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Abstract

A well known difficulty in systemidentificationover a large
bandwidthis the ill-conditioning of the normalmatrix. This
typically manifestsitself aspooror erroneousestimates.Sev-
eralmethodshave beenproposedin the literaturefor address-
ing this issue. However, noneappearto give an entirely sat-
isfactory solution. Here we presenta novel technique,util-
ising particularbasisfunctions,aimedspecificallyat improv-
ing the numericalpropertiesof the leastsquaresnormalma-
trix in transferfunctionestimationovera wide bandwidth.We
show that, undersomemild assumptions,the achieved con-
dition numberis actuallyindependentof the frequency range.
Several examplesare presentedshowing the superiorperfor-
manceof theproposedmethodwhenappliedto wide-bandes-
timationproblems.

1 Introduction

A linearsingleinputsingleoutput(SISO)dynamicsystemcan
be characterisedby the ratio of two polynomials. In system
identificationthereis often a need,or desire,to estimatethe
coefficientsof thesepolynomialsfrom experimentallyobtained
data.

Onecaneitherperformtheestimationin thetimeor frequency
domain[9; 10]. Frequency domainidentificationis usuallypre-
ferred over that of the time domainwhen the excitation sig-
nal is periodic. A numberof advantagesassociatedwith fre-
quency domainidentificationhave beenoutlinedin the litera-
ture [8; 14]. Theseinclude,the easeof noisereduction(only
frequencieswhereexcitation is provided areusedin the esti-
mationprocedure),datareduction(throughthe useof a non-
parametricmodelof thesystemin the frequency domain),the
easeof combiningdatafrom differentexperimentsandmodel
validation (periodic excitation providesa good frequency re-
sponsemodelat the excitation frequencies).Also, modelling
of continuoustimesystemsis mucheasierin thefrequency do-
main.

Herewe will usethecontinuouscasefor easeof presentation.
However, it is well known [11] thatdiscretesystemsapproach
thiscontinuoustime formatasthesamplingrateincreases.

We will modelthesystemby a transferfunction,
�������

, asfol-
lows: ���������
	 ����� ����� (1)

wherethepolynomialsaredefinedby	 ������������� ��� ��������� ��������������� ����� � �! (2) ����������" �$# " ���%��" ���&�'�������(# �%� �$#  *) (3)

Theestimationproblemof interestcanbestatedastheproblem
of minimisinga costfunctionof thefollowing genericform:+ �-,. /0  21 �435�76�893 (4)

where 1 �435� denotesa suitablydefinedpredictionerror. For ex-
ample,we couldutilise anoutputerrorfunctionwhere1 �:35����;��:35�=<2>;��:35� (5)

and
>;��:35�

denotestheoutputof amodelhaving transferfunction>�?� >	 �����> ����� (6)

wherethe super-hat indicatesthat the polynomialsareevalu-
atedat someestimateof theparametersi.e.>@A�2BC>#  9D )�)�) D ># " ����D >�  ED )�)�) D >� �GF (7)

UsingParseval’sTheorem,Equation(4) canalsobeexpressed
(asymptotically)in thefrequency domainas+ �IH0  KJ 1 �ML9N�� J 6 89N (8)

Whentheinputcomprisesafinite setof sinusoidalcomponents
(say

N ��D )�)�) D NPO
) thenEquation(8) becomes+ � OQR%S � J 1 �ML9N R � J 6 (9)

In theoutputerrorcase,Equation(9) canalsobewritten+ � OQR�S ��TTT >U �ML9N R �=< >���VL9N R � TTT 6XWZY�Y �CN R � (10)



where
>U �VLEN R � denotestheempiricaltransferfunctionestimate

at
N R and

W[Y�Y �:N R � denotestheinputpowerat frequency
N R .

