin), weightedby somesuitable­ .

This gain can be seen easily to be given by®® ­ t d ` Y ^ ®® z .¬ In [4] the suggestionis to minimize the « _ gain from���¯� � \ lin
�

to thedifferencebetweenany actualsignaland
its correspondingnominal signal, suchas ( \ j \ lin) or
( Z j Z lin).

Bearingin mindthefirst criterionandEquations(5) to (8),
weseethatwecanaddressthissecondcriterionindirectly
by seekingto boundthe « _ gainfrom �{��� � \ lin

�
to ( o\ j\ ).
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Figure3: Equivalentsystemfor stability& performanceanalysis

3.1 Global stability & performance

In the casethat theplant
µ

is stable,thesystemcanbe stabi-
lizedwhile addressingbothperformancecriteria:

Proposition1 ([1]) Theinterconnectionin Figure2 is stableifº�ÎÐÏ
is chosensuch that ÑÑ ¸ ¹ º¼»�½ ´¿¾ ÑÑ�ÒÔÓÖÕ .

Furthermore, providedthis conditionis satisfied,× ÍÌ ´ Ì × É is
boundedby× ÍÌ ´ Ì × É-Ø ÕÕ ´ × ¸r¹�º »)½ ´r¾ × Ò × À�Á¯ÂÚÙ Ì lin Û × É (11)

Proposition2 ([2]) For an asymptoticallystableplant
µ

and
anyweight Ü such that ÜrÝÞÜ »�½�Î�ß�à Òáãâ4äåçæ-è

such that é$ê åeëíì�î Ò.ï4ð�ñ ÑÑÑÑ ò Ü}ó ¹�º�»)½¸r¹�º�»)½ ´r¾õô ÑÑÑÑHÒö ×÷Ü µ × Òø Õ�ù ×úÜ µ × É Ò ÓÖÕ (12)

Remark 2 From Propositions1 and 2 it is simpleto deduce
thatwecanalwayschoose

º
soasto achieveclosed-loopsta-

bility while addressingbothof theperformancecriteria.

See[8] andreferencestherein for furtherdiscussionof thisap-
proach to theanti-windupproblemfor stableplants,including
a full state-spacecharacterisationof thesolutionsto finding

º
such that ÑÑÑÑ ò Ü}ó ¹ º¼»)½¸ ¹ º¼»)½ ´r¾õô ÑÑÑÑHÒ Ó�û
for achievablevaluesof û .
3.2 Local stability & performance

In the casethat the plant
µ

is unstable,it is well known that
thesystemin Figure2 cannot bemadeglobally stableby any
choiceof

º
, or indeedby any other linear or nonlinearanti-

windupscheme.However, if we canshow that
Ù ÍÌ ´ Ì Û Î¿ü�É

in Figure3, for somerestrictedclassof disturbances,thenall
of thesignalsin Figure2 arealsobounded,by Equations(5) to
(8).

We definetwo scalarquantitiesý and þ , which will be seen
to have an importantinfluenceon the local propertiesof the
interconnection.þvÿ ö ÑÑ ¸r¹�º »)½ ´r¾ ÑÑ Ò (13)ý�ÿ ö��������������� ÑÑ ¸r¹�º »)½ ´r¾ ÑÑ É (14)

Proposition3, which is an alternative statementof somelocal
stability resultspreviously presentedin [5] and[9], appliesto
Figure3 providedthatboth � and

¸r¹�º¼»)½ ´Ð¾
arestableand

strictly proper:

Proposition3 ([5], [9]) For the interconnectionin Figure 3
with � , 	 , þ and ý asdefinedin Equations(10), (9), (13) and
(14) respectively:

(a) If þ Ó Õ , thenfor any 
 ÎrÙ�� Ý ½½0»�
 Û
if ×���× É ×�	 × É.Ø Õ�ù þ�
� Õ�ù ý�
�� � Õ ´ Ù Õ ´ þ Û 
��

then × ÍÌ ´ Ì × É.Ø 
 ×���× Ò ×�	 × É (15)

(b) If þ ö Õ and ý ÓÖÕ , thenfor any 
 Î&Ù�� Ý�� Û
if ×���× É ×�	 × É,Ø Õ�ù 
� Õ�ù ý�
 �

then × ÍÌ ´ Ì × É,Ø 
 ×���× Ò ×�	 × É (16)

