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Abstract: This paper presents a new approach for determining sensor locations for
nonlinear dynamic systems. The method uses empirical observability gramians for
observahility anadyss and combines the information from this investigation with
observability measures which have been previoudy proposed in the literature. This
goproach offers the advantage over other methods in that it is directly applicable to
nonlinear systems without resorting to linearizetion of the modd. The presented
procedure has been gpplied to a binary didtillation column modd. Additiondly, the effect
of scaing of a modd for sensor placement has been examined as well as the conclusions

which can be drawn from different observability measures. Copyright © 2003 IFAC
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1.0 INTRODUCTION

The chemicd indusry has gone through sgnificant
changes over the last few decades Today, the
emphasis is on running plants in the most optima
manner with due conddereation to the safety aspects,
raher than just achieving the design throughput. To
meet these gods, information about a number of
process variables and parameters is required. While it
is possble to ingtal additiona sensors to monitor
many of the aspects of a plant’s operation, this can be
expendve both in terms of the initid as wdl as the
mantenance costs. In order to overcome this
problem, modd-based sate estimation techniques
can be used. By dgraegicdly messuring some key
vaiables of the process, it is possible to compute
many other vaidles and process parameters by
usng an observer. However, in order to gan the
maximum benefit from this technique, the sensors
have to be placed a “optimad” locations. This paper
presents a method that dlows computing such
optima sensor locations for plants described by

nonlinear dynamic systems. Past research related to
optima sensor location has mainly been confined to
lineer or linearized sysems (Dochan e 4d., 1997,
Waddruff e d., 1998, Van der Berg & d., 2000,
Muske, 2002). However, most chemicdl,
petrochemicd, or  biochemicd  proceses ae
accurately described by nonlinear dynamic  systems
and a linearized modd may not represent the actua
dynamics of the process over the entire region of
operation. Due to this limitation, it is possible hat
different condusons could be reached depending
upon the operating point chosen for linearization.
Therefore, it is desrable to use techniques, which
will not have to resort to linearizing the model. The
empiricd gramians introduced by Lal et d. (2002)
can form one piece of this investigation, because they
can be used for determining
observability/controllability of  nonlinear  systems
over a specified operding region. Hahn and Edgar
(2001) have shown that this new technique does
provide a better representation of the input to state
and date to output behavior of a nonlinear system



over an operaing region than the observability
gramian of the linearized system. In this paper an
gpproach for sensor placement based upon empirica
obsarvability gramians is presented. This is achieved
by combining the results obtained from observability
andyss via empiricd gramians with meesures,
representing the degree of observability of a system.
However, insead of proposng new measures for
quantifying the degree of observability, exiging
measures have been used and adapted for the case
where the obsarvability andyss is based on
empiricd gramians. The advantege that such a
technique has over other methods is that it does not
resort to linearizing the system, while it can il be
goplied to nonliner sysems of  gSgnificant
complexity. Additiondly, the results for different
proposed measures are compared and the effect of
sding on this invedtigation is discussed. The

methodology is applied to a didillation column
separating a binary mixture.

2.0 PRELIMINARIES
2.1 Observability

Observahility refers to the property of a system that
dlows the recondruction of the vaues of the date
variables given the outputs. For linear time invariant
systems of the form
X(t) = Ax(t) + Bu(t) (1a
y(t) = Cx(t) + Du(t) (1)
the observability gramian

¥
W, = ¢g''cTce? tdt @

0
can be camputed in order to determine observability
of the system. If the observability gramian is a matrix
of full rank then the system is observable. However,
if the gramian is rank deficient then the system will
not be obsarvable and some of the daes (or
drections in date space) cannot be recongtructed
from the output data.

