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Abstract

This paperaddressesthe problemof the determinationof re-
gionsof stabilityfor linearsystemswith amplitudeandsucces-
sive dynamicsrestrictedactuatorthroughanti-windupstrate-
gies. Theobjective by designinganti-windupgainsis to guar-
anteethestability of theclosed-loopsystemandtherespectof
thecontrolledoutputconstraintsfor aregion of admissibleini-
tial statesaslarge aspossible.Basedon the modelingof the
closed-loopsystemresultingfrom thecontrollerplustheanti-
winduploopasa linearsystemwith adead-zoneanddynamics
restrictednonlinearities,constructive stability conditionsare
formulatedby using quadraticand Lure approachassociated
with theFinsler’s lemma.Numericalproceduresarediscussed.

1 Intr oduction

Physical,safetyor technologicalconstraintsgenerallyinduce
that the control actuatorscannotprovide unlimited amplitude
signalsneitherunlimited speedof reaction. That meansthat
thecontrolsystemsaregenerallysubjectto amplitudeanddy-
namicsactuatorsaturations. The control problemsof com-
bataircraftprototypesandlaunchersoffer interestingexamples
of the difficulties due to thesemajor constraints.Neglecting
bothamplitudeanddynamicsactuatorlimitationscanbesource
of undesirableevencatastrophicbehaviors for theclosed-loop
system(asthe lost of theclosed-loopstability) [4]. For these
reasons,the studyof the control problemor analysisstability
problemwith respectto systemssubjectto bothamplitudeand
rateactuatorsaturationshasreceivedtheattentionof many re-
searchersin thelastyears(see,for example,[20], [9], [11]).

Theanti-windupfits theapproachconsistingin takinginto ac-
counttheeffect of saturationsin a secondstepaftera previous
designperformeddisregardingthesaturationterms.Theobjec-
tive thenconsistsin introducingcontrolmodificationsin order
to recover, asmuchaspossible,theperformanceinducedby a
previousdesigncarriedouton thebasisof theunsaturatedsys-
tem.In particular, anti-windupschemeshavebeensuccessfully
appliedin orderto avoid or minimizethewindupof theintegral
actionin PID controllers,largelyappliedin theindustry. In this
case,mostof therelatedliteraturefocuseson theperformance

improvementin thesenseof avoidinglargeandoscillatorytran-
sientresponses(see,amongothers,[2], [1], [7]).

More recently, a specialattentionhasbeenpaid to the influ-
enceof theanti-windupschemesin thestabilityandtheperfor-
mancesof the closed-loopsystem(see,for example,[3], [5],
[12], [14], [15], [17], [19]). Several resultson theanti-windup
problemare concernedwith achieving global stability prop-
erties. Sinceglobal resultscannotbe achieved for open-loop
unstablelinearsystemsin the presenceof actuatorsaturation,
local resultshave to be developed. In this context, a key is-
sueconcernsthe determinationof domainsof stability for the
closed-loopsystem.Most of the local resultsavailablein the
anti-windupliteraturedo not provide explicit characterization
of the domainof stability. It is worth to noticethat the basin
of attractionis modifiedby theanti-winduploop. If theresult-
ing basinof attractionis not sufficiently large,the systemcan
presenta divergentbehavior dependingonits initializationand
theactionof disturbances.

In this paper, we considerthe structureof the observer-based
anti-windup[2, 1]. With respectto this structure,we cancite
[12] in which passivity argumentsare invokedor still [18] in
whichalocal

�
∞ designis providedin termsof matrixinequal-

ities. More recently, in [6], someconstructive conditionsare
proposedboth to determinesuitableanti-windupgainsandto
quantify theclosed-loopregion of stability in thecaseof am-
plitude saturationactuator. Dif ferently from the paperscited
above, in this paperwe focusour attentionon linear systems
with amplitudeandsuccessivedynamicsrestrictedactuatorand
boundedcontrolledoutputs.Ouraim is thecharacterizationof
stability regionsfor this classof systemsthroughanti-windup
strategies. Especially, we are interestedin the anti-windup
gainsdesignin orderto ensuretheclosed-loopstability for re-
gionsof admissibleinitial statesas large as possible. Based
on the modelingof the closed-loopsystemresultingfrom the
controllerplus the anti-winduploop as a linear systemwith
a dead-zoneanddynamicsrestrictednonlinearities,construc-
tive stability conditionsareformulatedby usingquadraticand
Lureapproachesassociatedwith theFinsler’s lemma.Numer-
ical proceduresbasedon thesolutionof someiterative convex
optimizationproblemswith LMI constraintsareproposedfor
computingtheanti-windupgainsthatleadto themaximization
of thesizeof theassociatedregion of stability. At our knowl-
edge,thecurrentpaperconstitutesthe first studywith respect
to theconsideredclassof systems.