(c) If þ�� Õ and ý Ó Õ , thenfor any 
 ÎrÙ�� Ý�� Û
if ×���× É ×�	 × É.Ø Õ�ù þ�
� Õ�ù ý�
 � � Õ�ù Ù þ ´ Õ Û 
 �

then × ÍÌ ´ Ì × É.Ø 
 ×���× Ò ×�	 × É (17)

(d) If þ�� Õ and ý�� Õ
if ×���× É ×�	 × É.Ø Õ

then × ÍÌ ´ Ì × É ö �
(18)

Proposition3 admitsa graphicalinterpretation,which we will
illustrate assumingthat þ�� Õ and ý Ó Õ (so that case(c)
applies):
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Figure4: Graphicalinterpretationof Proposition3

For any particularvalueof * , andfor any + , thepoint defined
by ,�- + -�. -0/13241 -�.�5 will not bewithin theshadedregion of
Figure4 (a), ie thatareato the left of 67�8�7�9 6;:0<>=? 6;:0@�=BA ? 6�:DC <FEG6;H�=IA
andabovetheline with gradient* -�J�-�K .

By showing the equivalent shadedregion for eachpossible
valueof * on thesameplot, thecurvedregionshown in Figure
4 (b) is obtained.Again,theinterpretationis thatfor any + , the
point , - + -�. -�/13241 -�. 5 will notbewithin theshadedregion.

Theresultsgivenin Proposition3 areanalyticallyinvertible,so
wecanobtainanexplicit “local L . gain” from + to /1M2N1 . This
gainis expressedin Theorem1:

Theorem1 Definea gain function O <FP @RQ�S>TVUXWZY[W depend-
ing on \D];^�_ W asfollows:

(a) If \4`ba , thenO <FP @RQ�cdTeUgf hdi
if

ikj c j al EGm l 9 EXnoC <FEG6;H�C pGEG6;Hq@rp. C)<FEG6;Hq@rp if a j c (19)

where s UgftQ a 2 ^ ceT 2 Q \ 2 a T�Qqc 2 a T .
(b) If \ f a and ^�`ba , then

O <FP @�QqceTdUufwvxy xz
i

if
iNj c j ap{E066rE{@rp if a j c ` 6@

undefined if 6@ j c (20)

(c) If \4|ba and ^�`ba , then

O <FP @ QqceTdUuf vxxy xxz
i

if
iNj c j aE�}~: m } 9 :0n�C#6�E�<�H�C p{EG6;Hq@rp. C�6rE{<�Hq@rp if a j c j��

undefined if
� ` c

(21)

where2 � UuftQ a 2 ^ cdT���Q a 2 \ T�Q�c 2 a T and� Ugf���� ^ Q \ 2 a T0� m \ 2 ^� ^ Q \ 2 ^ T0� m \ 2 a~� .
(22)

(d) If \���a and ^��ba , thenO <FP @ QqcdT�Uuf h i
if

i�j c j a
undefined if a�` c (23)

Thenfor theinterconnectionin Figure 2 with J , + , \ and ^ as
definedin Equations(10), (9), (13) and(14) respectively, and
providedthat - + -�. is such that O <FP @ ? -�J�-�.�- + -�. A is defined:-0/132�1 -�. j O <FP @G� -�J�-�.�- + -�.0�M-�J�-�K�- + -�. (24)

PROOF OF THEOREM 1: As shown Figure 4, Proposition3
clearlyexpressesarelationof theform shown in Equation(24);
it remainsonly to determineO <FP @ Q�S>T :
The valueof O <FP @�Q�cdT , over the range

i�j c j a , canbe ob-
tainedfrom (a) to (c) in Proposition3 by taking * f i

, and
trivially from (d).

For eachof (a) to (c) in Proposition3, it is thenrelatively sim-
ple algebrato solve for * in termsof -�J�-�.�- + -�. , andalsoto
determinethevalid rangeof -�J�-�.�- + -�. over which eachsuch
expressionholds.Thisgivesthesecondpartof O <FP @FQ�cdT .
Finally, in (b), (c) and(d) thereis a rangeof -�J�-�.�- + -�. for
which Proposition3 givesno information.

