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Passive Identifiers for Boundary Adaptive Control of
3D Reaction-Advection-Diffusion PDEs

Andrey Smyshlyaev and Miroslav Krstic

Abstract— The prevalent identification technique in existing
results on adaptive control for PDEs is the “passive,” also known
as “observer-based” approach. However, it has so far not been
used in boundary control problems. In this paper we prove a
separation principle/certainty equivalence result for a class of
backstepping boundary controllers applied to a class of unstable
reaction-advection-diffusion PDEs in 3D.

I. INTRODUCTION

The prevalent identification technique in existing re-
sults [1], [2], [7], [16], [19] on adaptive control for PDEs
is the “passive,” also known as “observer-based” approach.
This approach is appealing due to its simplicity—it employs
an observer in the form of a copy of the plant, plus a
stabilizing error term—however, it has so far not been used
in boundary control problems. In this paper we study the
boundary control problem for a class of unstable 3D reaction-
advection-diffusion PDEs with unknown coefficients. We
employ explicit controllers designed in [18]. We make those
controllers adaptive by substituting the parameter estimates
from the identifier into the control law. Adaptive controllers
designed in this way are referred to as ‘“certainty equiva-
lence.” Stability of such controllers is a highly non-trivial
question because the parameter estimates make the adaptive
controller nonlinear even when the PDE plant is linear.
In this paper we prove the separation principle for the
adaptive controller consisting of the passive identifier and
the backstepping boundary controller.

A 1D version of the same class of systems is considered
in [12] using a Lyapunov approach. While the Lyapunov
approach necessitates the use of parameter projection and
low adaptation gain, such restrictions are not needed with
the passive identifiers.

Early works on adaptive control of infinite-dimensional
systems were for plants stabilizable by non-identifier based
high gain feedback [15], under a relative degree one as-
sumption. State-feedback model reference adaptive control
(MRAC) was extended to PDEs in [7], [2], [19], [16], [1] but
not for the case of boundary control. Efforts in [5], [20] made
use of positive realness assumptions where relative degree
one is implicit. Stochastic adaptive LQR with least-squares
parameter estimation and state feedback was pursued in [6].
Adaptive control of nonlinear PDEs was studied in [14],
[10]. Adaptive controllers for nonlinear systems on lattices
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were designed in [9]. An experimentally validated adaptive
boundary controller for a flexible beam was presented in [4].

Throughout the paper we assume well posedness of the
closed loop systems in the interest of space and due to
the parabolic character of the system which ensures it. An
example on how one would handle it is given in [11].

The paper consists of two parts. First we explore a 1D PDE
with only a reaction coefficient unknown to illustrate the
methodology of control and identifier design and the proof
idea. Then we apply the method to a 3D PDE with all of its
parameters unknown.

a) Notation.: The spatial Ly(0,1) norm is denoted by
| - ||. The temporal norms are denoted by L., and Lo for
t > 0. We denote by /; a generic function in £1. The symbols
I, (), J1(-) denote the corresponding Bessel functions.

II. ONE DIMENSIONAL HEAT EQUATION

In this section we consider a simple plant to illustrate
the main ideas of our approach in a narrative way without
extensive notation.

Consider a one-dimensional unstable heat equation

ug(x, t) Uge (2, 1) + Au(z, t) €))
u(0,t) = 0 @)
U(l, t) = U(t) ; 3)

with one unknown parameter A. Our objective is to regulate
the state of this system to zero from the boundary with
Dirichlet actuation U(t). For U(t) = 0 this system can have
an arbitrarily large number of unstable eigenvalues.

Denote the estimate of A by \ and consider the following
identifier !

1
G = fge + M+ Y (u — @) / u?(z)dz (4

0
w0) = 0 ©)
a(1) u(l1). (6)

Such identifiers are often called “observers”, but in fact they
are not used for state estimation. This identifier employs a
copy of the PDE plant and an additional nonlinear term. The
term “passive identifier” comes from the fact that an operator
from the parameter estimation error A = A — A to the inner
product of u with w — @ is strictly passive. The additional
term in (4) acts as nonlinear damping whose task is to ensure

square integrability of A (i.e. in our notation A € £5). This

To reduce notational burden we suppress time dependence everywhere
and z-dependence where it does not lead to a confusion.
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slows down the adaptation and serves as an alternative to
update law normalization.