Notations.For any vectorx � ℜn, x � 0 meansthatall thecom-
ponentsof x, denotedx� i � , arenonnegative.For two vectorsx, y
of ℜn, thenotationx � y meansthatx� i ��� y� i �
	 0, � i � 1 
�������
 n.
1 and 0 denoterespectively the identity matrix and the null
matrix of appropriatedimensions.The elementsof a matrix
A � ℜm � n aredenotedby A� i � j � , i � 1 
�������
 m, j � 1 
�������
 n. A� i �
denotesthe ith row of matrix A. �A � is the matrix constituted
from the absolutevalueof eachelementof A. For two sym-
metricmatrices,A andB, A � B meansthat A � B is positive

definite. A� denotesthe transposeof A. 1m

���� 1 ����� 1����� ℜm.
For any vectoru of ℜm onedefineseachcomponentof satu0 � u�
by satu0 � u� i � � � sign� u� i � � min� u0� i � 
!� u� i � � � , i � 1 
�������
 m.

2 ProblemStatement

In this paper, we considera classof nonlinearsystemswhich
are obtainedby cascadinglinear systemswith actuatorcon-
taining somenonlinearitiesof saturationtype. The actuator
under considerationis a dynamic systemcontainingampli-
tudeanddynamicsrestrictions,that is, it is describedvia suc-
cessive time-derivativesof the input of the plant. By setting
xa �#" u� u̇�$����� u� q% 1� �'& � � ℜmq andya � satu0 � u�(� ℜm

whereu� q� denotestheq-ordertime-derivativeof u, themodel
of theactuatorreadsasfollows:)***+ ***, ẋa � t �-� Aaxa � t �
. Ba0satu0 � Caxa � t �/�. q% 1

∑
j 0 1

Baj satu j � satu0 � Caxa � t �/� � j � �
. Baqyc � t �
ya � t �-� satu0 � Caxa � t �1� (1)

wherexa is thestateof theactuator, ya is themeasuredoutput
of the actuatorand yc � ℜncp is the output of the controller.
MatricesAa, Baj , j � 0 
�������
 q, andCa aredefinedby:

Aa �
2333333334

0 1 0 0 ����� 0
0 0 1 0 ����� 0
...

...
...

... ����� 1 0
0 ���5� �5��� 0 1
0 ���5� �5��� 0 0

68777777779 � ℜmq� mq

Baj � " 0 0 �����:����� 0 T �j & � � ℜmq� m

Ca � " 1 0 �����;�5��� 0 0 &<� ℜm � mq

(2)

Sucha model is the type of actuatorencounteredin the con-
trol of launchers(see[16] in which m � 1 andq � 2). In (1),
thepositivevectorsu0 andu j , j � 1 
��5����
 q � 1, maybeviewed
asboundson the positionandthe successive dynamicsof the
actuatorstate. Thus, it clearly appearsthat onecannothave
simultaneouslypositionanddynamicssaturation.

Theplantis a linearcontinuous-timesystemdefinedas:)+ , ẋ � t �=� Ax� t �
. Bya � t �
y � t �=� Cx � t �
z� t �>� C2x � t � (3)

wherex � ℜn, y � t �?� ℜp andz� t �@� ℜl arethestate,themea-
suredoutput and the controlledoutput vectors,respectively.

MatricesA, B, C andC2 arereal constantmatricesof appro-
priatedimensions.ya � ℜm is both theoutputof the actuator
andtheinputof theplant.

Without saturationterms,that is with satu0 � Caxa �@� Caxa � u

and satu j � satu0 � Caxa � t �/� � j � �A� Cax
� j �
a � u

� j � , j � 1 
����5��
 q � 1,
system(1)-(3) is linearandreads:)**+ **, ẋ � t �-� Ax� t �
. Bu� t �

ẋa � t �-� � Aa .B" Ba0 ����� Baq% 1 & � xa � t �C. Baqyc � t �
y � t �(� Cx � t �
z� t �-� C2x � t � (4)

Under the � A 
 B� -controllability and � C 
 A� -observability as-
sumptions,we assumethat an nc-order dynamic output sta-
bilizing controllerhasbeendeterminedto stabilizethe linear
system(4) andis describedasfollows:D

η̇ � t � � Acη � t �
. Bcy � t �
yc � t �=� Ccη � t �
. Dcy � t � (5)

whereη � t �-� ℜnc is thecontrollerstate,uc � t �E� y � t � is thecon-
troller inputandyc � t �F� ℜncp is thecontrolleroutput.

