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Abstract

This paperaddresseshe problemof the determinatiorof re-
gionsof stability for linearsystemawvith amplitudeandsucces-
sive dynamicsrestrictedactuatorthroughanti-windup strate-
gies. The objective by designinganti-windupgainsis to guar
anteethe stability of the closed-loopsystemandthe respecof
the controlledoutputconstraintgor aregion of admissibleni-
tial statesaslarge aspossible. Basedon the modelingof the
closed-loopsystemresultingfrom the controllerplus the anti-
winduploopasallinearsystemwith adead-zon@anddynamics
restrictednonlinearities,constructve stability conditionsare
formulatedby using quadraticand Lure approachassociated
with theFinslerslemma.Numericalprocedurearediscussed.

1 Intr oduction

Physical,safetyor technologicalconstraintggenerallyinduce
that the control actuatorscannotprovide unlimited amplitude
signalsneitherunlimited speedof reaction. That meansthat
the controlsystemsaregenerallysubjectto amplitudeanddy-

namicsactuatorsaturations. The control problemsof com-

bataircraftprototypesandlauncher®ffer interestingxamples
of the difficulties due to thesemajor constraints. Neglecting
bothamplitudeanddynamicsactuatofimitationscanbesource
of undesirableaven catastrophidehaiors for the closed-loop
system(asthe lost of the closed-loopstability) [4]. For these
reasonsthe studyof the control problemor analysisstability

problemwith respecto systemsubjectto bothamplitudeand
rateactuatorsaturationdasrecevedthe attentionof mary re-

searcherf thelastyears(see for example,[20], [9], [11]).

The anti-windupfits the approactconsistingn takinginto ac-
countthe effect of saturationsn a secondstepaftera previous
designperformeddisregardingthesaturatiorterms.Theobjec-
tive thenconsistdn introducingcontrolmodificationsin order
to recorer, asmuchaspossiblethe performancenducedby a
previousdesigncarriedout on the basisof theunsaturatedys-
tem. In particular anti-windupscheme$iave beensuccessfully
appliedin orderto avoid or minimizethewindupof theintegral
actionin PID controllers)argely appliedin theindustry In this
casemostof therelatedliteraturefocuseson the performance

improvementn thesensef avoiding largeandoscillatorytran-
sientresponsesee,amongothers[2], [1], [7]).

More recently a specialattentionhasbeenpaid to the influ-
enceof theanti-windupschemesn the stability andthe perfor
mancef the closed-loopsystem(see,for example,[3], [5],
[12], [14], [15], [17], [19]). Severalresultsonthe anti-windup
problemare concernedwith achieving global stability prop-
erties. Sinceglobal resultscannotbe achieved for open-loop
unstabldinear systemsn the presencef actuatorsaturation,
local resultshave to be developed. In this contet, a key is-
sueconcernghe determinatiorof domainsof stability for the
closed-loopsystem. Most of the local resultsavailablein the
anti-windupliteraturedo not provide explicit characterization
of the domainof stability. It is worth to noticethat the basin
of attractionis modifiedby theanti-winduploop. If theresult-
ing basinof attractionis not sufficiently large, the systemcan
present divemgentbehaior dependingnits initializationand
theactionof disturbances.

In this paper we considerthe structureof the obserer-based
anti-windup[2, 1]. With respecto this structure we cancite
[12] in which passiity agumentsareinvokedor still [18] in
whichalocal #, designis providedin termsof matrixinequal-
ities. More recently in [6], someconstructve conditionsare
proposedothto determinesuitableanti-windupgainsandto
guantify the closed-loopregion of stability in the caseof am-
plitude saturationactuator Differently from the paperscited
aborve, in this paperwe focusour attentionon linear systems
with amplitudeandsuccessie dynamicgestrictedcactuatoand
boundedcontrolledoutputs.Our aimis the characterizatioof
stability regionsfor this classof systemghroughanti-windup
stratgies. Especially we are interestedin the anti-windup
gainsdesignin orderto ensurehe closed-loopstability for re-
gions of admissibleinitial statesaslarge as possible. Based
on the modelingof the closed-loopsystemresultingfrom the
controller plus the anti-winduploop as a linear systemwith
a dead-zoneand dynamicsrestrictednonlinearities construc-
tive stability conditionsareformulatedby usingquadraticand
Lure approachesassociateavith the Finslerslemma. Numer
ical procedured®asedon the solutionof someiterative convex
optimizationproblemswith LMI constraintsare proposedor
computingthe anti-windupgainsthatleadto the maximization
of the size of the associatedegion of stability. At our knowl-
edge the currentpaperconstituteghe first studywith respect
to theconsideredlassof systems.