As thecostfunction,Equation(10), is nonlinearin theparam-
eters,to apply linear leastsquaresto estimatethe parameters
of the polynomials,it wassuggested[7] that the problembe
linearisedby multiplying throughby thedenominator

> �VLEN R � .
Equation(10) thenbecomes+ � OQR�S �&TTT > �ML9N R � >U �ML9N R �=< >	 �ML9N R � TTT 6

WZY�Y �:N R �TTT > �ML9N R � TTT 6 (11)

If we replace
> �VL9N R � , in the denominator, by an estimate\ �ML9N R � , thenwe obtainthefollowing quadraticcriterion]+ � OQR�S � TTT > �ML9N R � >U �VL9N R �=< >	 �VL9N R � TTT 6

WZY�Y �:N R �J \ �VLEN R � J 6 (12)

In early literature, the polynomial
\ �VL9N R � was taken as 1.

However, thistechniqueexhibitsanumberof undesirableprop-
erties.Firstly, high frequency errorsareinherentlygivenmore
weightingwhichcorrespondinglyyieldspoorresultsatlow fre-
quency. Secondly, thenormalmatrix formedusingthismethod
is susceptibleto extremeill-conditioning. This ill-conditioning
arisesdueto thelargedynamicrangeof theentriesin thenor-
malmatrixaswell it is highly correlatedsinceevery frequency
will influenceevery coefficient that is beingestimated.If, for
instance,the frequency rangespanŝ decadesandthe system
is of _ 35` orderthenthedynamicrangewill be,at a minimum,,�a �7bdc , .
An iterative methodwasproposed[15] to overcomethe poor
low frequency fit by applying a weighting of ,�e J >�f �VLEN R � J 6
which is basedon the estimatefrom the previous iteration.
However, this did not addressthe ill-conditioning of the nor-
malmatrix.

Frequency scaling[3; 14] is a meansof improving thenumer-
ical stability of the normalmatrix. Onecommonapproachis
to scalethefrequency axisby thearithmeticmeanof themini-
mumandmaximumfrequenciesof interest,i.e.N=g5hji!kMlm� N �on " � N � i�pq (13)

The useof orthogonalpolynomials[1; 3] have beenusedto
furtherimprovethenumericalpropertiesof thenormalmatrix.
Specifically, the above authorsdiscussthe useof Tchebychev
polynomialsin there-parameterisationof themodel,Equation
(1), suchthat 	 �ML9N��&� �QR�S  � R�r R �ML9N�� (14) �ML9N��&� , � "QR�S � # R�r R ��� �VLEN�� (15)

wherer R are s 35` ordermodifiedTchebychev polynomials.

Interesthasalsofocussedonre-parameterisingthemodelusing
orthonormalbasisfunctions[16; 17; 2; 4]. For example,the
following basisfunctionwasproposed[2]t R �����&uwv qGxzy 1*{}| RE~� � | R � " ���E����� D (16)

� " �����&u R�k S � �m<��| k� � | k D �  *������u , ) (17)

Themodel,givenin Equation(1), is thenre-parameterisedas	 �����\ ����� �'�! � "QR�S � � R t R ����� (18) �����\ ����� � , � "QR�S � # R t R ����� (19)

where
\ �����&� "�k S � ��� � | k �

The basisfunctionsformed in Equations(16) and(17) when| R � |���� correspondto the well known Laguerrefunc-
tions[16]. Theseorthonormalbasisfunctionsallow for perfect
conditioningof the normalmatrix for a white input spectrum.
However, it hasalso beenshown [13] that thesebasisfunc-
tionsexhibit somedegreeof robustnesswith respectto spectral
colouringof theinput.

In generalwhensolvingtheleastsquaresproblem,thenormal
matrix shouldnot be explicitly formed. Thereexists a num-
berof techniquesthatoffer methodsto solve the leastsquares
problemwithout explicitly forming and inverting the normal
matrix [5]. TheseincludeCholesky Factorisation,Househoul-
derTransformationandQR Factorisation.Theabovemethods
work towardsconstructinga matrix factorisationof the least
squaresnormalequationfrom orthogonalcomponentsinvolv-
ing numericallyrobust equations.Thesemethodsamountto
improving theconditioningby takingthesquarerootof there-
gressionmatrix. Clearlythisimprovesthenumericalproperties
relativeto bruteforceapproaches.Nonetheless,if thecondition
numberof theregressionmatrix is very poor, thenthesemeth-
odswill not resolve theproblem.