Furthermore,dueto thepresenceof thesaturationterms,in or-
der to mitigate the undesirableeffects of windup, causedby
inputsaturation(dueto ya measurablevariableof theactuator),
an anti-windupterm � satu0 � Caxa � t �/� � Caxa � t �/� can be added
to the controller[14] throughadequategain. Thus,consider-
ing the dynamiccontrollerand this anti-windupstrategy, the
closed-loopsystemreads:)***********+ ***********,

ẋ � t �-� Ax� t �
. Bsatu0 � Caxa �
ẋa � t �E� Aaxa � t �C. Ba0satu0 � Caxa � t �/�. q% 1

∑
j 0 1

Bajsatu j � satu0 � Caxa � t �/� � j � �
. Baqyc � t �
η̇ � t �-� Acη � t �
. Bcy � t �C. Ec � satu0 � Caxa � � Caxa � t �/�
y � t �-� Cx � t �
yc � t �-� Ccη � t �
. Dcy � t �
. Fc � satu0 � Caxa � � Caxa � t �/�
z� t �-� C2x � t �

(6)

where Ec and Fc are the two anti-windup gains to be de-
termined. It is worth noticing in system (6) that if the
ith componentof the amplitudesaturationis effective (i.e.,�Ca� i � xa ��� u0� i � ) thenthecorrespondingcomponentof thesuc-
cessive dynamicssaturationdoesnot affect the system(i.e.,
satu j � satu0 � Ca� i � xa � t �/� � j � �-� 0, j � 1 
�������
 q � 1).

Problem1 Determineanti-windupgainsEc andFc, anda set
S0 such that:
1. Theasymptoticstability of theclosed-loopsystem(6) is en-
sured for any " x � 0�G� xa � 0�H� η � 0�H�I& � � S0, where S0 is as
largeaspossible.
2. For any " x � 0� � xa � 0� � η � 0� � & � � S0 themeasuredoutput
z takesvaluesin theset J 0 definedby:J 0 �LK z � ℜl ; � z0 M z M z0 
 z0� i � � 0 
 i � 1 
�������
 l N (7)

Theimplicit objectivein Problem1 is to computeEc andFc for
enlarging thebasinof attractionof theclosed-loopsystem.



3 Preliminaries

Let usfirst definetheq nonlinearitiesφ0 andφ j , j � 1 
�������
 q � 1:

φ0 � Caxa � t �/�-� ya � t � � Caxa � t �-� satu0 � Caxa � t �/� � Caxa � t � (8)

φ j � Caxa � t �/�=� satu j � y� j �a � t �/� � y
� j �
a � t �� satu j � satu0 � Caxa � t �/� � j � � � satu0 � Caxa � t �/� � j �

(9)
Fromthedefinitionof φ0, onegets

satu0 � Caxa � t �/� � j � � φ
� j �
0 � Caxa � t �1�
. Cax

� j �
a � t � (10)

Therefore,thesystem(6) canbewrittenin acompactform. For
this,definetheextendedstatevector

ξ � t � � " x � t � � xa � t � � η � t � � & � � ℜnO mqO nc (11)

andthefollowing matricesof appropriatedimensionsP � 24 A BCa 0
BaqDcC � Aa . " Ba0 �5��� Baq% 1 &Q� BaqCc

BcC 0 Ac

69R
0 � 24 B

Ba0

0

69 ;
R

j � 24 0
Baj

0

69 ;
R

q � 24 0
Baq

0

69S � 24 0
0
1

69 ; TB� " 0 Ca 0 & ; U 2 � " C2 0 0 &
(12)

for j � 1 
�������
 q � 1. Thus,theclosed-loopsystemreads:)***+ ***, ξ̇ � t �V� P
ξ � t �
. � R 0 . S Ec . R qFc � φ0 � T ξ � t �1�. q% 1

∑
j 0 1

R
j � φ j � T ξ � t �/�
. φ

� j �
0 � T ξ � t �1�/�

z� t �W� U 2ξ � t � (13)

In the sequel for simplicity, φ0 � T ξ � t �/� , φ j � T ξ � t �/� and

φ
� j �
0 � T ξ � t �/� , j � 1 
������5
 q � 1 will be denotedφ0, φ j andφ

� j �
0 .

