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Well-posedness of Nonconvex Integral Functionals

Silvia Villa

Abstract— We find a sufficient condition guaranteeing well-
posedness in a strong sense of the minimization of a multiple
integral on the Sobolev space W''(€Q; R™) with boundary
datum equal to zero. We remark that this condition does
not involve global convexity of the integrand and therefore it
allows us to find well-posedness properties of two classes of
nonconvex problems recently studied: functionals depending
only on the gradient and radially symmetric functionals.

I. INTRODUCTION

Consider the class of integral functionals defined by

J(u) = /Q L(z,u(x), Du(x)) dz (1)

on some space of Sobolev functions with boundary
datum equal to zero.

In [1] Toffe and Zaslavski proved a variational principle
thanks to which it is possible to show that the set
of normal integrands giving raise to a well-posed
minimization problem in a very strong sense is generic
with respect to a suitable topology. This implies that the
classical hypotheses needed in order to apply the direct
method of the calculus of variations, namely convexity
of the integrand in the gradient variable and a growth
assumption, are not necessary to have well-posedness of
the minimization problem and therefore also existence
and uniqueness of the minimizer.

For this reason it is useful to find explicit conditions
generically satisfied by integral functionals guaranteeing
well-posedness of a given problem.

We deal with two types of well-posedness: Tykhonov
well-posedness which is probably the best-known and
the weakest well-posedness concept (see [2]) and well-
posedness under perturbations, introduced by Zolezzi
in [3] which is instead the strongest known concept of
well-posedness.

This paper is organized as follows: in Section II we
recall the basic definitions of well-posedness and of
bounded Hausdorff convergence, which was introduced
in [4] and [5]. Moreover we illustrate a result of general
nature, proved in [7], in order to deal with nonconvex
problems defined as in (1). Theorem 1 is an extension
to the nonconvex case of a theorem of Beer-Lucchetti
in [6] about the connections between Tykhonov well-
posedness and well-posedness under perturbations with
respect to the bounded Hausdorff convergence of a
given function. The convexity assumption is replaced
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by a suitable a priori localization condition for the
approximate minimizers of elements of any bounded
Hausdorff converging sequence of functions (see [7]).
According to this result, in order to get a characterization
of well-posedness under perturbations of a functional
it is enough to get appropriate characterizations of
Tykhonov well-posedness.

In Section IV we find a sufficient condition of local
character for Tikhonov wellposedness of an integral
functional defined on the Sobolev space W, (€; R™)
by extending some results of [8], [9] and [10]. The
key assumption is strict convexity of the integrand at
certain points and the geometric approach of the proof
allows us to consider integrands which may take the
value 400 and this gives the possibility to apply our
results also to problems with constraints.

Finally, in Section IV, we apply our results to study
wellposedness of two classes of integral functionals. The
first is the case of integrands depending only on the
gradient, and with linear boundary datum: for this class
we extend a previous result of [11] and we get stability
of the solution by perturbations of the boundary data.
The second is the case of radially symmetric functionals,
treated for instance in [12] and [13]. For this class we
have that the hypotheses which ensure existence and
uniqueness of the solution guarantee also wellposedness
(see [14]).

There are not many well-posedness results in the
classical calculus of variations, however results on this
subject are proved in [15], [11], [16], [17], [2], [3] and
[18], with respect to different types of perturbations.

In [15] a Tikhonov wellposed one-dimensional integral
functional is considered. In particular it is proved
that under suitable hypotheses this is enough to get
the strong convergence in some Sobolev space of the
asymptotically minimizing sequences corresponding
to perturbations of the integrand with respect to the
variational convergence not involving the derivative.

In [3] sufficient and necessary conditions are obtained
for wellposedness by perturbations of the boundary data
for integral functionals depending only on the gradient.
The integrand is assumed to be continuous in the
one-dimensional case and to have moreover polynomial
growth in the multi-dimensional one.

II. PRELIMINARIES AND GENERAL RESULTS

As we said in the Introduction there is a very strong
link between the concepts of Tykhonov well-posedness
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and well-posedness under perturbations. We start giving
the definition of the variational convergence with respect
to which the perturbations are taken: the bounded
Hausdorff one.

Given a Banach space X, for any set A C X and
p > 0, we set A, == AN B,0). For A, B C X,
e(A, B) :=sup,c 4 d(z, B), is the excess of A on B.
Given two subsets of a normed space, the p-Hausdorff
distance between A and B is the following quantity:

haus, (A, B) := max{e(4,, B),e(B,, A)}.

Identifying each extended real valued function with its
epigraph we are able to give the following definition.