For clarity, in this paperwe usefrequency responsedatato es-
timatethe two frequency dependantpolynomialswhich char-
acterisea dynamiclinear SISOsystem. However, dueto the
Parseval relationshipbetweentime andfrequency domain,the
samegeneralconclusionswill hold for time domainmethods.
We will alsoutilise a form of estimationwith quadraticcostas
in Equation(12). However, readerswho arefamiliar with this
field will appreciatethat similar qualitative conclusionshold
for variousiterativealgorithmswhere

\ �ML9N R � is basedon past
estimates.

A key point in ourapproachis thatourmethodrestrictsthedy-
namicrangeoverwhicheachcoefficientis estimatedby theuse
of frequency localising basisfunctions(FLBF’s) which span
thedesiredfrequency region. This alsoreducestheamountof
correlationin the normalmatrix. By numericalexampleswe



show how this methodis superiorto othersoutlinedabove for
asystemwith a largedynamicrange.

Thelayoutof theremainderof thepaperis asfollows: In Sec-
tion 2 weoutlinetheproblemformulation.Section3 describes
thefrequency localisingbasisfunctions(FLBF’s)andhow they
are utilised in the leastsquaresproblem. We then presenta
result on the condition numberfor the normal matrix which
utilises the FLBF’s in Section4. Simulationresultsare pre-
sentedin Section5. An example involving real data is dis-
cussedin Section6. Conclusionsaredrawn in Section7.

2 Frequency Domain Estimation

We considerthe leastsquaresform of the estimationproblem
asin Equation(12). Thiscostfunctioncanbewrittenin several
equivalentfashions,e.g.]+ � OQR%S � TTTTT

> �ML9N R �\ �ML9N R �9� �ML9N R ��< >	 �ML9N R �\ �ML9N R ��� �ML9N R � TTTTT
6

(20)

where { � �ML9N R � ~ , { � �VL9N R � ~ denotesthetransformof theout-
put andinput datarespectively. We thenexpandthequantities��P� gj�� � g7� and

�� � gj�� � gj� in termsof appropriatebasisfunctionsas> �����\ ����� � , � "QR%S ��� R t R ����� (21)>	 �����\ ����� � "QR�S ��� R t R ����� (22)

SubstitutingEquations(21) and(22) into Equation(20) leads
to a quadratic function in the unknown parameters

@��� � ��D )�)�) D � " D � ��D )�)�) D � " � . The leastsquaressolution is given
by >@A�2B ���%� F ��� B ��� � F (23)

where
�

denotescomplex conjugatetranspose,>@�����>� ��D )�)�) D >� " D >� ��D )�)�) D >� "�� / (24)�w����� < �A }¡¢ ¡ )�)�)�< �A 7£¢ ¡ �¤ }¡¢ ¡ )�)�) �¥ 7£¢ ¡...
...

...
...< �� }¡¢�¦ )�)�)§< �� 7£¢�¦ �¤ }¡¢�¦ )�)�) �¥ 5£¢�¦
¨ª©« (25)� �¬B � �VLEN � � D )�)�) D � �ML9N=Od� F / (26)�  }¢�® � t k �ML9N R � � �ML9N R � and �  5¢�® � t k �VLEN R � � �ML9N R �%)

Thenormalmatrixcanbeidentifiedin Equation(23)as
B � � � F

.
If thenormalmatrix is ‘nearsingular’thenthesolutionfor the
leastsquaresmethodbecomesill-conditioned. Themain goal
of the currentpaperis to study the impactof usingdifferent
choicesfor thebasisfunctions { t k ����� ~ on theconditioningof
the leastsquaresproblem. (Of course,the parametervector

@
will bedifferentfor eachchoiceof basisfunctions).