Note that in theabsenceof saturationonegetsφ0 � 0, φ j � 0

andφ
� j �
0 � 0 andby hypothesisthematrix

P
is assumedto be

asymptoticallystable.

Thenonlinearityφ0 is decentralized,memorylessandsatisfies
the following sectorcondition [13] for any diagonalpositive
definitematrixT0:

φ �0T0 � φ0 . Λ0 T ξ �AX 0 (14)

providedthatξ takesvaluesin S� TY
 uλ
0 �

S� TY
 uλ
0 � � D

ξ � ℜnO mqO nc ; � T � i � ξ �ZX u0� i �
1 � λ0� i � 
 i � 1 
��5����
 m[

(15)
whereΛ0 is a positivediagonalmatrixwith Λ0� i � i � � λ0� i � .
From the definitionof eachcomponentof φ j , j � 1 
��5����
 q � 1,
oneverifies that for any diagonalpositive definitematrix Tj ,
j � 1 
��5����
 q � 1:

φ � jTj � φ j . Λ j T ξ � j � �(X 0 (16)

providedthatξ takesvaluesin S� T\
 uλ
j �

S� T\
 uλ
j ��� D

ξ � ℜnO mqO nc ; � T]� i � ξ � j � �^X u j � i �
1 � λ j � i � 
 i � 1 
����5��
 m[

(17)
whereΛ j is a positivediagonalmatrixwith Λ j � i � i � � λ j � i � .
Furthermore,wecanexpressinherentpropertiesrelatingφ0, φ j

andφ
� j �
0 .

Lemma 1 Thenonlinearitiesφ0, φ j andφ
� j �
0 satisfythefollow-

ing propertiesfor j � 1 
����5��
 q � 1:� T ξ � j � . φ
� j �
0 � � φ � j �0 � 0 ; � T ξ � j � . φ

� j �
0 � � φ0 � 0 (18)

φ � jφ0 � 0 ; φ � jφ � j �0 � 0 ; φ � jφ � j O 1�
0 � 0 (19)

4 Stability conditions

Someconditionsin termsof matrix inequalitiesarenow pre-
sentedby usingboth quadraticLypunov and Lure Lyapunov
functions.For this,definethevectorsΦd

0, Φ1 andU1:

Φd
0 �

233334
φ̇0

φ
� 2�
0
...

φ
� q% 1�
0

6 77779 ; Φ1 � 23334 φ1

φ2
...

φq% 1

6 7779 ; U1 � 23334 u1

u2
...

uq% 1

6 7779 (20)

andtheaugmentedmatrices_
1 � " R 1 ����� R

q% 1 & ; `a� 234 T P
...T P q% 1

6 79 (21)

4.1 Quadratic approach

Considera quadraticcandidateLyapunov functionV � ξ � :
V � ξ � � ξ � Pξ with P � P� � 0 (22)

Proposition1 If there exist matricesof appropriate dimen-
sionsP � P� � 0, Ec, Fc, F, G, H, J, L, diagonalmatricesb

3,
b

4 and
b

5, diagonalpositivematricesT0, c 1,
b

2, Λ0, d 1,
positivescalarγ satisfying124 M1 e e

M2 M4 e
M3 M5 M6

69gf 0 (23)h
P e� 1 � λ0� i � �iT � i � γu2

0� i �kj 	 0 
 i � 1 
�������
 m (24)h
P e� 1 � d 1� i � �H` � i � γU2

1� i � j 	 0 
 i � 1 
����5��
 mq (25)

1Thesymbol l standsfor symmetricblocksin matrix inequalities.



h
P eU 2� i � γz2

0� i � j 	 0 
 i � 1 
��5����
 l (26)

0 X Λ0
f 1 ; 0 Xmd 1

f 1 (27)

with M1 n oqp!r F r�s F p tP u F r s Gp u G u Gr@v , M2 no u T0Λ0 w s<x y 0 sFz Ec sFy qFc { r F r|s H p�s(} 3~ u H s�x y 0 sFz Ec sFy qFc { r Gr� r1F r s J p u(� 1� 1~ � r1Gr u J v ,
M3 n � L p�s � r1F r�s(} 2~ u L s � r1Gr�� , M4 no u 2T0 s�x y 0 s-z Ec sFy qFc { r H r5s H x y 0 sFz Ec sFy qFc { t} 4 s � r1H r�s J x y 0 sFz Ec sFy qFc { u 2� 1 s � r1J r|s J

�
1 v ,

M5 n � � r1H r�s L x y 0 s-z Ec sFy qFc { s(} 3
� r1J r�s L

�
1 s(} 5 � , M6 nu 2} 2 s � r1L r s L

�
1, then the gains Ec, Fc and the set

S0 �BK ξ � ℜnO mqO nc ;ξ � Pξ X γ % 1 N solveProblem1.