2.2 Empirical observability gramian

While the observability gramian can be used for
determining observability of linear systems, it may
not result in sufficient information if the system is
nonlinear. Extensve efforts have been undertaken in
the lest two decades to derive conditions for
observability of nonlinear sysems (Isdori, 1995).
However, the results derived from these conditions
ae usudly too complex to be interpreted for al but
very smple systems. One dternative is to use the
relativdly new concept of empirical gramians thet
have been introduced by Ldl et d. (2002). In order
to present the definition of the empirica
observability gramian the following quantities need
to be defined:
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where r is the number of matrices for perturbation
directions, s the number of different perturbation
gzes for each direction, and n the number of states of
the system. The empirica observability gramian can
be computed for generd nonlinear systems

X() = £ (x(®),u(t)) (33

y(t) = h(x(t)) (3b)
and itsdefinition is given by
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Y'™t)T R" "corresponds  to

where Yi"(t) =

(Y'™)- Yss) "Y' - Yss), y'™(t) i the output of
the system corresponding to the initid condition
x(0) =c,Tie +xcand Yyis the steady state output
of the system.

Empirical gramian can be computed for linear as
well as nonlinear systems and reduces to the linear
gramian (2) if thesystemislinear (Ldl et d., 2002).

2.3 Measuresfor the degree of observability

While the rank of the observability gramian can be
used in order to determine if a system is observable,
this information is not sufficient for determining
optima sensor locetions for a process. In order to
address this problem, measures have been defined
that quantify the degree of observability either of the
entire system or of specific parts of the sysem. A
wide variety of different measures for linear systems
have been introduced over the lagt few decades and
an overview over severd of theseis presented below.

Muller and Weber (1972) have outlined three
candidates for measuring the degree of observability
of a sysem based upon the linear observability
gramian.

m= I min(\No) (Sa)

:;1 (5b)
traceW, °)

my = [det(W,)]"" (50)

Lager vaues of each of these messures imply an
increased degree of obsarvability of the system.
However, these measures are mainly influenced by
the smdles Sngular vdues of the observability
gramian.

Dochain (1997) made use of the condition number

S
CN. =—"™ 6
S min
for the observability andyss of a fixed bed
bioreactor. The s refer to sngula vdues of the
obsarvability gramian matrix. A sndler vaue of the



condition number  generdly  implies  increased
observability of a system. Wadruff (1998) made use
of the minimum singular vaue of the observability
matrix
N-S-(Wo) =S min (\No) (7)

as one of the messures for determining sensor
locations in tubular reactors. This method is similar
to the measures based on the smdlet egenvaue
given by Muller and Weber (1972). It sarves as an
indicator of how far the sysem is from being
unobservable. Higher vaues of this criterion imply
an incressed degree of observability. All the above
measures are grongly influenced by the minimum
sngular vaue of the sysem. Other approaches are
based upon the maxima response which can be
observed in sensor readings or upon the sum of the
obsarvability of dl daes Van der Berg (2000)
suggested two measures based upon these ideas. The
first measureisthe spectrd radius

r(Wo) =S max Wo) ®
which corresponds to the largest singular vdue. A
lage vdue of the messure indicates that the
dominant direction in the observability gramian can
be eadly observed. The second measure is based on
thetrace of the observability gramian:

n
traceMp) = 8 s (Wo ) ©
i=1
The trace can be intepreted as the sum of the
gngular vdues of the marix. Larger vaues of the
trace correspond to an increese in the overdl
observabhility of a system.

Summarizing, the presented measures can be put into
two categories measures which are mainly (or even
excdusvely) based upon the leas observable
direction in date space and messures which are
predominantly influenced by the largest eigenvdue
of the obsarvability gramian. Thee findings are
summarized in Table 1

Tablel: Measures for degree of obsarvability

Smallest eigenvalue Largest eigenvalue
Measure  Equation Measure  Equation
m &) r (Wo) ®
m, (50) traceWg ) ©
m (50
C.N. (6)
NSMWy) O

2.4 Observahility analysis and sensor placement

Sensor locations are often determined in order to be
able to directly measure certain states to reconstruct
required information of a sysem. As a minimum
requirement, the controlled varigbles need to be
measured for feedback control. However, other
condderations, eg. safety or product qudity may

result in a nead for additiond measurement locations.
Obsarvability andysds can be peformed in order to
maximize the amount of information gained from the
avalable messurements.  Thereby, it is possble to
determine sensor location in order to either

get the most information from a certan number

of measurements

ue a gndl a number of messurements as

possible in order to obtain a required amount of

information about the system.
The following procedure is usudly applied for
determining  optima  sensor  locations  for  linear
systems.  observability gramians are computed for a
vaiety of combinations of sensors a  different
locations. Scdar messures are computed from the
gramians in order to compae the degree of
obsarvability of various locaions for the sensor
placement. A sensor configuration corresponding to
the laget vdue of an observability measure
indictes a good candidate for optimd sensor
location.