In all cases,we utilise the Householdertransformationto im-
prove the numericalpropertiesof the estimatesto ensurethat

eachmethod is consideredon an equal footing. The least
squaressolutioncanthenbeexpressedas:>@A� y ���!¯ �

(27)

where
y

is anuppertriangularmatrixsuchthat° �±�³² ya�´ and
° � �µ² ¯ �¯ 6 ´ )

Here
°

is an orthonormalmatrix constructedby a productof
Householdertransformations[6].

3 Frequency Localising Basis Functions

The traditionalchoicesof basisfunctionsdescribedin the lit-
eraturehave thepropertythatthey areexactly orthogonalfor a
moving average(MA) type model( � n�� a for ¶ � , D )�)�) D}· )
andawhitenoiseinput,or moresimply, they form anorthonor-
mal set in ¸ 6 . By way of contrast,we proposea setof basis
functions,which are not exactly orthogonalfor any standard
inputsignalbut whichare“nearlyorthogonal”for awiderange
of inputs.Thuswe tradeanexactpropertyfor anapproximate
propertywith the aim of achieving robustness. This line of
reasoningmirrors the usualtrade-off that exists betweenper-
formance(undersomenominalconditions)versusrobustness
(underotherconditions).

Thebasisfunctionsthatweproposehavethefollowing form:t R �����&� R�k S � � R ��� | R� � | km¹ s � , D )�)�) D5· (28)

Notethatthesefiltershaveapproximatelya dBgainin therange� | R ��� D | R � for basisfunction
t R . Outsideof this rangethegain

decreasesby, at least
q a dB, perdecade.Thepolesareusually

chosensuchthat the testsignalfrequenciescorrespondto the
centerof thefilter passbands.Thusweparameterisethesystem
via  �����\ ����� � , � "Q k S � #�ºk ��� t k}����� (29)	 �����\ ����� � "Q k S � � ºk ��� t k ����� (30)

where
\ ������� "�k S � ��� � | k4� (31)�»� " � 1 " ��� � " ��� �'������� 1  (32)

It is clearlyseenthattheformof parameterisationisof thesame
natureasthatof othermethodsdiscussedin Section1.

The key point regardingthesefilters is that they arenon-zero
essentiallyonly for a small setof frequenciesthat lie in their
pass-band.Hencetheleastsquaresnormalmatrix will take on
a nearblockdiagonalform.

Themodelparameterisationcanbeeasilyexpressedin termsof
theoriginalpolynomialby usingthefollowing transformation.



Let¼ k ������� t k ����� \ �����
(33)��½ k" ��� � " ��� � )�)�) � ½ kk ��� � k ��� ¹¿¾ � , D )�)�) D5·

where¾ representsthe ¾ 35` basisfunction,thenÀ � ¼ À º �(Á (34)

where À and
Á

aretheparametervectorsof
 �����

and
\ �����

re-
spectively, À º is thevectorof parametersin Equation(29)and¼ � ������

½ � a )�)�) a½ �� ½ 6 � . . .
...

...
... a½ �" ��� ½ 6" ��� )�)�)�½ "" ���

¨ª©©©©« (35)

Remark: The basisfunction representationgiven in Equa-
tions (29) and(30) is specificallyfor a strictly propermodel,�������

. If G(s)is bi-properthenthere-parameterisationfor
 �����

remainsthe same,however re-parameterisationfor 	 ����� be-
comes: 	 �����\ ����� � "Q k S � � ºk ��� t k ����� � � º" �� � | " (36)

where| " is thehigh frequency breakpoint.