Proof. ConsiderthequadraticfunctionV � ξ �@� ξ � Pξ with P �
P��� 0 (definedin (22)). Throughouttheproof,thedependence
of t of the vectorsconsideredis omittedfor easeof notation.
Hence,wewantto satisfysimultaneously�

0 � V̇ � ξ � � ξ̇ � Pξ . ξ � Pξ̇ f 0�
1 � � 2φ �0T0 � φ0 . Λ0T ξ � 	 0�
1 j � � 2φ � jTj � φ j . Λ j T ξ � j � � 	 0 
 j � 1 
��5����
 q � 1�
2 j � 2 � T ξ � j � . φ

� j �
0 �G� N2 jφ

� j �
0 � 0 
 j � 1 
����5��
 q � 1�

3 j � 2 � T ξ � j � . φ
� j �
0 �G� N3 jφ0 � 0 
 j � 1 
������5
 q � 1�

4 j � 2φ � jN4 jφ0 � 0 
 j � 1 
����5��
 q � 1�
5 j � 2φ � jN5 jφ

� j �
0 � 0 
 j � 1 
��5����
 q � 1

(28)

whereT0, Tj andN2 j arediagonalpositive matrices.N3 j , N4 j

andN5 j arediagonalmatrices.

Considernow from (20) and(21) thefollowingdefinitions:

ζ � 233334
ξ � t �
ξ̇ � t �
φ0

Φ1

Φd
0

6 77779 ; �B� 233334
0 P 0 0 0
P 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

6 77779 ; ��� 233334
F
G
H
J
L

6 77779� � " P � 1 � R 0 . S Ec . R qFc � _
1

_
1 &

The satisfactionof V̇ � ξ � f 0 along the trajectoriesof the
closed-loopsystem(13) is equivalentto satisfy:

ζ � � ζ f 0 

� ζ suchthat
� ζ � 0 
 ζ �� 0

Before using the Finsler’s lemma [8], note some use-
ful properties. In particular from the definitions of ma-
trices given in (2), (12) and (21), one can verify thatT ξ � j � ��T P j ξ. From this, we can re-write in a more
compact form the expressions of

�
1 j ,

�
2 j ,

�
3 j ,

�
4 j

and
�

5 j by defining c 1 � diag � " T1 ����� Tq% 1 & � , d 1 �
diag � " Λ1 �5��� Λq% 1 & � , b k � diag � " Nk1 ���5� Tkq% 1 & � ,
k � 2 
 3 
 4 
 5.

By applying the Finsler’s lemma[8], it follows that if there
existsa matrix � suchthat

ζ r � �C���!���!��r �Qr��-������ 0 0 �i� rΛ0T0 ��� r � 3 � � r � 1� 1 � r � 2
0 0 0 0 0� T0Λ0 � � � 3� 0 � 2T0 � 4 � 3� � 1� 1� 0 � 4 � 2� 1 � 5� 2� 0 � 3 � 5 � 2� 2

  ¡¡¡¡¢¤£ ζ ¥ 0 (29)

then � ξ � S� TY
 uλ
0 ��¦ S� T§
 uλ

j � , j � 1 
��5����
 q � 1, it follows that
V̇ � ξ � f 0. Hence,provided that relation (23) is verified and
ξ � S� TY
 uλ

0 �
¦ S� TY
 uλ
j � , j � 1 
�������
 q � 1, it follows that (29) is

verified and thereforeV � ξ � is a stricly decreasingLyapunov
functionfor theclosed-loopsystem.̈

In Proposition1, thereappearsomenonlinearitiesin particu-
lar dueto theproductbetweenthemultipliers(F, G, H, J and
L) andthegainsof theanti-windupEc andFc. Moreover, the
satisfactionof relation(23) meansthatG�Q. G � 0 andthere-
fore matrix G mustbenonsingular. Fromthis fact anda suit-
ablechoiceof multiplierswith anadequatechangeof variables
simplify a majorpartof theinequalitiesof Proposition1.

