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Abstract

A well known difficulty in systemidentificationover a large
bandwidthis the ill-conditioning of the normal matrix. This
typically manifestdtself aspooror erroneousstimates.Sev-
eral methodshave beenproposedn the literaturefor address-
ing this issue. However, noneappearto give an entirely sat-
isfactory solution. Here we presenta novel technique,util-
ising particularbasisfunctions,aimedspecificallyat improv-
ing the numericalpropertiesof the leastsquaresnormal ma-
trix in transferfunction estimationover a wide bandwidth.We
shav that, undersomemild assumptionsthe achieved con-
dition numberis actuallyindependenbf the frequeng range.
Several examplesare presentedshoving the superiorperfor
manceof the proposednethodwhenappliedto wide-bandes-
timationproblems.

1 Introduction

A linearsingleinput singleoutput(SISO)dynamicsystemcan
be characterisedby the ratio of two polynomials. In system
identificationthereis often a need,or desire,to estimatethe
coeficientsof thesepolynomialsfrom experimentallyobtained
data.

Onecaneitherperformthe estimationin thetime or frequeng
domain[9; 10]. Frequeng domainidentificationis usuallypre-
ferred over that of the time domainwhen the excitation sig-
nal is periodic. A numberof advantagesassociatedvith fre-
gueny domainidentificationhave beenoutlinedin the litera-
ture[8; 14]. Theseinclude,the easeof noisereduction(only
frequenciesvhereexcitation is provided are usedin the esti-
mation procedure) datareduction(throughthe useof a non-
parametrianodelof the systemin the frequeng domain),the
easeof combiningdatafrom differentexperimentsandmodel
validation (periodic excitation provides a good frequeny re-
sponsemodel at the excitation frequencies).Also, modelling
of continuougime systemss mucheasielin thefrequeny do-
main.

Herewe will usethe continuouscasefor easeof presentation.
However, it is well known [11] thatdiscretesystemsapproach
this continuougime formatasthe samplingrateincreases.
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We will modelthe systemby a transferfunction, G(s), asfol-
lows:

B(s)
= 1
G = 0y @)
wherethe polynomialsaredefinedby
B(s) = bps™ + bm_1s™ 4+ bis+bo (2
A(s) = 8"+ an_18" 1 4+ 4+ a15 + ao. 3

Theestimatiomproblemof interestcanbestatedastheproblem
of minimisinga costfunction of the following genericform:

1 T
T/e(t)zdt
0

wheree(t) denotesa suitablydefinedpredictionerror. For ex-
ample,we could utilise anoutputerrorfunctionwhere

e(t) = y(t) —§(t) (5)

andg(t) denotesheoutputof amodelhaving transferfunction

J= 4)

G= B0
A(s)

(6)

wherethe superhat indicatesthat the polynomialsare evalu-
atedat someestimateof the parameterse.
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Using Parseval’'s Theorem Equation(4) canalsobe expressed
(asymptotically)in the frequeny domainas

0:[&0, sy &n—lybOa

o0

/ le(je)[? dw

0

J= (8)

Whentheinputcomprisesfinite setof sinusoidatomponents

(sayws, - . . ,wn) thenEquation(8) becomes
N
T =" le(jor) [’ ©)
k=1
In theoutputerrorcase Equation(9) canalsobewritten
N 2
J = |H(w) - GGwo)| bulr)  Q0)

k=1



whereH (jwy,) denotesheempiricaltransferfunctionestimate
atwy, andey, (wy) denotegheinput power atfrequeny wy.

As the costfunction, Equation(10), is nonlinearin the param-
eters,to apply linear leastsquaredo estimatethe parameters
of the polynomials,it was suggested7] that the problembe
linearisecby multiplying throughby the denominatord (jwy,).
Equation(10) thenbecomes

2 ¢uu (wk)

5 (11)
(Ajeon)

N
T = [AGen) Her) - Blwe)|
k=1

If we replacefi(jwk), in the denominator by an estimate
E(jwy), thenwe obtainthefollowing quadraticcriterion

N
J =
k=1

2 ¢uu(wk)
| E(jwr)|?

