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Abstract

This paper considersanalysisof anti-windup compensators
basedn coprimefactorizationsfor lineartime-invariantplants
with aninput saturatiomonlinearity An explicit local £, gain
boundis presentedvhichrelateshessizeof the externaldistur
bancedo thedifferencebetweersignalsin thesaturatedystem
andthecorrespondingignalsin thenominal(unsaturated3ys-
tem. This resultshovs how stability andperformancealegrade
gracefully as the external disturbancegyrow larger, and also
gives someintuition into how the local propertiesare deter
minedby the H .- and#>-normsof the systemcomponents.

1 Intr oduction

In this paperwe considetthecoprimefactorbasedanti-windup
synthesignethodof [1], whichwasin turn built ontheframe-
work of [2] and[3]. The plantis assumedo be linear and
time-invariant,apartfrom a saturatiorattheinput, andalinear
time-invariantcontrolleris alsoassumedo be given. Together
thesedefinethe requiredclosed-loopbehaviour in the unsat-
uratedregime. Compensatiorns thenaddedto the controller
This compensatioronly actswhen the plant input saturates,
andits purposss to lesserthe effectsof this saturation.

The frameawork is an extensionof that of Kothareet al [3]

which employeda parametrizatiof all coprimefactorsof the
linearcontrollerwhich have the sameMcMillan degreeasthat
controller Thiswasextendedn [2] to a parametrizatiorof all

coprimefactorsof the controllerand,crucially, the problemof
choosinga suitablecoprimefactorizationof the controllerwas
thenseerto beequivalentto thatof choosingasuitablecoprime
factorizationof the plant.

A synthesisnethodfor stableplantswasproposedn [2], which
usedan H, optimisationto guaranteestability and perfor
mance measuredn termsof the gain from the differencebe-
tweenthe controlleroutput& plantinputin the saturatedsys-
tem,to the plantoutputand/orcontrolleroutput. An alternatve
synthesistechnique which is also guaranteedo always lead
to a globally stabilizing solution, was presentedy Teel and
Kapoor[4]. Theirschemeanalsobeinterpretedasachoiceof
plant coprimefactorization,althoughnonlinearfactorizations
of alinearplantarealsoconsideredTheir paperintroduceda
performancecriterion relatingthe differencebetweenthe real
behaiour andtheidealizedbehaiour without saturatiorto the
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amounttheidealizedplantinput exceedghesaturatiorlevel.

This paperhasthreepurposesfirstly, to bring togetherthe lo-
cal andglobal analysisresultsof [5] and[1] in the context of
coprimefactoranti-windup,secondly to re-expressonelocal
resultin a moreintuitively usefulform, andlastly to motivate
thesearchfor extensiongo thelocal resultsfor unstableplants
whichwould morecloselyresemblehe stableplantresults.

2 Problem Definition

Figure 1 shovs a nominaltracking problemwherethe signals
Yret Win, Yiin, @Ndeyin arethe referencesignal, controllerout-
put, plant output measuremenand error signal respectiely,
and d; andd, are disturbances. The plant and stabilizing
controllerare assumedo be finite dimensional linear, time-
invariant systemswith transferfunctions P(s) and C(s) re-
spectvely, andthe plantis furthermoreassumedo be strictly
proper Thisinterconnectiorhasthe following closed-loopre-
lation:

€lin S -SSP =S Yref
Yin| = I-5 SP S d1 (1)
Ulin cS —-CSP -CS| |ds

whereS := (I + PC)~! is thesensitvity function.

The samebasicsystemwith input saturatiorSat anda linear
anti-windupcompensatois shovn in Figure2, whered andu
aretheinputandoutputof the saturatiomonlinearity:

1 if ﬁ,(t) >1
wilt) s = aglt) i Ja(p)] < 1 @
-1 if ﬁ,(t) < -1

Identicalexternalsignalsy,, d1 , d2 areassumed.

Remark 1 Notethatthisis anidealizedpicturefor thepurpose
of analysis.In practice thesatumtionelemenshowrnwouldbe
implementeds part of the controller — thusguaranteeingthat
the saturation at the plantinputitself never activates.Asa re-
sult, thesignald; canonly representisturbancest the plant
inputwhich enterindependentlyf the saturating actuatoss; it

cannotbe usedto representoiseon thecontmoller output.