Notations. For ary vectorx € 0", x > 0 meanghatall thecom-
ponentf x, denotedk, arenonngative. For two vectorsx, y
of 0", thenotationx - y meanghatx;, —y;) > 0,vi=1,...,n.
1 and O denoterespecitiely the identity matrix and the null
matrix of appropriatedimensions. The elementsof a matrix
Ac O™" aredenotedoy Ay, i=1,..m j=1..n A
denoteghe ith row of matrix A. |A| is the matrix constituted
from the absolutevalue of eachelementof A. For two sym-
metric matrices,A andB, A > B meanghat A— B is positive

definite. A’ denoteshe transposef A. 1n, 2 [1...1)eOm
For ary vectoru of 0™ onedefinesesachcomponenof sat,, (u)

by satuo(u(i)) = sign(u(i))min(uo(i), |U(i)|), i=21..m

2 Problem Statement

In this paper we considera classof nonlinearsystemswhich
are obtainedby cascadingdinear systemswith actuatorcon-
taining somenonlinearitiesof saturationtype. The actuator
under considerationis a dynamic systemcontainingampli-
tudeanddynamicsrestrictions thatis, it is describedsia suc-
cessie time-derivativesof the input of the plant. By setting
Xa=[ U U u(a=1 ]' € O™ andy, = say,(u) € O™
whereu@ denoteshe g-ordertime-derizative of u, the model
of theactuatoreadsasfollows:
Xa(t) = AaXa(t) + BaoSelu, (CaXalt))
q-1

+ Y Bajsaty;(Satu (CaXa(t)) V) + Bagyc(t)

=1

Ya(t) = sétuy(CaXa(t))

wherex, is the stateof the actuatory;, is the measureabutput
of the actuatorandy; € 0" is the outputof the controller
MatricesAg, Baj, j =0, ..., 0, andC, aredefinedby:

1)

[0 1 0 0 .. 0O
00 1 0 ..0
A= € gmaxmq
: 10 )
0 0 1
|0 ... 0 0|
By=[0 0 ... ... 0 T/ ] egmem
Ca=[1 0 .. 0 0]eOmxma

Sucha modelis the type of actuatorencounteredn the con-
trol of launchergsee[16] in whichm= 1 andq = 2). In (1),
the positive vectorsup anduj, j = 1,...,g— 1, may be viewed
asboundson the positionandthe successie dynamicsof the
actuatorstate. Thus, it clearly appearghat one cannothave
simultaneouslyositionanddynamicssaturation.

Theplantis alinearcontinuous-timeystemdefinedas:

X(t) = AXt)+Bya(t)
{ yt) = Cx)
Z(t) =

CzX(t)
wherex € O, y(t) € OP andz(t) € O' arethe state the mea-
suredoutput and the controlled output vectors, respectiely.

3)

MatricesA, B, C andC, arereal constantmatricesof appro-
priatedimensions.y, € O™ is both the outputof the actuator
andtheinputof theplant.

Without saturationterms,thatis with sat,,(CaXa) = CaXa = U
and saty, (Saty(Caxa(t)) V) = Cad) = U, j = 1,...,q— 1,
system(1)-(3)is linearandreads:

X(t) = AX(t) + Bu(t)

%a(t) = (Aa+ [ Bao

y(t) = Cx(t)

Z(t) = Cox(t)
Under the (A, B)-controllability and (C, A)-obserability as-
sumptions,we assumethat an nc-order dynamic output sta-
bilizing controllerhasbeendeterminedo stabilizethe linear
system(4) andis describedasfollows:

{10 = An s o
lt) = Cen(t) +Dey(t)

wheren(t) € O™ is thecontrollerstateuc(t) = y(t) is thecon-
trollerinputandyc(t) € 0" is the controlleroutput.