3.0 OPTIMAL SENSOR LOCATION FOR
NONLINEARSYSTEMS

Snce dl sysems in naure are nonlinear to a certain
degree, a gramian of the linearized sysem will not
aways result in a good description of the date to
output behavior if the operating conditions of a
process can vay sdgnificantly. Due to this, it can
happen that observability analyss based upon linear
gramians may result in contradictory information
depending upon the point of linearization of a
sysem. In order to address these deficiencies, this
work determines sensor  locations by  performing
observability anadlyss of the nonliner sysem via
empiricd gramians. This has the advantage that it
can result in a mae accurate description of the state
to output behavior than if the gramian of the
linearized system is used (Hahn and Edgar, 2002)
and a the same time, it is computationaly much less
expensve then if Liedgebrabased  approaches
(Isdori, 1995) would be used for observability
andyss of nonliner sysems. While the empirica
observability gramian is used for observability
andyss, some of the measures that have origindly
been proposed for quantification of the degree of
observability of linear/linesrized systems can ill be
incorporated into this procedure: the measures need
to be computed for the empirica observability
gramian insead of the observability gramian of the
linearized system. This is possble because the
empiricd gramian is an n-by-n, symmetric, and
positive semi-definite matrix, Smilar to the gramian
of a liner sysem. However, unlike the measures
based upon linear gramians, these measures  will
make direct use of the nonliner mode without
reorting  to  linearization.  The  procedure  for
computing optimal sensor locations by this approach
issummarizedin Figure 1.



3.1 Measuring observability of specific Sates

During process operdtions it is often required to have
precise informaion aout a paticular date for
process control or quality control of the product. In
these casss, the vaues of specific dates are of greater
importance than the overdl obsarvability of a
process. Many plants have requirements for both of
these cases. certain states need to be exactly known
and messured, whereas other messurements are used
as an indicator of overdl plant performance or safety.
However, it is possble to take both of these
Stuations into account with the proposed sensor
placement framework. The obsarvability of a specific
dete can be determined by andyzing the diagond
entry of the empirical observability gramian matrix
corresponding to this state. The larger the magnitude
of this entry, the easier it will be to recongtruct the
value of this date from the avalable measurements.
It shoud be pointed out that such an anaysis is not
dways trivid. For example, if one is interested in the
temperature a a gpecific location then this
temperature should be directly measured. However,
if the concentration of a product needs to be exactly
known, then it is not dways feasble to directly
meesure its value. Oftentimes, the value needs to be
computed from measurements of other properties
closdly related to the state of interest. The presented
sensor location framework can serve as an indicator
which properties should be measured as wdl as
where the measurements should be taken.

3.2 Effect of scaling on the optimal sensor location.

Most methods for determining optima sensor
locations are influenced by the magnitude of the
gngular  vaues of the observability gramian.
However, sngular vadue decompostion is dependent
upon scading of the modd, thereby possbly
influencing sensor  location decisons. A process
modd is generdly scded o tha it reflects the
sengitivity of the problem. That §, if a particular state
is nearly unobsarveble then the scaed modd should
reflect poor response in the output for the
perturbations in that state. The other reason to scde a
modd is to minimize the effect of round-off errors,
Therefore, it would seem appropriate to perform
scding on dl variables prior to the computation of
the empiricd gramian. However, scding, though
beneficial in most Stuations, can be a problem if the
scaing factors are poorly chosen. In the past some
authors have expressed their concern about  bed-
scding choices. According to Paige (1981), a modd
should be well scaed so that it represents the actua
physica picture. Waler and coworkers (1995) have
dated that a bad choice of vaiable scding may
provide results that are not representative of the
characteritics of the plant. Scding of vaiddles
which is essentid in many cases for accurae
physcad interpretation and numerica <ability of
process model, represents an important part of

obtained by perturbing each state individually.