Corollary 1 If there exist matricesof appropriatedimensions
W � W � � 0, S,Z1, Z2, V1, V2, diagonalpositivematricesΛ0,d 1, R0, R1, R2, positivescalarγ satisfying©ªªª« Sp�r/s(p Sr t t t tW u S s(p Sr u S u Sr t t tu Λ0 w Sr s R0 y r0 s Z r1 z r s Z r2 y rq R0 y r0 s Z r1 z r s Z r2 y rq u 2R0 t tR1

� r1 u � 1~ Sr R1
� r1 V1 u 2R1 tR2

� r1 s ~ Sr R2
� r1 0 V2 u 2R2

¬ ­­­®°¯ 0

(30)h
W e� 1 � λ0� i � �iT � i � S� γu2

0� i �kj 	 0 
 i � 1 
��5����
 m (31)h
W e� 1 � d 1� i � �G` � i � S� γU2

1� i � j 	 0 
 i � 1 
������5
 m� q � 1� (32)h
W eU 2� i � S� γz2

0� i � j 	 0 
 i � 1 
�������
 l 
 (33)

0 X Λ0
f 1 ; 0 Xmd 1

f 1 (34)

then the gains Ec � Z1R% 1
0 , Fc � Z2R% 1

0 and the S0 ��K ξ �
ℜnO mqO nc ;ξ � S% 1W � S�5� % 1ξ X γ % 1 N solveProblem1.

4.2 Lur e approach

Let usnow consideraLurecandidateLyapunov functionV � ξ � :
V � ξ �(� ξ � Pξ � 2∑m

i 0 1 ± w@² i ³ ξ0 φ0� i � � σ � N0� i � i � dσ� 2∑q% 1
j 0 1 ∑m

i 0 1 ± φ
² j ³
0² i ³ O w ² i ³ ξ ² j ³

0 φ j � i � � σ � Nj � i � i � dσ
(35)

with P � P�´� 0, N0 andNj diagonalpositive matrices. One

getsV � ξ �@� 0 for all ξ � S� TY
 uλ
0 � q% 1µ

j 0 1

S� TY
 uλ
j � , ξ �� 0.

Proposition2 If there exist matricesof appropriate dimen-
sionsP � P�-� 0, Ec, Fc, F, G, H, J, L, diagonalmatricesb

3,
b

4 and
b

5, diagonalpositivematricesT0, c 1,
b

0,
b

1,
b

2,
Λ0, d 1, positivescalar γ satisfyingrelations(24), (25), (26),
(27)and 24 M1 e e

M̃2 M4 e
M3 M5 M6

69gf 0 (36)



with M1, M3, M4, M5, M6 definedin Proposition1 and M̃2 ¶· � T0Λ0 � ��� ¸ 0 �!¹ Ec ��¸ qFc £ r F r � H º � � 3� � H ��� ¸ 0 ��¹ Ec �!¸ qFc £ r Gr � � 0�» r1F r � JºQ� � 1� 1� » r1Gr � J � � 1� ¼ then the

gainsEc, Fc andthesetS0 �½K ξ � ℜnO mqO nc ;V � ξ �FX γ % 1 N solve
Problem1.

Proof. Theprooffollowsthesamelinesasthatoneof Proposi-
tion 1 by consideringtheLurefunctiondefinedin (35). Hence,
notethatthetime-derivativeof this functionV � ξ � reads:

V̇ � ξ �¾� ξ̇ � Pξ . ξ � Pξ̇ � 2φ �0N0 T ξ̇ � 2Φ �1b 1̀ ξ̇ � 2Φ �1b 1Φ̇d
0� ξ̇ � Pξ . ξ � Pξ̇ � 2φ �0N0 T ξ̇ � 2Φ �1b 1̀ ξ̇

where
b

1 � diag � �N1 
�������
 Nq% 1��� . Indeed,by definitionof dif-
ferentnonlinearitiesonecanprove that Φ �1b 1Φ̇d

0 � 0. There-
fore,onecanremarkthatthenew matrix � is

�¿� 233334
0 P 0 0 0
P 0 � TI� N0 � `@� b 1 0
0 � N0T 0 0 0
0 � b 1̀ 0 0 0
0 0 0 0 0

6 77779
From theuseof this matrix the proof is similar to thatoneof
Proposition1. Moreover, from (35) onehasξ � Pξ X V � ξ � and
the following inclusion K ξ � ℜnO m� q% 1�5O Nc ;V � ξ �ÀX γ % 1 NÂÁK ξ � ℜnO m� q% 1��O Nc ;ξ � Pξ X γ % 1 N holds. Hence, conditions
(24), (25), (26) allow to verify that ξ � S� T§
 uλ

0 �´¦ S� TY
 uλ
j � ,

j � 1 
��5����
 q � 1. ¨
As in Corollary1, anadequatechangeof variablesandof mul-
tipliersexhibits thetwo gainsEc andFc.