By choosingnitial left- andright-coprimefactorizationof the
controllerC' = VU, andtheplant P = Ny M, * suchthat
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Figure2: Systemwith saturatiorandanti-windupcompensator

they satisfy the Bezoutidentity Vo My + Uy Ny = I, andby
letting Q representhe setof unitsin RH ., i.€.

Q= {Q Q,Q ' e RHOO} 3)

then we can expressthe family of all coprime factor anti-
windupcompensatorf2]) as

= QUoe + (I — QVo)u (4)

overall Q € Q; the synthesigproblemis to choosea suitable
coprimefactorizationof C, or of P, orto choose().

3 Stability & Performance Analysis

By consideringheinterconnectiorof Figure2 asaLFT onthe
deadzonéDzn ([6], [7], [1]), it may be seenthat stability of
Figure2is equivalentto stability of Figure3, wherewe assume
thatMoQ ! — I is strictly propet.

Furthermoree, @, u andy in Figure2 canbegivenin termsof
the nominallinear responsesf Figure1l andthe outputof the
deadzoneonlinearityin Figure3:

e—ein = NoQ ™' (& — ) (5)
@ —win = (I — MoQ ") (4 — u) (6)
u—ujn = —MoQ (& — u) (7)
Y —Yin = —NoQ (@ — u) (8)

1For well-posednessf the interconnectiorin Figure3, it is desirablethat
MoQ~1(c0) = I; by ahappy coincidenceandunderthe mild assumption
that P is strictly proper this is equivalentto QVo(oo) = I, which guarantees
thatthereis no algebraidoopin theinterconnectiorof Figure2.

We denotethe externalsignalsby z, andthe transferfunction
from z to wy, by F

Yret

z:=|d (9)
dJ

F:=[CS -CSP -CS] (10)

sothatF'z = w;n. Whenwe wish to consideronly anisolated
disturbancesayatd, , thisis simply achieved by ignoring the
otherrows of z andthe correspondingolumnsof F'.

We would like to addresspoth locally and globally, two Lo
performancecriteria which have beenproposedor the inter-
connectionn Figure2:

e In [2] the suggestionis to minimize the L2 gain from
thedifferencebetweerthe saturated unsaturateéhputs
(@ — w) to the differencebetweenthe actual& nominal
outputs(y — y;i,), weightedby somesuitablelV .

This gain can be seen easily to be given by
||WN0Q_1||00

In [4] the suggestionis to minimize the £, gain from
Dzn(ujin) tothedifferencebetweerary actualsignaland
its correspondinghominal signal, suchas (u — wjin) or
(Y — Yiin)-

Bearingin mindthefirst criterionandEquationg5) to (8),
we seethatwe canaddresshis seconctriterionindirectly
by seekingto boundthe £, gainfrom Dzn(wji,) to (& —
u).
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3.1 Global stability & performance

In the casethatthe plant P is stable,the systemcanbe stabi-
lized while addressindpoth performanceriteria:

Proposition 1 ([1]) Theinterconnectiorin Figure 2 is stableif
Q € Qischosersuchthat | MoQ ' —I|| _ < 1.

Furthermoe, providedthis conditionis satisfied,||& — u||, is
boundedy
1

o0 — T 1)

4 —ull, < 7— Dz (win)ll,

Proposition2 ([2]) For an asymptoticallystableplant P and
anyweightW sucdthat W, W= € RH
[ WNo@ !
Q € Qsuhthat MoQ~ *(c0) =T
IWP||o

o
V1I+IWPIE

Remark 2 From Propositionsl and 2 it is simpleto deduce
thatwe canalwayschoose() soasto achieveclosed-loopsta-
bility while addressingooth of the performancecriteria.

inf

<1

(12)

Sed8] andrefeiencegherein for further discussiorof this ap-

proach to the anti-windupproblemfor stableplants,including

a full state-spaceharacterisationof the solutionsto finding @
.[/V]V(_](;)_1

sud that
[M@*—me<7

for achievablevaluesof .