Remark 3 Synthesisof anti-windupcompensators basedon
this typeof local stabilityanalysisis describedin [9] and[10],
alongwith discussionon theusageof such compensators.

2Notethat � and � denotethesamevalue,but written suchthateachterm
in parenthesesis positive.



Theorem1 hassomeinterestingproperties:� It usessimple ��� - and ��� -normsof thenominalsystem
to giveanindicationof local properties.� In (a), where ��B� �o¡k¢G£d¤ ¥ �� �§¦©¨ andthe interconnec-
tion is stable,we canseethat as ª�«�ª � increasesthereis
agracefuldegradationin ª�¬­ ¤ ­ ª � with limiting ® � gain
boundgivenbyª0¬­ ¤ ­ ª �V¯ ¨¨ ¤ ª � � ¡ ¢G£ ¤ ¥ ª � ª�°�ª � ª�«�ª � (25)

whichappliesfor all «²±³® � .� The samesort of gracefuldegradationis seenin (b) and
(c), ie even whenthe interconnectionis unstable.(Note,
of course,that ´�µ ¨ doesnot imply instability, but that
instabilitydoesimply ´�µ ¨ .) In eachof thesecasesthere
is a limiting valueof ª�«�ª � beyondwhichwecannotguar-
anteeboundednessof ª�¬­ ¤ ­ ª � .� Thegracefuldegradationin cases(a), (b) and(c) givesus
someconfidencethat“small” excursionsinto thesaturated
regime lead to “small” differencesbetweenthe nominal
andsaturatedsystems.� If ´4µ ¨ and ¶�µ ¨ , asin (d), thenthis localstabilityanal-
ysisgivesnointerestingresults;themethodis notusefully
applicableif �� � �B¡k¢G£·¤ ¥ �� � is too large.

Remark 4 Thelocal stability analysisof [5] and[9] actually
gavea stronger versionof Proposition3, which in anyspecific
situationcould be usedto obtain a stronger gain boundthan¸�¹Fº »F¼�½>¾

. However, in that casetheequivalentgain boundcan-
not beexpressedexplicitly, andhencethe intuition is partially
lost.

It should also be notedat this point that there are numeri-
cal methods(using, for example, Linear Matrix Inequalities),
which can be applied to specificproblems. However, these
techniqueshavethe disadvantage of beingnon-intuitive: you
simply“turn thehandle” andusetheresultwhich popsout. If
a smallchange is madeto thesystem,thecalculationsmustbe
performedagain, with (in general) no guaranteesabouthow
theresultwill change.

4 Conclusions

Wehaveconsideredstabilityandperformance,bothlocally and
globally, for saturatedsystemswith coprimefactoranti-windup
compensation.

Whentheclosed-loopcanbestabilized,wehavehavea global
gainbound(Proposition1) whichexplicitly shows thatthedif-
ferencebetweenthenominalandsaturatedsystemsis directly
boundedby theamountby which thenominalplant input ­

lin

exceedsthesaturationlimits:ª0¬­ ¤ ­ ª �V¯ ¨¨ ¤ ª � � ¡ ¢G£ ¤ ¥ ª � ª�¿�ÀRÁ ¼ ­
lin

¾ ª � (26)

Whenthe closed-loopcannotbe stabilized,we have a some-
whatdifferentexpression(Theorem1):ª0¬­ ¤ ­ ª �Â¯ ¸ ¹Fº »GÃ ª�°�ª � ª�«�ª �0Ä ª�°�ª � ª�«�ª � (27)

whichonly appliesoveracertainclassof inputs « . As ameans
of gettingsomeintuition into thelocalpropertiesof thesystem
this is a usefulresult,however it is limited in that theexternal
disturbancesareinvokeddirectly.

Remark 5 Asa closingremark,notethat thecomponentparts
of the expressionin Equations(27) and (24) are related to
knownquantities: for example, ª�°�ª � ª�«�ª � is an upperbound
on ª ­

lin ª � , and ª�°�ª � ª�«�ª � is an upper boundon ª ­
lin ª � .

This hints that a more direct relationshipbetween­
lin and

( ¬­ ¤ ­ ) mightexist,althoughthis remainsan openquestion.
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