Consider the error signal e = u — @ which satisfies the
following PDE

e = eup+ Au—7llul? (7)
e(0) = 0 (8)
e(l) = 0. ©)
With a Lyapunov function
1, A2
— d — 10
V=3[ fader i (10)
we get
v-—wm27nan+A/ )w—;—an
With the update law
. 1
X=7/<wm—au»wm¢u (12)
0
we obtain
V< —lleal® = lell?|ull?, (13)

which implies V() < V/(0) so that X and ||e|| are bounded.
Integrating (13) with respect to time from zero to infinity we
get the properties ||e. ||, [le]|||u| € Lo. From the update law
(12) we get |A| < vlle]||ju]| and so A € Ls.

For the case of known ), the following control method
has been proposed in [18]: use a transformation

we) = ae)- [ Heuod 4
Kw,©) :_dgﬂ EEE) g

Ala? - €2)

to map (1)—(2) into an exponentially stable system

Wy = Weg (16)
w(0) = w(l) =0. (17)

The stabilizing control law is then given by
u(1) = —/1»5[1 (VAT _52))@@ d. a8)

0 A1 —¢2)

For the unknown A we modify the transformation (14) as
follows:

() = / (2,6, N)a() de (19)
k(x,6,)) = ( ) (20)
Aa? - €2)

It maps (4)—(6) into the following target system (see Lem-
ma 4 from Section V)

Be + A §w(g) dé + (A + 2 ulP)er 1)

0
(1) =0, (22)

Wy =

(0) =

where

e1=e —/0 k(z, &, Ne(€) de. (23)

We observe that in comparison to non-adaptive target system
(16)—(17) two additional terms appeared, both small in some

sense, since the identifier guarantees ||e|[, A\ € L,. For the
analysis we will also need the inverse transformation

+Almamm9%

T (VA@? - €2)
l(l‘,g,;\) = _;\5 <A >
Aa? = €2)

(24)

[~
—
8
~
Il

(25)

Let us denote a bound on A by Ao. The functions k(z, £, \)
and [(z,£, ) are bounded, therefore we get the estimates
lexll < Myllell, [lull < lafl + [lel < Mallw]| + el (26)

where M, My are some constants.
To prove boundedness of signals, we estimate

/Olwidx+j\/()lw(x)/()x gw(g)dfdx

1
+ ()\+72Hu||2)/ o1 di
0

S Sl =

AL )

< il + B2 + Midol el
2 My [l (M ]| + [le])) ][]

1 1 X 1
< B2 = ol = IMRIaN? - = 1lwl2
< =Ml + el + AP @) + Sl
1.
= |2
16

iz o lel?
8 4M2M2 2 2 2 ”
8y MEME el +

+ 4M2NE||e]|? +

L .
< — el + Ll + b, @)

where /1 denotes a generic function in £;. The last inequality
follows from the properties A, ||ul||le],|le] € La. Using
Lemma A.2 we get [[w] € Lo N Lo. From (26) we get
wl, i) € Loo N Lo, and (12) implies that X is bounded.

In order to get pointwise in x boundedness we need to
show the boundedness of ||, || and ||e,||:

1 d 1 1 1
- — wgdaz:/ ﬁ}zwmtda::—/ Wy dz
2. dt Jo 0 0
1 5\ 1 z
z—/ wimdaﬁ——/ wm/ Ew(§) d€ dx
0 2 0 0
R 1
—()\+72Hu||2)/ €1y d
0
1, . R
< L2 + PPV (0 22200, )2 28)
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1d

5 | €adr < —llewal® + [Mlexslull = +*lex |||l

< —glleal + SIAPul?. 9)
Since the right hand sides of (28) and (29) are square
integrable, using Lemma A.2 we get ||w ||, ||ex]| € LooNLa.
From (24) we get ||iy|| € Loo N L2 and therefore ||uy|| €
Lo N Lo. By Agmon’s inequality we get the boundedness
of w and @ for all z € [0, 1].