Generating state trajectories by recording the simulation data H
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where | represents the state where sensor is to be placed
T
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Computing empirical observability gramians for the nonlinear system from datawhich is
collected from system trajectories.
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4 in the above equation is chosen such that the system attains steady state for perturbation
in the states. py, is the maximum step size required to capture the entire nonlinear behavior of
the system.
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Perform observability analysis by determining the rank of the ’

gramians. n, = rank(w,(i))

n, isthe number of observable directions in the states space

TompUTE measures Tor The degree of ob:
empirical gramians

w (i) = measure (W)
W _isthe degree of observability
T

TVabiTity based Upon The

Draw conclusion about optimal sensor |ocations (| ) based
upon the observability measures .
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Fig. I Flowsheet for optimal sensor location.

computing meesures for obsarvebility andysis. In
order to address the scding issug, the results from
snsor locaion for the origind modd and for a
scded verson of the modd ae compared in this
work. Each varigble in the scaed modd, is
normalized by dividing it by its steady state vaue.

4.0 CASESTUDY

The presented sensor sdection procedure will be
goplied to a specific example in this section. Since
severd different aspects will be invedigated, the case
study is limited to determining the optima locetion if
a sngle sensor is used. However, if the influence of
placing a sensor on one pat of the modd has only a
minor effect on the observability of other parts of the
modd, then condusons can be drawn about
subsequent  placement of several sensors. The reader
is refared to Hahn and Edgar (2002) for details on
the cal culation of the empirical gramians.

4.1 Didillation column mode

For the andysis, a didillation column model with 30
trays for the separation of a binay mixture is
congdered (Hahn and Edgar, 2002). The column has
32 dates and is assumed to have a condant relative
volatility of 1.6. The feed is introduced in the middle
compartment (17th tray) as a saturated liquid. The
feed stream has a compostion of x=0.5, didillate
and bottom product purities ae x%=0935 and
%=0.065, respectively. The reflux retio is held a a
congtant value of 3.0.



4.2 Measuring product observability

In practice, compostion sensors are generaly placed
a the top or bottom of the didillation column. The
rationadle behind this is to place the sensor close to
the product for optima product observability
(Luyben, 1992). For the didillation column, the top
and bottom products are given by the firs and the
lagt gate of the modd. Similarly, the first and the last
diagond  entries of the empiricd observability
gramian correpond to  the variance of the
measurements  that is caused by changes in these
dates. In order to gain a much informaion as
posshle dout the product concentrations, it is
desrable to determine  sensor  locetions  thet
maximize these two diagonad entries. Figure 2 shows
a plot of the diagond entries as the sensor location is
varied dong the height of the column for the origind
model and for the scded sysem. It can be concluded
from the figure that the most information about the
bottom product can be obtaned by directly
measuring  this  product. However, contradictory
conclusions could be drawn for the top product when
comparing the results obtained for the scaled and the
origind modd. The origind modd indicates that
measuring the state corresponding to the top product
will give the most information about this product.
Additionaly, the further the measurement is moved
awvay from the top the harder it becomes to observe
the top product. While the scded modd aso
indicates that measuring the top product is the best
method for determining its vaue, the trend of
decreasing “observability” of the top product as the
measurement is moved away from this location does
not hold for the scded modd. Insteed, the scaed
moded could lead to the concluson that mesasuring
the bottom product may give more information about
the top product than some states near the top product.
These results are surprising a firg glance, because
they cdearly indicate that scding a modd can have a
negative effect on sensor sdection by leading to
conclusons that have no physca interpretation. The
reason for this behavior is that &l dtates in this mode
correpond to concentrations of the same component.
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Fig. 2 Top and bottom product observability with
sensor location a  different trays for the origind
model (top left for top product and bottom left for
bottom product) and scded modd (top right for top
product and bottom right for bottom product)

Thereby, if a scded modd is used then a dight
increase in the absolute vaue of the molar flow in
one of the product streams can lead to a significant
change of this value on a percentage basis. Due to
this, the observability of the scded modd is skewed
towards the states with lower concentrations (in this
caxe towards the bottom of the column). While
scding in generd may be an important part of this
andysis, it can be conduded that at least for this
soecific  case, it would result in mideading
information.