Baq—l ])Xa(t) + BanC(t) (4)

Furthermoredueto the presencef the saturatiorterms,in or-

der to mitigate the undesirablesffects of windup, causedby

inputsaturatior(dueto y, measurablegariableof theactuator),
an anti-windupterm (saty, (CaXa(t)) — CaXa(t)) canbe added
to the controller[14] throughadequateyain. Thus, consider
ing the dynamiccontroller and this anti-windupstratgy, the
closed-loopsystenreads:

X(t) = AX(t) 4 Bsdy, (CaXa)

Xa(t)lz AgXa(t) + BaoSaty, (CaXa(t))
9- _

+ Bajsay (Satuy(CaXa(t)) ) + Bagye(t)
=1

N(t) = An(t) + Bey(t) + Ec(Satu, (CaXa) — Caa(t))

y(t) =Cx(t)

Ye(t) = Cen(t) + Dey(t) + Fe(setuyy (CaXa) — CaXa(t))

Z(t) = Cox(t)

where E; and F. are the two anti-windup gainsto be de-
termined. It is worth noticing in system(6) that if the
ith componentof the amplitude saturationis effective (i.e.,
ICqiiyXal > Ugiy) thenthecorrespondingomponenbf thesuc-
cessie dynamicssaturationdoesnot affect the system(i.e.,
saty;(Setug(CagiyXa(t)) V) =0,j=1,...,q—1).

(6)

Problem1 Determineanti-windupgainsE; andF., anda set
S sudh that:

1. Theasymptoticstability of the closed-loopsystemn(6) is en-
suredfor any [ x(0)' x(0) n(0) |' € S, whee S is as
largeaspossible

2.Forany[ x(0)' xa(0) n(0) ]'e S themeasuedoutput
ztakesvaluesin the set Zy definedby:

ZOZ{ZEE“:_ZOijZOa ZO(I)>OJ|:1:7I} (7)

Theimplicit objectivein Probleml is to computeE. andF; for
enlaging the basinof attractionof the closed-loopsystem.



3 Preliminaries
Letusfirstdefinetheq nonlinearitiesp andg;, j =1,...,q—1:
®0(CaXa(t)) = Ya(t) — CaXa(t) = setyy(CaXa(t)) — Caxa(t) (8)

Gj(Caxalt)) = saty (v (1) ¥ (t) _,
= sty (Setuy(CaXa(t)) V) — satyy (Caxa(t)) V)
©)

Fromthedefinitionof @, onegets
Saty, (CaXa(t) V) = @) (Caxa(t)) + Caxd(t)  (120)

Thereforethesystem(6) canbewrittenin acompacform. For
this, definethe extendedstatevector

Et) = [ x(t) () n(t) ] eOmmane

andthefollowing matricesof appropriatalimensions

(11)

A BC, 0
A =] BagDc,C (Aa+[ Bao Bag-1 ]) BadCc
Bcc O 'A‘C
B 0 0
Bo=| Bao | ; Bj= | Byj ; By = | Bag
0 0 0
0
R=|0|;K=[0 C 0];C=[C, 0 0]
1
(12)
for j =1,...,g— 1. Thus,theclosed-loopsystenreads:
E(t) = AE(L)+ (Bo + REc+BqFc)go(KE(t))
g-1 N
+3 B(o(KEW) + @ (KEW) (13
j=1
Z(t) = G¥(t)

In the sequel for simplicity, @o(KE(t)), ¢;(Kg(t)) and
@ (KE(t)), j =1,....,g— 1 will be denotedgo, @; and ¢,
Notethatin the absencef saturatioronegetsqgy = 0, ¢; = 0

and (pgj) = 0 andby hypothesighe matrix A is assumedo be
asymptoticallystable.