A(jwr)H (jwr) — B(jwk)‘ (12)

In early literature, the polynomial E(jwy) was taken as 1.
However, thistechniquesxhibitsanumberof undesirablgrop-
erties.Firstly, high frequeng errorsareinherentlygivenmore
weightingwhich correspondinglyieldspoorresultsatlow fre-
gueng. Secondlythenormalmatrix formedusingthis method
is susceptibléo extremeill-conditioning. Thisill-conditioning
arisesdueto thelarge dynamicrangeof the entriesin the nor-
mal matrix aswell it is highly correlatedsinceevery frequeny
will influenceevery coeficient thatis beingestimated.If, for
instancethe frequeny rangespans3 decadesindthe system
is of 5th orderthenthedynamicrangewill be,ataminimum,
1015 : 1.

An iterative methodwasproposed15] to overcomethe poor
low frequeng fit by applying a weighting of 1/|A’(jwy)|?
which is basedon the estimatefrom the previous iteration.
However, this did not addresghe ill-conditioning of the nor-
mal matrix.

Frequenyg scaling[3; 14] is a meansof improving the numer
ical stability of the normalmatrix. Onecommonapproachis
to scalethe frequeng axis by the arithmeticmeanof the mini-
mumandmaximumfrequencie®f interest,.e.

Wmin T Wmaz

Wscale = 9 (13)

The use of orthogonalpolynomials[1; 3] have beenusedto
furtherimprove the numericalpropertiesof the normalmatrix.
Specifically the above authorsdiscussthe useof Tchebychg
polynomialsin the re-parameterisatioof the model,Equation
(1), suchthat

B(jw) =Y beg* (jw) (14)
k=0
A(jw) =1+ arg* " (juw) (15)

k=1

whereg* arekth ordermodified Tchebyche polynomials.

Interesthasalsofocussenre-parameterisinthemodelusing
orthonormalbasisfunctions[16; 17; 2; 4]. For example,the
following basisfunctionwasproposed?]

7 a V2 x Re{py}
k(s) S ————

s+ pr QOn_l(S), (16)
k _
Pn(s) 2 Hj;—ij Jpo(s) 21. (17)

=1

Themodel,givenin Equation(1), is thenre-parameteriseds

B(s "

EES? =bo + kEZI b F.(s) (18)

A n

Eg —1+ kzﬂ ax Fi (s) (19)
whereE(s) = ﬁ (s+p1)

l

The basisfunctionsformedin Equations(16) and (17) when
pr = p € R correspondo the well known Laguerrefunc-

tions[16]. Theseorthonormabasisfunctionsallow for perfect
conditioningof the normalmatrix for a white input spectrum.
However, it hasalso beenshavn [13] that thesebasisfunc-

tionsexhibit somedegreeof robustnessvith respecto spectral
colouringof theinput.

1

In generawhensolvingtheleastsquaregproblem,the normal
matrix shouldnot be explicitly formed. Thereexists a num-
ber of techniqueghat offer methodsto solve theleastsquares
problemwithout explicitly forming and inverting the normal
matrix [5]. TheseincludeCholeslky FactorisationHousehoul-
derTransformatiorand QR Factorisation.The above methods
work towards constructinga matrix factorisationof the least
squaresiormalequationfrom orthogonalcomponentsnvolv-
ing numericallyrobust equations. Thesemethodsamountto
improving the conditioningby takingthe squareroot of there-
gressiomrmatrix. Clearlythisimprovesthenumericalproperties
relativeto bruteforceapproachedNonethelessf thecondition
numberof the regressiormatrix is very poor, thenthesemeth-
odswill notresohetheproblem.

For clarity, in this paperwe usefrequeng responselatato es-
timatethe two frequengy dependanpolynomialswhich char

acterisea dynamiclinear SISO system. However, dueto the

Parseval relationshipbetweertime andfrequengy domain,the

samegeneralconclusionswill hold for time domainmethods.
We will alsoutilise aform of estimatiornwith quadraticcostas
in Equation(12). However, readerswvho arefamiliar with this

field will appreciatethat similar qualitatve conclusionshold

for variousiterative algorithmswhereE(jwy, ) is basedon past
estimates.

A key pointin ourapproachs thatour methodrestrictsthe dy-
namicrangeoverwhicheachcoeficientis estimatedy theuse
of frequeng localising basisfunctions (FLBF’s) which span
the desiredfrequeng region. This alsoreduceghe amountof
correlationin the normal matrix. By numericalexampleswe



shav how this methodis superiorto othersoutlinedabove for
asystemwith alargedynamicrange.