To show the regulation of u to zero, note that

el < el + Nlelul < oo
The boundedness of (d/dt)||w]||? follows from (27). Using
Lemma A.1 (which is an alternative to Barbalat’s lemma) we
get ||@|| — 0, |le|| — 0 as t — oo. It follows from (24) that
|l — 0 and therefore ||u| — 0. Using Agmon’s inequality
and the fact that ||u,|| is bounded, we get the regulation of
u(z,t) to zero for all z € [0, 1]:

(30)

lim max |u(z,t)] < hm 2)Jul|||luz])? = 0.
t—oo z€[0,1] t—o0

€1y

The result can be summarized in the following theorem.
Theorem 1: Consider the system (1)—(2) with the con-
troller

1 h < Al —52)>
u() = [ A () de
0 A1 —=¢2)
If a closed loop system that consists of (1), (2), (32), identi-
fier (4)—(6), and update law (12), has a classical solution
(5\, u, 1), then for any 5\(0) and any initial conditions
ug, g € Lo(0,1), the signals \, u, @ are bounded and u
is regulated to zero for all = € [0, 1]:

(32)

lim max |u(z,t)| = 0.
t—o0 z€(0,1]

III. 3D PLANT WITH UNKNOWN DIFFUSIVITY,
ADVECTION, AND REACTIVITY

We present now results for a more general plant in a three-
dimensional setting:

(33)

U = €(Ugp + Uyy + Usz) + b1y + oy + b3u, + Au (34)

for (z,y,z) € ), where the domain €2 is a cylinder with top
and bottom of arbitrary shape I' (Fig. 1). This configuration
of the domain {2 is essential because it allows us to view
the problem as many 1D problems with 0 < z < 1 and
fixed y, z. We assume Dirichlet boundary conditions on the
boundary 0f2,

u = 0, (x,v,2) € 00\{z =1}, (35)

except at the top of the cylinder x = 1 where the actuation
is applied,

u(17y7z) = U(t7y72)7 (y7

The parameters ¢ > 0, by, by, b3, A are assumed to be
unknown.

z) eTl. (36)

Y

Fig. . The domain € for the plant (34).

For the notational convenience let us use the following
notation later in this section:

AU = Upy +Uyy + Uz, Vu= (um,uy,uz)T
b = b17b27b3
ul* £ /// (x,y,2 dxdydz—/u dQ

V|2 2 /Vu-VudQ. 37)
We will employ the following “observer”
4 = EAU+D-Via+ 3 (u—a) |Vl
(z,y,2) € Q (38)
) 0, (z,y,2)€d\{z=1} (39)
« = u, =1, (y,2)el. (40)

There are two main differences compared to 1D case
with one parameter in Section II. First, since the diffusion
coefficient € is unknown we must use projection to ensure
€ > g > 0. We define the projection operator as

Proj_{7} = {

Although this operator is discontinuous it is possible to
introduce a small boundary layer instead of a hard switch
which will avoid dealing with Filippov solutions and noise
due to frequent switching of the update law (see [11] for
more details). However, we use (41) here for notational
clarity. Note that £ does not require the projection from above
and all other parameters do not require projection at all.

Second, we can see in (38) that while the diffusion
and advection coefficients multiply the operators of 4, the
reaction coefficient multiplies u in the observer. This is
necessary in order to eliminate any A\-dependence in the error
system so that it is stable.

The error signal e = u — 4 satisfies the following PDE:

éAe+b-Ve+EAu+b - Vu+ \u

0 ,é=cand7<0

T , else. S

e =
— e Vul?,  (2,y,2) € Q (42)
e = 0, (x,y,2)€09. (43)
Using a Lyapunov function
b|2
v=llcwmy (PO X 44
/Q 271 272 2 3 9
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we get
Vo= =& Vel® = 2lel?|Vul?
+§/eAudQ+/e(B-VU)dQ
Q Q

~ 1
+>\/eudQ——§é——b b——/\A 45)
2 Yo ga! V2

With update laws

é = —yProj, / Vu - V(u—a)dQ (46)
Q
b = " /(u—ﬁ)VudQ 47
Q
A= vg/(u—ﬁ)udQ, (48)
Q
where g, 71,72 > 0 we get
Vo< | Vel = 2llelVul?, (49)
which implies V(t) < V(0) so that &, A, |le|| are

bounded. Integrating (49) with respect to time from zero
to infinity we get square integrability of ||Vel|, |le]|||Vull,
which, together with the update laws (46)—(48), gives square
integrability of |b| and \.