Corollary 2 If there exist matricesof appropriatedimensions
W � W �
� 0, S,Z1, Z2, V1, V2, diagonalpositivematricesΛ0,d 1, R0, R1, R2, positivescalarγ satisfyingrelations(31), (32),
(33), (34)and

������� Sº r�� º Sr Ã Ã Ã ÃW � S � º Sr � S � Sr Ã Ã Ã� Λ0 � Sr � R0 ¸ r0 � Z r1 ¹ r � Z r2 ¸ rq R0 ¸ r0 � Z r1 ¹ r � Z r2 ¸ rq ��� Sr � 2R0 Ã ÃR1
» r1 � � 1� Sr R1

» r1 � � Sr V1 � 2R1 ÃR2
» r1 ��� Sr R2

» r1 0 V2 � 2R2

  ¡¡¡¡¡¢ ¥ 0 (37)

then the gainsEc � Z1R% 1
0 , Fc � Z2R% 1

0 and the S0 �ÄK ξ �
ℜnO mqO nc ;V � ξ �@X γ % 1 N , with P � S% 1W � S�5� % 1, N0 � R% 1

0 andb
1 � R% 1

1 , solveProblem1.

Note that if the satisfactionof relation (37) implies that the
Lure function V � ξ � definedin (35) verifies V̇ � ξ � f 0 along
the trajectoriesof the closed-loopsystem(13), the inclusionK ξ � ℜnO mqO nc ;V � ξ �'X γ % 1 NYÁ�K ξ � ℜnO mqO nc ;ξ � Pξ X γ % 1 N
doesnot imply thatthequadraticfunctionξ � Pξ is a decreasing
functionalongthe trajectoriesof theclosed-loopsystem(13).
Moreover, by settingN0 � 0 and

b
1 � 0, condition(36) (resp.

(37)) is equivalentto (23) (resp. (30)). Moreover, an interest-
ing factappearingin relation(37)with respectto theequivalent
oneobtainedvia classicalquadraticapproach(see[10]) is that
thereis no nonlinearitiesbetweenmatricesN0 � 0,

b
1 � 0 of

theLure functionandtheanti-windupgains.

5 Numerical procedure

Somerelationsof Corollaries1 or 2 are bilinear in decision
variablesΛ0 andS, andd 1 andS. A wayto overcomethecom-
putationaldifficulty of directlysolvingBMI conditionsconsists
in usingrelaxationschemes,that is to fix oneof thevariables
andseekfor theotherones.In this case,therelationsbecome
linear. Moreover, theimplicit objective is to maximizethere-
gion of stability of the closed-loopsystemover the choiceof
theanti-windupgains.

5.1 Quadratic approach

From Proposition1 and Corollary 1, the region of stability
associatedto the closed-loopsystem (13) is the ellipsoid
S0 �ÅK ξ � ℜnO mqO nc ;ξ � Pξ X γ % 1 N . By noting that thevolume

of S0 is proportional to Æ det � PÇ 1

γ � , it is then possibleto

maximize its size by minimizing the function log� det � γP�1� .
By definitionof P it follows: det � γP� � det � γS% 1W � S��� % 1 �°�
γnO m� q% 1��O ncdet � S% 1 � det � W � det �1� S� � % 1 �$� γnO mqO nc det �W �

det � S� 2
or log� det � γP�/�È� � n . mq . nc � log� γ �A. log� det � W �/� �
2log� det � S�/� . Hence,an algorithmbasedon somerelaxation
schemescan be considered. Let us underlinethat the max-
imization of trace� Λ0 � and trace� d 1 � implies to maximize
the set S� TY
 uλ

0 �-¦ S� T\
 uλ
j � , j � 1 
�������
 q � 1, which contains

thesetof interestS0. Thereforethatwould addsomedegrees
of freedomto maximize the size of S0. Nevertheless,it is
important to note that, in general,the bettersolution is not
obtainedfor Λ0 É 1 and d 1 É 1 exceptedin the casewhere
matrix A is not strictly unstable. Moreover, sincematrix

P
is supposedto be asymptoticallystable,therealwaysexist a
solutionin thecaseΛ0 � 0 and d 1 � 0. Dueto theform of the
actuator(1), remindus that onecannothave simultanesously
φ0� i � �� 0 and φ j � i � �� 0. Indeed, when φ0� i � �� 0 one gets
φ j � i � � 0, andthereforeonegetsλ0� i � �� 0 andd 1� i � � λ j � i � � 0.
This fact meansthat thenumericaltestsof relations(30), (31)
and(32) will bedoneby removing somelinesandcolumnsin
matrix inequality(30).