Thelayoutof theremaindeiof the paperis asfollows: In Sec-
tion 2 we outlinethe problemformulation. Section3 describes
thefrequeng localisingbasisfunctions(FLBF's) andhow they
are utilised in the leastsquaresproblem. We then presenta
resulton the condition numberfor the normal matrix which
utilisesthe FLBF's in Section4. Simulationresultsare pre-
sentedin Section5. An exampleinvolving real datais dis-
cussedn Section6. Conclusionsaredravn in Section?.

2 Frequency Domain Estimation

We considerthe leastsquaredorm of the estimationproblem
asin Equation(12). Thiscostfunctioncanbewrittenin several
equivalentfashionsge.g.

k=1

B(jwr)
E(jwy,)

A(jwr)
E(jwy,)

Y (jwr) — U(jws) (20)

where{Y (jw)}, {U(jwr)} denoteghetransformof the out-
putandinput datarespectiely. We thenexpandthe quantities

;‘;Ez) and 2% in termsof appropriatébasisfunctionsas

E(s)

Als n

Egsg =1+ kz_:l o Fi(s) (21)
B n
EES; =Y ari(o) (22)

SubstitutingEquations(21) and (22) into Equation(20) leads
to a quadratic function in the unknowvn parametersd
(a1y...,00,051,-..,8,). Theleastsquaressolutionis given

by

6=[X*X]"'[X*Y] (23)
where* denotesomplex conjugateranspose,
6=a1, ... ,én, b1, .o, B ! (24)
-Y]; YL U4 vl
X=| 2 | @)
Vho Yh UL Ul
Y = [Y(jwi), - 5 Y(wn)]" (26)

V]t = Fy(jwr)Y (jwi) and ULl = Fy(jwi)U (jwg).-

Thenormalmatrix canbeidentifiedin Equation(23)as[X * X].
If thenormalmatrix is ‘nearsingular’thenthe solutionfor the
leastsquaresnethodbecomesll-conditioned. The main goal
of the currentpaperis to studythe impactof using different
choicesfor the basisfunctions{ F;(s)} on the conditioningof
the leastsquaregroblem. (Of course the parametewectord
will bedifferentfor eachchoiceof basisfunctions).

In all caseswe utilise the Householdetransformatiorto im-
prove the numericalpropertiesof the estimatego ensurethat

eachmethodis consideredon an equal footing. The least
squaresolutioncanthenbe expresseds:

=Ry (27)
whereR is anuppertriangularmatrix suchthat
TX = [R and TY = [”1] :
0 12

Here ¥ is an orthonormalmatrix constructedyy a productof
Householdetransformation$6].

3 Frequency Localising Basis Functions

The traditional choicesof basisfunctionsdescribedn the lit-
eraturehave the propertythatthey areexactly orthogonalffor a
moving average(MA) typemodel(a; = 0fori = 1,...,n)
andawhite noiseinput,or moresimply, they form anorthonor
mal setin L,. By way of contrast,we proposea setof basis
functions,which are not exactly orthogonalfor ary standard
inputsignalbut which are“nearly orthogonalfor awide range
of inputs. Thuswe tradean exact propertyfor anapproximate
propertywith the aim of achieving robustness. This line of
reasoningmirrors the usualtrade-of that exists betweenper
formance(undersomenominal conditions)versusrobustness
(underotherconditions).

Thebasisfunctionsthatwe proposehave thefollowing form:
k _

H sk lpk_
o ST ’

Fy(s) =

k=1,...,n (28)

Notethatthesdilters have approximately)dB gainin therange
(pr—1, pr) for basisfunction F},. Outsideof thisrangethegain
decreaseby, at least20dB, perdecade.The polesareusually
chosensuchthatthe testsignalfrequenciesorrespondo the
centerof thefilter passbandsThuswe parameteristhesystem
via

A n
=1+ > a1 (o) (29)
B(s) _\
By ~ 2 i) (30)
where  E(s) = ﬁ (s+m) (31)
1=1
=s"+e,_18" 4+ +eg (32)

It is clearlyseerthattheform of parameterisatiois of thesame
natureasthatof othermethoddiscussedn Sectionl.

The key point regardingthesefilters is that they arenon-zero
essentiallyonly for a small setof frequencieghatlie in their
pass-bandHencethe leastsquaresiormalmatrix will take on
anearblock diagonalform.