Lemma 2: The identifier (38)—(40) with update laws (47)—
(48) guarantees the following properties:

[Vell, lelllVull € L2, le]l € Loo N Lo, (50)
57 51752763a 5‘EL:OO7 817827[;375\€£2' (51)
We employ the following controller
13 .
ulys) = - [ Al
o €
A
I ( (1 —52))
X - u(&,y,z) d§ (52)
Me(1-¢?)

with ¢ > 0, which is a straightforward generalization of the
one proposed in [18] for the case of known parameters.
Starting with the result on stability of the identifier, we
now turn to proving closed-loop stability. Unfortunately, it
is very hard to prove the result in the case of unknown e¢.
This is because, while the identifier guarantees the properties

[|Ae|| which are required in the case of unknown e. Therefore
for the closed-loop result we assume that € is known and set
¢ = e everywhere. The update law (46) nevertheless achieves
closed-loop stability for unknown € in simulations, as shown
in Section V.

Theorem 3: Consider the plant (34), (35) with the con-
troller (52). If the closed loop system that consists of (34),
(35), (52), identifier (38) (40), and update laws (47), (48) has
a classical solution (b, A, u, @), then for any b(0), A(0) and

any initial conditions ug, tig € L2(€2), the signals b, \ w0
are bounded and v is regulated to zero for all (z,y, z) €

tllglo (xrjlzzi)xeﬂ lu(x,y, z,t)| = 0. (53)
IV. PROOF OF THEOREM 3
We will use Poincare and Agmon inequalities
[ul < di(T)]|Vull (54)
Jmax ful < da)llulli g 65)

Here d; and dy are constants that depend only on I'. The
main difficulty in proving the result in 3D case compared
to 1D case is that we need to show H, (instead of H)
boundedness and H; (instead of Lo) regulation in order to
have pointwise boundedness and regulation.

A. Target system

We use the following transformation

w@%@:am%a—A e Oy, 2)de (56)

R ) I ( >\+C( 52))
A+ 6567 b= 57
£ 5\+c
7(1’2 —&?)
which is a generalized version of the transformation pre-
sented in [18] for the case of known parameters.

Lemma 4: The transformation (56)—(57) maps (38)—(40)
into the target system

I%(l’,f) - -

Wy = eAb+b- wacmrbl(I)l[ ]+)\<I>2[]
+ (3 + 22 Vul)er, (58)
w = 0, (x,y,2)€0N. (59)
where
] = /1%@£WQWJW§ (60)
0 xT
o = oo [ Mwgeen . 6
0
and
i, 6) = “ 5k 0 + o [ (o= o)kt 0,0 do
02(3,6) = e HE), (62)

Proof: Substituting (56) into (38) we get

eAW +b - Vi — e + (A + 2| Vul|?)es

= [ (bl ) + Ais(0.9)) .20 6 (6)
0

Wy =

To replace « with w we use an inverse transformation

0=+ /mg (&, y,2)dE (64)
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Z(l’,f) - -

< A Ji < /\+C( 52))
A —; C{e’bl(‘:e_g) : . (65)
Atc
S (g2 — 2)
Changing the order of integration and computing the inner
integrals with the help of [17] we get (58)—(62). |

B. Boundedness

Let us denote the bounds on |l3\, A by bg, Ag. Since kand|

and their derivatives with respect to parameters are bounded
functions, we have the estimates

lex|| < Millel|, [[Vull < Ma[|Vd[| + [[Vel[,  (66)

where M7, M, are some constants. The functions 1, o are
also bounded, let us denote these bounds by @i, ps.
First we show the boundedness of the Ls-norm:

e < —»SIIVuAJIIQ+(X+72||Vu||2)/ew?dQ

2dt
Q
+z31/wc1>1 dQ+5\/w<I>2dQ. 67)
Q Q
Using the estimate
El/d@ldﬁ < 8dQ|| w)? + d2|b1|2 Akl
Q
€ “ ~
< gIVal® +hfal, (68)

and similarly for the term with 5\, we get

S0l < 22 + bl + Mudollel
92 M |Vl (M |V |+ [VelDll e
< =B v+ 2 + Lozl
+ g0l + ZI9alP + g Vel
+ I MRVl e
< = 2Vl + ]+ (69)

Using Lemma A.2 we get || 0| € Loo N L. Integrating
(69) with respect to time from zero to infinity we also get
[V| € L2 and therefore ||V, [|[Vul| € La.