Thenonlinearityqy is decentralizedmemorylessandsatisfies
the following sectorcondition[13] for ary diagonalpositive
definitematrix Top:

@ To(qo+AgKE) <0 (14)
providedthatg takesvaluesin (KK, uj)
u .
S(K,ué)z{zemn+mq+”c;|ﬂ<<i)z| <=1 .,m}
-1 )\0(,)
(15)

where/\q is a positive diagonalmatrix with Ay iy = Agj)-

Fromthe definition of eachcomponenbf ¢j, j=1,...,9—-1,
one verifiesthat for ary diagonalpositive definite matrix Tj,
ji=1,..,9-1:

@ Tj(@+AEKED) <0 (16)

providedthat€ takesvaluesin S(K, u?)

. Ui/
S(K, U)f) — {E € gQmmaEne. |K(i)E(”| < i’i — 1,...,m}

1=Aji)
17)
where/\| is a positive diagonalmatrix with Aj iy = Aji).

Furthermorewe canexpressnherentpropertiegelatingqo, @
andgy)’.

Lemmal Thenonlinearitiesp, @; and(pgj) satisfythefollow-
ing propertiesfor j =1,...,q— 1
)+ ) =0: 00 + o Y=

(\dj(Po:O; (\dj(pgj):O; (\dj(PE)Hl):O

(18)

(19)

4 Stability conditions

Someconditionsin termsof matrix inequalitiesare now pre-
sentedby using both quadraticLypunos and Lure Lyapune
functions.For this, definethevectorsdd, ®; andU;:

o u
4 o :
(pgq_l) Po-1 Ug—1
andtheaugmentednatrices
KA
31:[ B Bg-1 ] D= : (22)
KA%1
4.1 Quadratic approach
Considera quadraticandidatd.yapun functionV (§):
V() =&PEwithP=P >0 (22)

Proposition1 If there exist matricesof appropriate dimen-
sionsP=P > 0, E;, F, F, G, H, J, L, diagonal matrices
N3, N4 andNs, diagonalpositivematricesTo, T1, No, Ag, L1,
positivescalary satisfying

] .

M1 % *
M2 M4 * (23)
]Zo, i=1..m (24)

Mz Ms Ms

[ P *

(1= Ao Ky YWy
P *

>0i=1..mq (25

[(1—L1<i))D<i) V‘Jfa)]— 1 &)

1The symbolx standsor symmetricblocksin matrixinequalities.




P * ]
>0,i=1,..1 (26)
[ Caiy yz%(i) -
0<Ap<1;0<Li<1 (27)
; AF' +FA * _
Wlth M1 = |: P—F’-I—GA _G-G :|, M2 =
—ToNoK + (Bo+ REc+ BqFe)'F' + HA+ N3D  —H + (Bo + REc+ BgR)'G'
BIF' 4+ JA—T LD BG -1 '
Ms = [ LA+ BF +ND -L+BG ], My =
_2T0+(]RO+]REC‘|'IBch),H,+H(RO+REC+]Bch) *
Na+ BiH' + I(Bo + REc+ ByF) —2T1+ BY +JB |’
Ms = [ B{H +L(Bo+RE+BF)+Ns B{J+LBi+Ns ], Mg =
—2N, + BL' + L3, then the gains E;, K and the set

S = {& e OMMatne: g/pg < y=11 solveProblem1.

Proof. Considerthe quadraticfunctionV(§) = &'P with P =
P' > 0 (definedn (22)). Throughoutheproof, thedependence
of t of the vectorsconsidereds omittedfor easeof notation.
Hence we wantto satisfysimultaneously

Lo=V(§) =EPE+EPE<O

L= —Z%To(qb—i—/\oKz) Z 0

Lij = —2¢{Ti(@j+ A\jKgD) >0, j=1,..,9-1
1o = 2(KED + YNyt = 0, j=1,..,9-1
Lz = 2(KED) + @)Y Ngjgo =0, j=1,..,q—1
Lyj = 2(1djN4j%_; 0,j=1,...,9-1

Lsj = 2gNsj@ ) = 0, j=1,...,q— 1

(28)

whereTo, Tj andNp; arediagonalpositive matrices.Nsj, Naj
andNs; arediagonalmatrices.