Themodelparameterisationanbeeasilyexpressedn termsof
theoriginal polynomialby usingthefollowing transformation.



Let
M'(s) = Fy(s)E(s) (33)
=mln_15"*1+...+mf_lsl*1; l=1,...,n
wherel representthelth basisfunction,then
a=Mal +e (34)

wherea ande arethe parametewectorsof A(s) andE(s) re-
spectiely, a* is thevectorof parameteren Equation(29) and

m(l) 0 - 0
1 2
M=|™ ™ (35)
: : 0
My Mi_y ... My

Remark: The basisfunction representatiomgivenin Equa-
tions (29) and (30) is specificallyfor a strictly propermodel,
G(s). If G(s)is bi-properthenthere-parameterisatiofor A(s)
remainsthe same,however re-parameterisatiofor B(s) be-

comes:
n
b, s

S+ Pn

B(s) _

> bt Fi(s) + (36)
=1

wherep,, is thehigh frequeng breakpoint.

4 Condition Number

To give further credibility to the FLBF’s describedabove, we
next explore the conditionnumberof the normalmatrix for a
specialcase In particular we assume:

A.1 ThatanMA typestructureis used(i.e. ai = 0; k =

1,...,n)
A.2 Theexcitationsignalconsist®f sinewavesof unit strength

at frequencies(ws,ws, ...wy) at the geometricmeanof the
pass-bandor eachbasisfunction

A.3 The breakpointdor the basisfunction arelogarithmically
spacedsuchthat

pi+1=7p Wherey >1 (37)

Now the model, re-parameterisetly the frequeng localising
basisfunctions,canbe expressedor asinglefrequeng as

Y (jw) = [F1(w) F(w) ] 60U (jw)

hencetheleastsquaresiormalmatrix becomes
X =[F*U*FU]
~n [ Fr(wr)
k=1

[F (wr) Fo(wr) ] U (jwr)|?

F* (wr)
(38)

where|U (jw)|? = 1 from (A.2).

Now we denoteby h;; the gain appliedto the componentat
frequeny w; by filter F;. Thenthe normalmatrix canbe ex-
presseds

- N _ N _ N _ -
Yohi X hahi > hithin
=1 z—k’ 72 ZN17 )
% hishi
- 2 e 2 hihin (39)
N _ _ N _.
hinhi > hiy
Li=1 =1 .

We considerherea worst casei.e. whenthefilters roll off at
20dB / decade.(Note thatthefilters in Equation(28) actually
roll off at a greaterrate on the down frequeny side). Under
theseconditionsh;; depend®nly ontheabsolutesalueof i —j.
Hencelet

hi 2 hiivk

for all k. (40)

We thenhave

Theorem 1
ProvidedassumptiongA.1) to (A.3) hold andthefilter spacing
is chosersuchthat

ho>2)  |h| * (41)
k=1

Then the condition numberof the leastsquaresnormal ma-
trix, X, formed using frequeng localising basisfunctionsis
boundedindependenbdf the dynamicfrequenyg rangeof the
system.

Proof: Thenormalmatrix X canbeexpresseds:

X=S8S§ (42)
where
ho M hn_1
S= h} (43)
hn—1 h;]

whichis symmetric.Hencetheeigervaluesof X arethesquare
of theeigervaluesof S.

Now from Gershgorins Theorem[5], the eigervaluesof S lie
in theunionof circleswith centreseingthediagonalelements
andradii the sumof the modulusof the off diagonalterms.

It thenfollows that

Amaa(S) < ho +2 Byl

(44)
k=1

Amin(S) < ho =2 [P (45)
k=1

IFor aninfinite numberof filters this conditionis satisfiedvheny = 4.



Dueto assumptior{A.3),

Amaa (S) < 00 (46)
Also, Equation(41) implies

Amin(S) > 0. (47)
This concludeghe proof. O

5 Simulations

To illustratetheperformancef the FLBF'swe choosea highly
resonantsystemof large order that spansseveral decadeof
frequeng. Thesystemis describedy

9

Gr(s) =)

k=1

bkw,%
(82 + 2Cewrs + wi)