5.2 Lur e approach

With respectto theLure functiondefinedin (35),onegets:

V � ξ �?X ξ � � P .ÊT � N0 T]� ξ . � Φd
0 .È` ξ � � b 1 � Φd

0 .È` ξ � (38)

Recallthatby definitionof Φd
0 .È`<� i � ξ, onegets,� i � 1 
������5
 m:

φ
� j �
0� i � .ÊTI� i � ξ � j � � D

0 if � T � i � ξ �^� u0� i �T � i � ξ � j � if � T � i � ξ �^X u0� i �
Thusin a certainway, onecanconsiderthat the right part of
the inequality (38) evolves as ξ � � P .LTË� N0T�.B`@� b 1̀<� ξ.
From this, in order to maximize the size of the set
S0 �ÌK ξ � ℜnO mqO nc ;V � ξ �gX γ % 1 N , we use the same
concept as in the previous subsection. Hence, note
that det � γ � P .ÍTË� N0 TV.$`@� b 1̀<�/�$� det � γS% 1 � W .
STÎ� N0T S�!. S̀@� b 1̀?� � S�¤� % 1 �´� γnO m� q% 1��O ncdet � S% 1 � det � W .



STÎ� N0T S� . S̀°� b 1̀ S�H� det �/� S�8� % 1 � �
γnO m� q% 1��O nc det �W O Sw ÏN0 w SÏ O S~�Ï } 1~ SÏ �

det � S� 2 which gives still

log� det � γ � P .ÐTÎ� N0TÑ.Ò`°� b 1̀°���/�Ó� � n . m� q � 1�Ô.
nc � log� γ �Å. log� det � W . STI� N0 T S�B. S̀°� b 1̀ S���1� �
2log� det � S�/� . The main difficulty when mini-
mizing the above expression resides in the part
log� det � W . STÎ� N0T S�°. S̀@� b 1̀ S���/� . We can first re-
mark that the minimization of this term is very close to
the minimization of trace� W . STI� N0 T S�Õ. S̀@� b 1̀ S�H� .
Hence, by recalling that from Corollary 2 N0 � R% 1

0 andb
1 � R% 1

1 , we canconsiderthe following optimizationprob-
lemmin K � n . mq. nc � log� γ ��. log� det � W �/� � 2log� det � S�1��.
trace� Y ��N subjectto relations(37), (31), (32), (33), (34) and24 Y � W e eT S� R0 e` S� 0 R1

69 	 0.

From the additional constraintsinvolving Y it appearsthat
Y 	 W . STI� N0 T S��. S̀@� b 1̀ S� andthereforethe minimiza-
tion of trace� Y � correspondsto theminimizationof trace� W .
STÎ� N0T S�C. S̀@� b 1̀ S��� . From the above optimizationprob-
lem, thesametypeof algorithmthanin thequadraticcasecan
be considered.Another interestingideacanbe to considera
solutionobtainedfrom thequadraticcaseto initialize analgo-
rithm basedonProposition2: see[10].

6 Concluding remarks

In thispaper, wehave addressedtheproblemof designinganti-
windupgainsin orderto obtainaregion of stability, aslargeas
possible,for linear systemswith amplitudeanddynamicsre-
strictedactuator. Theanti-windupstrategy developedconsisted
in addingthe part dueto the saturationof the outputactuator
(measuredpart)bothin thestateevolutionandin theoutputof
the controller. Theoreticalconstructive conditionshave been
providedin orderto associatethesynthesizedanti-windupgain
to aregionof stability, while controlledoutputconstraintswere
satisfied.From theseconditions,algorithmsbasedon the so-
lution of LMI-basedproblemshave beenproposedin orderto
optimizethesizeof theregionof stabilityoverthechoiceof the
anti-windupgainsEc andFc. SincethesolutionEc � Fc � 0 is
alwaysadmissible,wecanconcludethatanti-windupgainscan
alwaysbeusedin orderto obtainlargerregionsof stability.
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