4 Condition Number

To give further credibility to the FLBF’s describedabove, we
next explore the conditionnumberof the normalmatrix for a
specialcase.In particular, weassume:

A.1 Thatan MA typestructureis used(i.e.
# ºR � a ¹ s �, D )�)�) D5· )

A.2 Theexcitationsignalconsistsof sinewavesof unit strength
at frequencies

�CN ��D N 6 D )M)V) N " � at the geometricmeanof the
pass-bandfor eachbasisfunction

A.3 Thebreakpointsfor thebasisfunctionarelogarithmically
spacedsuchthat | kªÂ �m��Ã | k where

ÃÅÄ , (37)

Now the model, re-parameterisedby the frequency localising
basisfunctions,canbeexpressedfor asinglefrequency as� �ML9N����ÇÆ t � �:N��È)�)�) t � �:N���É @ � �VLEN��
hencetheleastsquaresnormalmatrixbecomesÊ �2B t � � � t � F� OQR%S � ��� t �� �CN R �...t �" �CN R �

¨ª©« Æ t � �:N R �Ë)�)�) t " �:N R ��É J � �VLEN R � J 6
(38)

where J � �VLEN R � J 6 � , from (A.2).

Now we denoteby
�` nÍÌ

the gain appliedto the componentat
frequency

N n
by filter

t Ì
. Thenthe normalmatrix canbe ex-

pressedas

Ê � �����������
OÎn S � �` 6nÏ� OÎn S � �`[nÏ� �`Ðn 6 )�)�) OÎn S � �`[nC� �`[n O

...

OÎn S � �` 6n 6 )�)�) OÎn S � �` n 6 �` n O
...

. . .
...OÎn S � �`Ðn O �`ÐnC� )�)�) )�)�) OÎn S � �` 6n O

¨ª©©©©©©©©©« (39)

We considerherea worst casei.e. whenthe filters roll off atq a dB / decade.(Note that thefilters in Equation(28) actually
roll off at a greaterrateon the down frequency side). Under
theseconditions

�`[nÍÌ
dependsonly ontheabsolutevalueof ¶ <mL .

Hencelet ` R u �` n4Ñ n Â R for all s ) (40)

We thenhave

Theorem 1
Providedassumptions(A.1) to (A.3) holdandthefilter spacing
is chosensuchthat `  ¥Ò q HQR%S � J ` R J 1 (41)

Then the condition numberof the leastsquaresnormal ma-
trix,

Ê
, formed using frequency localisingbasisfunctionsis

boundedindependentof the dynamicfrequency rangeof the
system.
Proof: Thenormalmatrix

Ê
canbeexpressedas:Ê ��ÓÔÓ

(42)

where ÓÕ� ������
`Ð `Ö� )�)�)×` O ���`Ö� . . .

...
...

. . .
...` O ��� )�)�) `Ø 
¨ª©©©©« (43)

whichis symmetric.Hencetheeigenvaluesof
Ê

arethesquare
of theeigenvaluesof

Ó
.

Now from Gershgorin’s Theorem[5], theeigenvaluesof
Ó

lie
in theunionof circleswith centresbeingthediagonalelements
andradii thesumof themodulusof theoff diagonalterms.

It thenfollows thatÙ � i�pZ�4ÓÚ�ÚÛ�`  � q HQR%S � J ` R J (44)Ù �on " �4ÓÚ�ÚÛ�`Ø �< q HQR%S � J ` R J (45)

1For aninfinite numberof filters thisconditionis satisfiedwhen Ü�ÝßÞ�à



Dueto assumption(A.3),
Ù � i�p �4ÓP�Xá'â

(46)

Also, Equation(41) implies
Ù �on " �4Ó=�XÄ a ) (47)

Thisconcludestheproof. ã
5 Simulations

To illustratetheperformanceof theFLBF’swechooseahighly
resonantsystemof large order that spansseveral decadesof
frequency. Thesystemis describedby� R �����&� äQR�S � � R N 6R��� 6 � q*å R N R � � N 6R � (48)

where { N R ~ spansæ decades.A bodemagnitudeplot of the
truesystemis shown in Figures1 and2 asa dashedline. The
frequency responsefor the systemwasevaluatedat 36 loga-
rithmically spacedpointsthat spanthe entirefrequency range
of the system.No noisewasaddedto the frequency response
dataof the systemfor this comparison.The modelwas then
estimatedusingthefollowing methods:

i. NonlinearLeastSquares(NLS)

ii. NonlinearLeastSquaresusing Frequency Scalingas in
Equation(13) (NLSFS)

iii. Tchebyshev Polynomials(TP)

iv. LaguerreBasisFunctionswith thepoleschosenby a dis-
cretisedsearchbetweentheminimumandmaximumfre-
quency, soasto give thebestfit, accordingto thecriteria
in Table1 (LBF)

v. FLBF’s with breakpointschosenlogarithmicallyspaced
betweenminimumandmaximumfrequency. (FLBF)