3.2 Local stability & performance

In the casethatthe plant P is unstablejt is well known that
the systemin Figure2 cannot be madeglobally stableby any
choiceof @, or indeedby ary otherlinear or nonlinearanti-
windup scheme However, if we canshaw that(é — u) € Lo
in Figure 3, for somerestrictedclassof disturbancesthenall
of thesignalsin Figure2 arealsoboundedby Equationg5) to

(8).

)2
NaY4

MyQ~' — 1

stability & performancenalysis

We definetwo scalarquantitiesp and u, which will be seen
to have an importantinfluenceon the local propertiesof the
interconnection.

pi= M@t - 1 @3
= e o~ 1], 14

Proposition3, which is an alternatve statemenbf somelocal
stability resultspreviously presentedn [5] and[9], appliesto
Figure3 providedthatboth F and MyQ ! — I arestableand
strictly proper:

Proposition 3 ([5], [9]) For the interconnectionin Figure 3
with F', z, u and p asdefinedin Equations(10), (9), (13) and
(14) respectively:

1

(@) If u < 1, thenfor any\ € (0, o

)

14 pA
L+ pA) (1= (1= p)A)
I —ull, < XF[l [12lly

i IFlL el < ¢

then (15)

(b) If x = 1andp < 1, thenfor any A € (0, 00)
1+ A

(14 pX)
I —ull, < AMIFll [12]]

it [1Fy ll2ll, <

then (16)

(c)If x> 1andp < 1, thenfor any A € (0, 00)

14 pA
14+ pA) (14 (p—1)N)
& —ull, <AIF[l [zl

Pl =l < ¢

then a7

(difp>1andp>1
if
then

1, Izl < 1
e —ull, = 0 (18)

Proposition3 admitsa graphicalinterpretationwhich we will
illustrate assumingthat . > 1 andp < 1 (sothat case(c)

applies):
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Figure4: Graphicalinterpretatiorof Proposition3

For ary particularvalueof X, andfor ary z, the point defined
by [l|z]l, [l& — wll,] will notbewithin the shaded-egion of

Figure4 (a), ie thatareato the left of ”Fl” o /\)1(-|1—+)(\ ™
2 P n—

andabove theline with gradienth || F[| .

By shawing the equivalent shadedregion for each possible
valueof \ onthe sameplot, the curvedregion shavn in Figure
4 (b) is obtained.Again, theinterpretatioris thatfor ary z, the
point [||z[|, [l% — wl|,] will notbewithin theshadedegion.

Theresultsgivenin Propositior3 areanalyticallyinvertible,so
we canobtainanexplicit “local £, gain” from z to 4 —u. This
gainis expressedn Theoreml;

Theorem1 Definea gain function f, ,(x) : R — R depend-
ingong, p € R asfollows:

(@) If u<1,then

) {0 rosvst (19)
P =Yoo Vor 4u )(v-1)py .
2(p—1)py if1<y
whee ® := (1 —py) — (p—1)(¢ - 1).
(b) If w =1andp < 1, then
0 ifo<y <1
Fup(®) = 255 fl<y<? (20)
undefined if % <
(©)If > 1andp < 1,then
0 ifo<y <1
) EAERHA-p) (p-1)pyp
Fup) s= § ZEVZHODGD0Y g <y <
undefined if X <
(21)

whee? ¥ := (1 — pyp) + (1 — p) (v — 1) and

X o= <\/p(u—1)+\//Tp>2 22)
velp—p)+vp—1
(d)If w > 1andp > 1, then
o fo<y<1
Tun () = {undefined if 1< (23)

Thenfor theinterconnectionin Figure 2 with F', z, p andp as
definedin Equations(10), (9), (13) and (14) respectivelyand
providedthat||z||, is sud that f,,., (|||, |||, ) is defined:
18 = wlly < fuo (1Pl 211, ) 1Pl izl (24)
PROOF OF THEOREM 1: As shawn Figure 4, Proposition3

clearlyexpressesrelationof theform showvnin Equation(24);
it remainsonly to determinef,, ,(x):

Thevalueof f, ,(), overtherange0 < ¢ < 1, canbe ob-
tainedfrom (@) to (c) in Proposition3 by takingA = 0, and
trivially from (d).