Definition 1: For p > 0, the p-Hausdorff-distance
between two extended real valued functions f and g
defined on X is

haus,(f, g) := haus,(epif, epig),

where the unit ball of X x R is the set B1(0) := {(z, ) :
=] <1, ol <1}

Definition 2: Let f, f : X — [—00,+0], h=1,2,...,
be lower semicontinuous functions. We say that f
converge to f with respect to the bounded Hausdorff
convergence, and we write f = bH — lim fj, if and only
if there exists pg > 0 such that for every p > pg

haus,(f, fn) — 0 as h — +o0.
Finally we give the definitions of the two concepts of
well-posedness involved in this paper ([2], [3]).
Definition 3: We say that a function ' : X — R U
{+o0} is Tikhonov wellposed if it satisfies the following
conditions:
a) there exists a unique global minimizer ug of F;
b) if wp is any minimizing sequence, i.e. a sequence
such that F'(upn) — F(ug), then up — ug.
Now we consider a convergence space .4 and a fixed point
f € A. We are given the proper extended real-valued
functions

F:X — (—o0,+00], I:Ax X — (—00,+00]
such that
F(u)=I(f,u), ue X.
The corresponding value function is given by
V(g) =inf{I(g,u)|ue X}, g€ A

Definition 4: ([19]) The problem of minimizing F' on
X is called wellposed under perturbations (with respect
to the embedding defined by I) iff

1) V(g) > —oo for all g € A,

2) there exists a unique global minimizer ug for F,

3) for every sequences fr, — f in A and up € X such

that

I(fn,un) — V(frn) = 0ash — 400 (2)

we have up — ug in X.

Sequences  satisfying condition (2) are called
asymptotically minimizing sequences.

Let L(X) = {G : X — R U
{40}, bounded from below, proper and ls.c.} and

1S/) : X — RU{+oco} such that lim,|—4o0 ¥ (u) = +o00.
et

A={G e L(X)|G(u) > ¢(u) for each u}, (3)
endowed with the bH-convergence, and define
I AXxX — (—00,+x]
I(G,u) = G(u). (4)

The following result is a rewriting in different terms
of Theorem 3.5 of [7].

Theorem 1: Let X be a Banach space, A and I defined
by (3) and (4). Assume that F € A is Tikhonov
wellposed. Then F' is wellposed under perturbations with
respect to the embedding defined by I.

As we mentioned in the Introduction this result is the
backbone for the applications in the next sections.

III. WELL-POSEDNESS OF INTEGRAL
FUNCTIONALS

Consider €2 an open and bounded subset of R™, L :
Q) x R — [0,400] a normal integrand and define the
associated integral functional

J(u)z/ﬂL(m,Du(m))dm (5)

on the space Wol’l(Q; R™). The key result of this section
is the following theorem (see [14]).

Theorem 2: Let L and J be defined as in Corollary
2. Suppose that J is coercive having a unique minimum
point ug € Wy (Q; R™).

Moreover assume that v — L(x,v) is strictly convex at
the point Dug(z) for almost every x € . Then J is
Tikhonov wellposed in Wy'' (Q; R™).

Equivalently, if u, € Wo’l(Q;Rm) is any minimizing
sequence, then:

lun —uo|| — 0 in Wyt (Q; R™).

In order to illustrate Theorem 2 we state three lemmas
which are the building blocks of its proof , after recalling
the definition of strict convexity at a point. In the sequel
we will use the following notations. Given a function
L : R" — [0,+00] we will denote by L** its convex
regularization and by L, the function defined on R™ by
setting L, = L on the closed ball B(ug,r) with center
ug and radius r and L, = +oo otherwise.

Definition 5: Let U be a closed convex subset of R™
and ug € U. We say that a function L : R* — RU{+oc}
is convex at ug with respect to the set U if

ZCiL(Ui) Z L(UQ) (6)

for every m > 0, for every v; # ug and ¢; > 0 such that
v, eU, > " ¢e;=1and Y ;" civ; = ug.
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If inequality (6) is always strict, we say that the function
L is strictly convex at ug with respect to U.
Clearly, there are many examples of convex functions at
a point which are not globally convex; for instance every
function is convex at its minimum point, if it has one.
Lemma 1 is one of the tools used to prove the main
theorem, and gives a characterization of the points of
strict convexity in terms of their geometric properties.
Lemma 1: Let L : R™ — [0, 400] be lower semicontin-
uous and proper. Then:

1) If (ug, L**(ug)) is an extreme point of epil** then
L is strictly convex at ug.

2) If L is strictly convex at ug, then (ug, L(ug)) is an
extreme point of epi(L,)** for all r > 0.

Another basic ingredient in the proof of Theorem 2 is
the following semicontinuity result.

Lemma 2: Let L : Q x R™ — [0,400] be a normal
integrand and let J be defined as in (5). Consider
up,ug € WH1(Q; R™) and suppose that the function
v +— L(x,v) is convex at the point Dug(x) for almost
every x € ().