4.3 Determining optimal sensor locations

Product measurement sendtivity is not the only
factor when sensor locations are investigated. It is
just as important to place sensors at locaions where
the most information about the state of the process
can be ganed. When andyzing the results obtained
for sensor location by using the spectra norm and the
trace of the empiricd observability gramian, both
measures return the same optima location. However,
when comparing the results for the scded modd and
the origind modd (Figure 3), mgor difference
between these two approaches can again be seen. For
the origind model the " sate seems to be the best
location and the 25" state would be the second best
option, if one is interested in placing an additiona
sensor in the sripping section. For the scaled modd,
the bottom-most state in the stripping section (32
state) would seem to be the best option. However, the
sengitivity a the very top and bottom is a a
minimum for most columns as the driving force for
mass transfer is small compared to rest of the column
(Luyben, 1992). Hence, the best sensor location
should be a a certain distance from ether end of the
column. The results for the origind modd are in line
with this physica knowledge, but the results for the
sded modd would leed to  contradicting
conclusons. This invedigation can save as another
indicator that specid attention has to be paid when
conddeing the use of scding for sensor location. At
leedt for this type of invedtigation, scaing should be
avoided. Ancther concluson that can be drawvn from
the reaults is that the feed tray is not a good choice
for placing a sensor. This concluson is based upon
obsavations using both types of measures for the
scaled and the origind modd. This seems physicaly
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Fig. 31 Sensor location with trace/norm measure for
origind mode (left) and scaled modd (right)



judtified as the feed tray is dffected by the feed
composition and is least sensitive to perturbations
aound its nomina point. In order to corroborate
these findings, the location of the feed tray has been
varied. Figure 4 shows the messures for a feed
located a the 10" and the 25" tray. In both casss, the
feed tray seems to be the worst location for placing a
sensor.  However, it should be pointed out that
measuring the feed concentration, but not the
concentration on the feed tray, can have beneficid
effects if feedforward control drategies ae to be
applied. Another observation from this case study is
that the messures based on the smdlet sngular
vaue do not provide any reevant results for sensor
placement.
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Fig. 4 Sensor location with 10" tray as feed tray
(left) and 25" tray as feed tiay (right)

5.CONCLUSION

This paper investigated a technique for computing
optima sensor  locations for nonlinear  dynamic
systems. This has been achieved by firs computing
the empirical observability gramian for the nonlinear
system over a pre-specified operating region and then
determining observability measures based upon the
empiricd gramian. This method hes the advantege
over other techniques in that it does not resort to
linearization of the mode while a the same time it is
computationdly tractable. In addition it is possible to
atomae the presnted  procedure  enabling
computation of optimal  sensor  locations by
formulating and solving an optimization problem.

When andyzing the various observability measures
used for sensor location it can be concluded that for
systems where the number of sates far exceeds the
number of measurements, as in the presented case
study, methods based on maxima response energy
provide better results than methods based upon
maximizing observebility of the least obsavable
direction as the magnitude of the smdlest sngular
velue is often very close to zero. Spectrd norm and
trace of the empirica gramian are messures tha can
result in more accurate information, especidly if
some of the sngular vaues are dose to zero. In the
presented case study, the mesasures indicete that there
is one location in the dripping and one location in

the rectifying section which are optima for sensor
placement.

Another important aspect of this work was
invedigation of the effect of scaing on the sensor
placement. While scding would seem to be a naturd
choice when computing gramians, it can lead to fase
conclusons in this invedtigation. The results indicate
that scaling may not result in appropriate information
if dl the vaiables are representing the same type of
physica property, i.e. concentrations for this case.
The effect that scaling has on the computation of
gramians when different types of variables are
present, eg. temperature and concentration variables,
will beinvestigated in future work.
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