(48)

where {w;} spans9 decades.A bodemagnitudeplot of the

true systemis showvn in Figuresl and2 asa dashedine. The

frequeng responsdor the systemwas evaluatedat 36 loga-

rithmically spacedpointsthat spanthe entirefrequeng range
of the system.No noisewasaddedto the frequeng response
dataof the systemfor this comparison. The modelwasthen

estimatedusingthe following methods:

i. NonlinearLeastSquaregNLS)

ii. NonlinearLeastSquareausing Frequeng Scalingasin
Equation(13) (NLSFS)

iii. Tchebyshe Polynomialg(TP)

iv. LaguerreBasisFunctionswith the poleschoserby a dis-
cretisedsearctbetweerthe minimum andmaximumfre-
gueng, soasto give the bestfit, accordingto the criteria
in Tablel (LBF)

FLBF’'s with breakpoints chosenogarithmically spaced
betweerminimumandmaximumfrequeng. (FLBF)

It is alsonotedthat Kautz basisfunctionswhereevaluated but
given the low numberof excitation signalsthe authorswere
unableto obtaina satisactoryfit.

Estimationwas carried out basedon measuredrequeng re-
sponsealatausingcriterion (12) taking ¢y, (jwr) = 1 Vk.

Table 1 compareghe conditionnumberof the normal matrix
for the above choices. Note that the conditionnumberfor all

the choicessave for the FLBF's is very poorindeed. The ta-
ble alsocompareghe meansquareerrorsandmaximumerror
betweertheestimatednodelandthetruemodelatthefrequen-
ciesof excitation. It is obsenedthatthe FLBF methodprovides
the superiomrmodelfit.

Figuresl and2 comparethe magnitudef the estimatedre-
gueng responsavith thatof the true system.Thetrue system
is plottedasa dashedine, the estimatesasa solid line.

Method Cond.# L, Cost L, Cost
NLS | 5.8950e+175 2.7292e+003 105.2499

NLSFS | 1.0642e+044 848.2818 68.5336
TP 6.0597e+022] 898.3536 68.2660
LBF 8.0111e+017 69.5152 37.9211
FLBF 4059 9.5976e-023| 5.3152e-011

Tablel: Comparisonsf DifferentMethods

Remark: It canbe seenfrom Figures?2 thatthe FLBF's are
the only procedureto give an acceptabldit to the dataover
thefull frequeng range.The authorsacknavledgethatit may
well be possibleto choosehe various“free parametersin the
othermethodsto obtaina goodfit. Somestepsweretakento
achieve this but clearly we cannotclaim to have exhaustedall
possibilities.However, it doesseenthatthe FLBF's arepartic-
ularly easyto “tune” andgive excellentresults(at leastfor this
example).

Magnitude (dB)
o
T

I I
10' 10°
Frequenép)(radlsec)
T T

Magnitude (dB)
o
T
|

Magnitude (dB)
o
T

-100 L L L

1(‘)1 1(‘12
Frequency (rad/sec)
Figure 1: Magnitudeplots of estimatesusing (a) Nonlinear
leastsquares(b) Nonlinearleastsquareswith frequeny scal-

ing, (c) Tchebyshe polynomials. The true systemappearsn
all plotsasa dashedine.

6 Real Data from a Resonant Beam

Finally, we presentestimationresultsfor real frequeng re-

sponsadatacollectedfrom a resonanbeam[12]. The exper

imental dataspansapproximately?2 decadesandis shown in

Figure3 by the dots. Also showvn in Figure3 is the estimated
frequeng responseobtainedby applying the FLBF method.
Againit would seemthatanexcellentfit hasbeenobtained.

Remark: Again the authorshastento add that other re-
searchershave beenable to obtain excellent fits to the fre-
quengy domaindataby other methods. We are only able to
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Figure2: Magnitudeplotsof estimatesising(a) Laguerrebasis
functions,(b) Frequeng LocalisingBasisFunctions.Thetrue
systemappearsn all plotsasadashedine.
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Figure 3: ResonanBeamData. Dots - ExperimentalData,
Solid - EstimatedModel usingFLBF's

statethatthe FLBF methodwasagaineasyto tune(with break
frequenciedeinglogarithmicallyspacedandappeargo give
anexcellentresult.

7 Conclusion

We have describedin this paperFrequeng LocalisingBasis
Functions (FLBF’s) aimed at improving the numerical con-
ditioning of the normal matrix in least squaresestimation.
Specificallywe have shavn for aMA modeltype structurethe
condition numberof the normal matrix is independenbf the
dynamicfrequeng range. We have also compareda number
of differentmethodsusinga simulatedexampleandreal data
from aresonanbeam.
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