If ||up — uol — 0 in LY(Q; R™) and Duj, — Dug in
LY (S RY), then

liminf J(up) > J(uo).
The last lemma is a generalization to the nonconvex
setting of Lemma 3 of [10].

Lemma 3: Let L : Q x R™ — [0,400] be a normal
integrand and wup,ug € WH(Q; R™). Suppose that the
function v — L(x,v) is convex at the point Dug(z) for
almost every x € Q.

If lup,—uol||Lr — 0, Dup, = Dug and J(up) — J(ug) then
x — L(x, Dup(z)) — (z — L(z, Dug(z))) in L' (% R).

As a consequence of Theorems 1 and 2, we get the
following Corollary, which establishes a criterium of well-
posedness under perturbations of nonconvex integral
functionals.

Corollary 1: Let L, Ly, : QX R™™ — [0, 400] be normal
integrands and let J be defined as (5). Suppose that
J is coercive having a unique minimum point wug €
Wy (€ R™).

Moreover assume that v — L(z,v) is strictly convex at

the point Dug(x) for almost every x € 2 . Consider the

sequence Jy, defined by Jy(u) := [, Ln(x, Du(x)) dz on

Wyt (€, R™). Assume that

(i) Jn — J with respect to the bounded Hausdorff
convergence on W' (Q; R™) ;

(ii) Jp is equicoercive.

Then:
|un —uol| — 0 in Wy ' (Q; R™)

for every asymptotically minimizing sequence up,.

In other words the problem of minimizing J is well-
posed under perturbations with respect to the embedding
defined by (4).

IV. APPLICATIONS AND EXAMPLES

In the papers [20], [21], [11], [22] the following problem
of minimizing a functional of the gradient under linear
boundary conditions is studied:

(P,) Minimize /QL(Du(x))dx

subject to u € wg + Wy''(Q). Here Q C R" is
open, bounded and with piecewise C! boundary and
ug(x) = (a,z), where a € R™ and (-,-) denotes the
standard scalar product in R™. The function L : R® — R
is supposed to be lower semicontinuous and bounded
from below. Moreover the function L satisfies the growth
condition:

(G) L(y) > @(ly|) forany y € R",

where ® : [0,400) — R is such that lim; ;. 22 =

+o00. '

In particular the paper [11] studies the continuous
dependence of the solutions on the boundary data. For
this purpose we need to introduce the problem

(P*)  Minimize / L™ (Du(z)) dz
Q

subject to u € u,+ Wy (Q). As well-known (see Chapter
X of [23]), it turns out that

inf P, = L™ (a)|Q] (7)

and that the function u, is a minimizer.
Using the results of Section IIT we can improve the results
contained in [11].

Theorem 3: Let L : R™ — R be lower semicontinuous,
bounded from below and satisfying the growth condition
(G). Suppose that (a,L**(a)) is an extreme point of
epil**.

Then any asymptotically minimizing sequence of P,
converges strongly to u, in W11(€Q).

This Theorem moreover shows how the concept of well-
posedness under perturbations also extends the classical
concept of Hadamard well-posedness.

The following Theorem shows that also the class of
radially symmetric functionals is well-posed.

Consider the variational problem

Minimize / [L(|Du(x)|) + h(u(x))]dx  (8)
B(O,R)

subject to u € Wy' (B(0, R)). where B(0, R) is the ball
of R™ of radius R centered at the origin; the function
L : [0,400[— [0,+00] is lower semicontinuous and h :
R — [0,400[ is a convex function.

Problems of this kind arise in various fields as nonlinear
elasticity, fluid dynamics and optimal design. We refer to
[12] and [13] for results about existence and uniqueness
of minimizers, and we remark that wellposedness was
not considered there.
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Applying the results of [12] and Theorem 2 we obtain
the following theorem.
Theorem 4: Assume that:

(h1) L : [0,+00[— [0,+00] is lower semicontinuous and
has superlinear growth;
(h2) h: R — [0, +o0[ is convex and monotonic;

and that either h or L** is strictly monotonic . Then
problem ((8)) is wellposed in the sense of Tikhonov on
the space W' (B(0, R)).
We conclude with an example in order to show some
useful features of the definition of well-posedness under
perturbations.

Example 1: Let us consider the functionals

1
J(u) :/0 (u(z)? + 4 (2)*) do

and

with u € Wy*(0,1).

It is easy to show that the perturbed functionals J; do
not have a minimizer for any h. This means that even if J
is strictly convex and Tykhonov well-posed it is possible
to perturb it with perturbations as small as wished and
destroy the existence of a minimizer. Anyway, since J is
Tykhonov well-posed and the sequence Jj, is convergent
with respect to the bounded Hausdorff topology, every
asymptotically minimizing sequence strongly converges.
This shows that the concept of well-posedness under
perturbations allows us to avoid the requirement of the
existence of the minimizer of the perturbed problems.
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