Considemow from (20) and(21) the following definitions:

&(t) 0O POOO F
&(t) P OOOO G
{=| @ |:Q=]10 0 00 O0|;9=]|H
o 0 00O0O J
4 0 00O00O L
X=[A -1 Bo+RE+B4F) B B |

The satisfactionof V(&) < 0 along the trajectoriesof the
closed-loopsystem(13)is equivalentto satisfy:

7'QL <0, VZ suchthatx? =0, {#0

Before using the Finslers lemma [8], note some use-
ful properties. In particular from the definitions of ma-
trices given in (2), (12) and (21), one can verify that
KE() = KAJE.  From this, we can re-write in a more
compact form the expressionsof Lij, Lpj, Lzj, Laj

and Ls; by defining T1 = diag([ Ta Tg-1 |), Lo =
diag([ A1 Ag-1 ]), Ni = diag([ N Tka-1 ])s
k=27345.

By applying the Finsler’s lemmal8], it follows that if there
existsamatrix 9 suchthat

0
0
~ToAgK +NgD
~T LD
NoD

~K'AgTo+D'Ng  -D'LyT; DN,
0 0 0

0
0
Y(Q+ox+x"y"+ 0 <0 (29)
0
0

thenv € S(K, up) NS(K, 0}), j =1,...,q— 1, it follows that

V(E) < 0. Hence,provided that relation (23) is verified and
e SKu)NSK W), j=1,..,q-1,it follows that (29) is
verified and thereforeV (§) is a stricly decreasind-yapun
functionfor the closed-loopsystem.O

In Propositionl, thereappearsomenonlinearitiesin particu-
lar dueto the productbetweerthe multipliers (F, G, H, J and
L) andthe gainsof the anti-windupE; andF.. Moreover, the
satisfactiorof relation(23) meanghatG' + G > 0 andthere-
fore matrix G mustbe nonsingular Fromthis fact anda suit-
ablechoiceof multiplierswith anadequatehangeof variables
simplify amajorpartof theinequalitiesof Propositionl.

Corollary 1 If there exist matricesof appropriate dimensions
W=W >0,S,2, Z», V1, V», diagonalpositivematrices/\o,
L1, Ro, R1, Ry, positivescalary satisfying

S& + AS * * * *
W—-S+ AS -S-S * * *
—NoKS+RoBy+ZiR'+ Z,B), RoBh+ZR'+ B, —2Ry % *
R B, —LDS R B, Vi 2R %
Rg@’l +DS Rg@’l 0 Vs, —2R,
(30)
W *
>0,i=1..m 31
[ (1=2oi)Kp) S Wi, ] = (1
W *
>0,i=1..mqg-1 (32
[ (1=Ta)PS W) ] = 9-1) ©2)
[ woox ] >0,i=1,.., (33)
(CZ(i)S yzg(l) Z Y =Lyl
0<ANAp<1l;0<L1<1 (34)

thenthe gains Ec = Z1RyY, R = Z,R;* and the S = {& €
OMmatne: g'S-1w (S)~1E < y=1} solveProbleml.
4.2 Lureapproach

Letusnow consideiaLure candidatd_yapuna functionV (§):

K iE
V(§) = &'PE— Z(Z)Filfo O @oyi) (0)Noijy do
— oy +E )&V
—2597 5 o

0
with P =P' > 0, Np andN; diagonalpositive matrices. One
q-1

getsV/(€) > Ofor all § € S(K, uy) () S(K,u}), € £ 0.
j=1

(35)
®j(i)(0)Nj i jydo

Proposition 2 If there exist matricesof appropriate dimen-
sionsP=P >0, E;, F, F, G, H, J, L, diagonalmatrices
N3, N4 andNs, diagonalpositivematricesTy, T1, No, N1, N,
No, IL1, positivescalary satisfyingrelations(24), (25), (26),
(27)and

Ml * *
M2 Mg % [ <O (36)
M3z Ms Mg

<0



with M1, M3, M4, Ms, Mg definedin Proposition1 and w, -

~ToAK + (Bg+ REc+BgFc) F' + HA+NgD  —H+(Bgp+REc+BgFc) G’ - NgK
{ BYF +IA-T 44D B)G - J-ND then the

gainsEc, F; andthesetS = {& € OMMa+ne: v (g) < y~1} solve
Problem1.