For eachof (a) to (c) in Proposition3, it is thenrelatively sim-
ple algebrato solve for A in termsof || F||, ||z||,, andalsoto
determinethevalid rangeof || F'||, ||z||, overwhicheachsuch
expressiorholds. This givesthesecondpartof f, ,(v).

Finally, in (b), (c) and(d) thereis a rangeof || F||, ||z||, for
which Proposition3 givesno information. ]

Remark 3 Synthesiof anti-windup compensata basedon
thistypeof local stability analysisis describedn [9] and[10],
alongwith discussioron the usage of such compensata.

2NotethatX and® denotethe samevalue,but written suchthateachterm
in parentheses positive.



Theoreml hassomeinterestingproperties:

e |t usessimple?H - andH2-normsof the nominalsystem
to give anindicationof local properties.

e In (a), where|| MoQ~" — I|_ < 1 andtheinterconnec-
tion is stable,we canseethatas||z||, increaseshereis
agracefuldegradationin ||& — u||, with limiting £, gain
boundgivenby

1
F z
”MOQ_I _I”Oo ” ||oo || ||2

which appliesfor all z € £,.

i —ull, < 1= 25)

e The samesort of gracefuldegradationis seenin (b) and
(c), ie evenwhenthe interconnectioris unstable.(Note,
of coursethaty > 1 doesnotimply instability, but that
instability doesimply p > 1.) In eachof thesecaseghere
is alimiting valueof ||z||, beyondwhichwe cannotguar
anteeboundednessf ||& — u|,.

e Thegracefuldegradationin casega), (b) and(c) givesus
someconfidenceahat“small” excursiongnto thesaturated
regime leadto “small” differencesbetweenthe nominal
andsaturatedystems.

e If u > 1andp > 1, asin (d), thenthislocal stability anal-
ysisgivesnointerestingesultsthemethods notusefully
applicablef ||MoQ ! — I, istoolarge.

Remark 4 Thelocal stability analysisof [5] and[9] actually
gavea stronger version of Proposition3, which in any specific
situation could be usedto obtain a stronger gain boundthan
fu,p (). However, in that casethe equivalentgain boundcan-
not be expressedxplicitly, and hencethe intuition is partially

lost.

It should also be notedat this point that there are numeri-
cal methodqusing for example Linear Matrix Inequalities),
which can be applied to specificproblems. However, these
technigueshavethe disadvantge of beingnon-intuitive: you
simply“turn the handle” andusethe resultwhich popsout. If
a smallchange is madeto the systemthe calculationsmustbe
performedagain, with (in generl) no guaranteesabouthow
theresultwill change.

4 Conclusions

We have consideredtability andperformancebothlocally and
globally, for saturatedystemswith coprimefactoranti-windup
compensation.

Whenthe closed-loopcanbe stabilized we have have aglobal
gainbound(Propositionl) which explicitly shavs thatthedif-
ferencebetweenthe nominalandsaturatedystemss directly
boundedby the amountby which the nominalplantinput w,
exceedghe saturatiorlimits:

1
[MoQ@~" — Il

I —wlly < = IDzn(uin)ll,  (26)

Whenthe closed-loopcannotbe stabilized,we have a some-
whatdifferentexpressionTheoreml):

18 = wlly < S (IF I 1211, ) 1F Il 121l

which only appliesover a certainclassof inputsz. As ameans
of gettingsomeintuition into thelocal propertieof thesystem
thisis a usefulresult,howeverit is limited in thatthe external
disturbanceareinvokeddirectly.

(27)

Remark 5 Asa closingremark,notethatthe componenparts
of the expressionin Equations(27) and (24) are related to
knownquantities: for example [|F'||, ||z]|, is an upperbound
on ||luiin||,, and [|F[| ||z]l, is an upperboundon [[wiin||,.
This hints that a more direct relationship betweenu;, and
(& — u) mightexist, althoughthis remainsan openquestion.
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