Now let us show H; boundedness. In this case it is enough
to consider e and w systems separately. First,

2dtHVeHQ /VetVedQ— —/etAedQ
Q
< —6\~|A€||2 + bol|Ae|[[Vel| + [bl[| Ael|||Vu]
+ A [ull = A2 Vel Vul®

2 € 2 b% 2 € 2
< —ellAel” + Ll Ael” + ZIVell” + [l Al

[b” € AI”
+ IVl + gl Al + = fJull?
9 3

< —ZHAeHQ . (70)

Using Lemma A.2 we get ||Ve| € Loo N L2. Second,

2 2
S 2Ival? < —<laa / i (b V) O
—bl/AﬁﬂI’l dQ—)\/AﬁJ@ng

+(;\+72||Vu||2)/eAu§dQ. (71)
Q

Using the estimates

IN

[ai b viyan < wladl|ve] < 1Al + b

IN

by [ Aveide < Sladl+ufol?, (72)

and similarly for the term with A, we get

L v

IN

=2 Al + ) +
MM |Vl [V 2 e
ATl Vel e

+ My A ]

2dt

el|Ad|?
4
2 )
+ = M M|V ul e * Vb

IN

2M2 N2
+ =12 el

be R
—§||Aw||2+ L+

2 € Ak
+ SV M|Vl VelPlle]® + S| A

< —Z A + 1|V + by (73)
Using Lemma A.2 we get ||Vi|| € Lo N L2 and therefore
(IVa|l, [[Vul| € Lo N Lo. Integrating (70), (73) we also get
[[Ae|l, |Aw|| € L2 and therefore |Adl], ||Aul| € L.

Note that from the above properties and (70)—(73) it
follows that (d/dt)||Vel||? and (d/dt)||V||? are bounded.
By Lemma A.1 we get ||Ve|,||Vw| — 0 and therefore
IV, |Vul| — 0 as t — oc.

In order to prove pointwise boundedness in 3D we need
to show that the H5 norms of the signals are bounded. After
careful estimates (which we omit here due to a lack of space)
one can show that the following inequality holds:

1+8\2M2d42 d 1d|| 2
2 2dr

g N
< — ||V - ;Hwtu%zluwm + ledl® + 174)

Zledll® +

By Lemma A2 ||, |le:]] € Lo N L2 and therefore
laell, lwell € Loo N L2. From (38) and (34) we get
[[AG], [[Aul] € Lo N Ly. Using now Agmon’s inequality
(55) we get the regulation result:

lim max |u| < ds hm ||U||1/2|| ||1/2 0.
t—00 (z,y,2)EN

(75)
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Fig. 3. The parameter estimates for the plant (76).

V. SIMULATIONS

For the demonstration of the design with passive identifier
we consider a 2D plant with four unknown parameters ¢, by,
by, and \:

Up = €(Ugg + Uyy) + brug + bauy + Au (76)

on the rectangle 0 < z < 1, 0 < y < L with actuation
applied on the side with x = 1 and Dirichlet boundary
conditions on the other three sides. The adaptive laws (46)—
(48) are modified in a straightforward way from the 3D to the
2D setting. We set the simulation parameters to € = 1, b; =
1, bo = 2, A = 22, L = 2. With this choice the plant has two
unstable eigenvalues at 8.4 and 1. Initial estimates are set to
£(0) =2, b1(0) = 3, by(0) = 0, A(0) = 5 and the bound on
¢ from below is € = 0.5. The initial conditions for the plant
and the observer are u(x,y,0) = 10sin®(7x)sin?(ry) and
i(x,y,0) = 0. The results of the simulation are presented in
Fig. 2 (several snapshots of the state) and Fig. 3 (estimates
of the unknown parameters). All estimates come close to
the true values at approximately ¢ = 0.5 and after that the
controller stabilizes the system.

APPENDIX

Lemma A.1 (Lemma 3.1 in [14]): Suppose that the func-
tion f(t) defined on [0, co) satisfies the following conditions:

(i) f(t) >0 for all ¢ € [0, c0),

(i) f(t) is differentiable on [0,00) and there exists a
constant M such that f'(¢) < M for all ¢ > 0,

(iii) [, f(t)dt < oo.

Then we have lim;_, o f(t) = 0.

t=0.5
The closed loop state for the plant (76) at different times.

Lemma A.2 (Lemma B.6 in [13]): Let v, 11, and [ be
real-valued functions defined on R, and let c be a positive
constant. If [; and [5 are nonnegative and in £; and satisfy
the differential inequality

0 < —cv+ 11 (t)v +1a(t),

then v € Lo () L1.

v(0) >0 (A.1)
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