Proof. Theprooffollowsthesamdinesasthatoneof Proposi-
tion 1 by consideringheLurefunctiondefinedin (35). Hence,
notethatthetime-derizative of this functionV (&) reads:

V(E) = EPE+EPE— 20GNoKE — 24T 1DE — 2041, b
&'PE + &' PE — 2@ NoIKE — 20, N1 DE

whereNy = diag([Ny, ...,Ng-1]). Indeed by definition of dif-
ferentnonlinearitiesone canprove that ®,N;®4 = 0. There-
fore,onecanremarkthatthenew matrix Q is

o P 0 0o o0
P 0 —KNo -D'N; O
Q=] 0 —NK O 0 o0
0 -ND 0 0 o0
0 0 0 0o o0

From the useof this matrix the proof is similar to that one of
Propositionl. Moreover, from (35) onehas&'Pg < V(&) and
the following inclusion {& € O™Ma-D+Nev/(8) < y~1} ¢
{&€ e Omma-D+Ne- g/pg < y~1} holds. Hence, conditions
(24), (25), (26) allow to verify that& € S(K, uy) N S(K, 1),
j=1,..,9-1.0

Asin Corollary1, anadequatehangeof variablesandof mul-
tipliers exhibits thetwo gainsk; andF.

Corollary 2 If there exist matricesof appropriate dimensions
W=W'>0,S,Z;, Z, V4, V, diagonalpositivematrices/\g,
L1, Ro, R1, Ry, positivescalary satisfyingrelations(31), (32),
(33),(34)and

st/ + a9 -
-s-¢

W-S+4S
U Ay ! R ! TR/ ! R
—NgIKS +RoB+Z{ R/ + ZoRG  RoBp+ZjR/+ ZhBG-KS 2Ry <0 (37)
Ry 3] - LyDS R 3] - DS Vi —2Ry
RyB; + DS RyB] 0 vy -2Ry

thenthe gainsE; = Z1Ry %, R = ZoR;™ and the S = {& €
Ommatne: v (g) < y=1}, with P= ST'W(S) =%, No = Ry * and
N1 =Ry, solveProblem1.

Note that if the satisfactionof relation (37) implies that the
Lure function V(&) definedin (35) verifies V(&) < 0 along
the trajectoriesof the closed-loopsystem(13), the inclusion
{€ € OMMHNe V(E) <y i} C {§ € OMMHNeEPE <y
doesnotimply thatthe quadraticfunction&'Pg is a decreasing
functionalongthe trajectoriesof the closed-loopsystem(13).
Moreover, by settingNg = 0 andN1 = 0, condition(36) (resp.
(37)) is equivalentto (23) (resp. (30)). Moreover, aninterest-
ing factappearingn relation(37)with respecto theequialent
oneobtainedvia classicalquadraticapproachsee[10]) is that
thereis no nonlinearitiedbetweemmatricesNg = 0, N1 = 0 of
the Lure functionandtheanti-windupgains.

5 Numerical procedure

Somerelationsof Corollaries1 or 2 are bilinear in decision
variables\g andS, andl.; andS. A wayto overcomehecom-
putationabifficulty of directly solvingBMI conditionsconsists
in usingrelaxationschemesthatis to fix oneof the variables
andseekfor the otherones.In this case the relationsbecome
linear Moreover, theimplicit objective is to maximizethere-

gion of stability of the closed-loopsystemover the choiceof

theanti-windupgains.

5.1 Quadratic approach

From Proposition1 and Corollary 1, the region of stability
associatedo the closed-loopsystem (13) is the ellipsoid
S = {& e OMM&Ne: g'pg < y~11. By noting thatthe volume

of & is proportionalto ./dd(%l), it is then possibleto
maximizeits size by minimizing the function log(det (yP)).
By definition of P it follows: det(yP) = det(ySw(S)™1)