It is alsonotedthatKautzbasisfunctionswhereevaluated,but
given the low numberof excitation signalsthe authorswere
unableto obtainasatisfactoryfit.

Estimationwascarriedout basedon measuredfrequency re-
sponsedatausingcriterion(12) taking

WZY�Y �VL9N R �&� ,×ç s .
Table1 comparesthe conditionnumberof the normalmatrix
for the above choices.Note that the conditionnumberfor all
the choicessave for the FLBF’s is very poor indeed. The ta-
ble alsocomparesthemeansquareerrorsandmaximumerror
betweentheestimatedmodelandthetruemodelatthefrequen-
ciesof excitation.It isobservedthattheFLBFmethodprovides
thesuperiormodelfit.

Figures1 and2 comparethemagnitudesof the estimatedfre-
quency responsewith thatof thetruesystem.Thetruesystem
is plottedasa dashedline, theestimatesasa solid line.

Method Cond.# ¸ 6 Cost ¸ H Cost
NLS 5.8950e+175 2.7292e+003 105.2499

NLSFS 1.0642e+044 848.2818 68.5336
TP 6.0597e+022 898.3536 68.2660

LBF 8.0111e+017 69.5152 37.9211
FLBF 4059 9.5976e-023 5.3152e-011

Table1: Comparisonsof DifferentMethods

Remark: It canbe seenfrom Figures2 that the FLBF’s are
the only procedureto give an acceptablefit to the dataover
thefull frequency range.Theauthorsacknowledgethatit may
well bepossibleto choosethevarious“free parameters”in the
othermethodsto obtaina goodfit. Somestepsweretaken to
achieve this but clearlywe cannotclaim to have exhaustedall
possibilities.However, it doesseemthattheFLBF’sarepartic-
ularly easyto “tune” andgiveexcellentresults(at leastfor this
example).
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Figure 1: Magnitudeplots of estimatesusing (a) Nonlinear
leastsquares,(b) Nonlinearleastsquareswith frequency scal-
ing, (c) Tchebyshev polynomials.The truesystemappearsin
all plotsasa dashedline.

6 Real Data from a Resonant Beam

Finally, we presentestimationresultsfor real frequency re-
sponsedatacollectedfrom a resonantbeam[12]. The exper-
imental dataspansapproximately2 decadesand is shown in
Figure3 by thedots. Also shown in Figure3 is theestimated
frequency responseobtainedby applying the FLBF method.
Again it would seemthatanexcellentfit hasbeenobtained.

Remark: Again the authorshastento add that other re-
searchershave beenable to obtain excellent fits to the fre-
quency domaindataby other methods. We are only able to
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Figure2: Magnitudeplotsof estimatesusing(a)Laguerrebasis
functions,(b) Frequency LocalisingBasisFunctions.Thetrue
systemappearsin all plotsasadashedline.
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Figure 3: ResonantBeamData. Dots - ExperimentalData,
Solid - EstimatedModel usingFLBF’s

statethattheFLBF methodwasagaineasyto tune(with break
frequenciesbeinglogarithmicallyspaced)andappearsto give
anexcellentresult.

7 Conclusion

We have describedin this paperFrequency LocalisingBasis
Functions(FLBF’s) aimed at improving the numericalcon-
ditioning of the normal matrix in least squaresestimation.
Specificallywe haveshown for a MA modeltypestructurethe
conditionnumberof the normalmatrix is independentof the
dynamicfrequency range. We have alsocompareda number
of differentmethodsusinga simulatedexampleandreal data
from a resonantbeam.
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