YO det (1) det (W) (S)7F) =y S0

or log(det(yP)) = (n+ mqg+ nc)log(y) + log(det(W)) —
2log(det(S)). Hence,an algorithmbasedon somerelaxation
schemescan be considered. Let us underlinethat the max-
imization of tracg/A\g) andtracegL1) implies to maximize
the set (K, uy) N (K, Wh), j = 1,...,q— 1, which contains
the setof interestSy. Thereforethatwould addsomedeyrees
of freedomto maximizethe size of §. Neverthelessit is
importantto note that, in general,the better solution is not
obtainedfor Ag — 1 andl.; — 1 exceptedin the casewhere
matrix A is not strictly unstable. Moreover, since matrix A
is supposedo be asymptoticallystable,therealwaysexist a
solutionin thecase/\g = 0 andl..; = 0. Dueto theform of the
actuator(1), remind us that one cannothave simultanesously
@iy # 0 and @;i) # 0. Indeed, when @y;) # O one gets
®j¢iy = 0, andthereforeonegetsAq i) # 0 andlLy) = Ay = 0.
This fact meanghatthe numericaltestsof relations(30), (31)
and(32) will be doneby remaring somelinesandcolumnsin
matrixinequality(30).

5.2 Lureapproach

With respecto the Lure functiondefinedin (35), onegets:

V(€) < & (P+K NoK)E + (P§ + DE)'N1(df +DE)  (38)

Recallthatby definitionof ®J + I €, onegets,vi = 1,...,m:

0 i K&l > uog)
K& it K&l < ugg

Thusin a certainway, one canconsiderthatthe right part of
the inequality (38) evolves as &' (P + K NoK + I N1I)¢.
From this, in order to maximize the size of the set
S = {§ € OMMaev(E) < y 1}, we use the same
concept as in the previous subsection. Hence, note
that det(y(P + K'NoK 4+ DI'NiD)) = det(yS YW +
SK'NoKS + S N1D)(S) 1) = y+ma-D+nedet (S-1)det (W +

(Pg?)+HQi)E(D :{



SK'NoKS + SIS )det((S) 1) = [4

Vn+n~(q_1)+nc det(W+SK'Ng KS+SD'N1DS)

det(S2 which  gives still

log(det(y(P + K NoK + IYN1D))) = (n+ m(q — 1) +
nology) + log(det(W + SK'NgKS + SUNiDS)) — [
2log(det(9)). The main difficulty when mini-
mizing the above expression resides in the part
log(det(W + SK'NoKS + SIYN1DS)).  We can first re-  [6]
mark that the minimization of this term is very close to

the

minimization of tracgW + SK'NoKS + SD'N;DS).

Hence, by recalling that from Corollary 2 Np = Rgl and

Ni= RIl, we can considerthe following optimizationprob- [7]

lemmin{(n+mag+ nc)log(y) + log(det (W)) — 2log(det () +

trace(Y)} subjectto relations(37), (31), (32), (33), (34) and  [8]
Y-W *x «x

KS R = |>0.

DS 0 R [9]

From the additional constraintsinvolving Y it appearsthat
Y > W + SK'NoKS + SYN1DS andthereforethe minimiza-

tion of traceg(Y) correspondso theminimizationof traceW +
SK'NoKS + SYN1DS). From the above optimizationprob-

[10]

lem, the sametype of algorithmthanin the quadraticcasecan
be considered.Anotherinterestingideacanbe to considera
solutionobtainedfrom the quadraticcaseto initialize analgo-
rithm basedon Proposition2: see[10]. [11]

6 Concludingremarks [12]

In this paperwe have addressetheproblemof designinganti-

windupgainsin orderto obtainaregion of stability, aslargeas
possible for linear systemswith amplitudeand dynamicsre-

[13]

strictedactuator Theanti-windupstrateyy developedconsisted [14]
in addingthe part dueto the saturationof the outputactuator
(measuregbart) bothin the stateevolution andin the outputof

the controller Theoreticalconstructve conditionshave been [15]
providedin orderto associatéhe synthesize@nti-windupgain

to aregion of stability, while controlledoutputconstraintsvere
satisfied. From theseconditions,algorithmsbasedon the so-  [16]
lution of LMI-basedproblemshave beenproposedn orderto
optimizethesizeof theregion of stability overthechoiceof the
anti-windupgainsk; andF.. SincethesolutionE; = F. =0is
alwaysadmissibleyve canconcludehatanti-windupgainscan [17]
alwaysbeusedin orderto obtainlargerregionsof stability.
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