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Nonlinear Control Analysis on
Nonholonomic Dynamic Systems with Affine Constraints

Tatsuya Kai, Hidenori Kimura and Shinji Hara

Abstract— This paper deals with nonholonomic control sys-
tems subject to affine constraints. We first derive several prelim-
inary properties of nonholonomic dynamic systems with affine
constraints (NDSAC). We then investigate local accessibility and
local controllability of the NDSAC based on both Sussmann’s
theorem and linear approximation approaches. Conditions for
local asymptotic stabilizability of the NDSAC by linear state
feedback and nonlinear smooth state feedback are also derived.
Finally, two physical examples are illustrated to confirm the
results.

I. INTRODUCTION

Many researchers have studied nonlinear control systems
with nonholonomic constraints or nonholonomic control sys-
tems. Roughly speaking, researches of nonholonomic control
systems can be classified into two areas: kinematic systems
and dynamic systems. In both the areas, linear constraints
which are linear in velocities have been mainly investigated.
Kinematic systems are directly derived from nonholonomic
constraints, and in particular linear constraints can be trans-
formed into symmetrically affine control systems. On the
contrary, dynamic systems are derived from Euler-Lagrange
equations with constraints by D’ Alembert’s principle. Espe-
cially, Bloch et al. [1] have analyzed nonholonomic dynamic
systems with linear constraints. There are two common
characteristics between kinematic and dynamic systems: (i)
Their linear approximated systems are uncontrollable. (ii)
They are locally controllable, but not locally asymptotically
stabilizable by any nonlinear smooth state feedback from
Brockett’s theorem [2]. Therefore, many control laws which
avoid Brockett’s condition have been proposed such as
time-variant feedback, discontinuous feedback and switching
control.

There is another class of constraints which are affine in
velocities and called affine constraints. It is a larger class of
constraints than that of linear constraints. A space robot with
initial angular momentum, a coin and a ball on a rotating
table [3], a pneumatic tire [4], under-actuated manipulators
and underwater vehicles [5] are typical examples of affine
constraints. Until now, there have been much less researches
on affine constraints than those on linear constraints. In
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[6], [7], we have derived the integrability and nonintegra-
bility conditions for affine constraints using vector fields on
a manifold and investigated accessibility of kinematically
asymmetrically affine control systems (KAACS) derived
from affine constraints. Moreover, in [8] we have analyzed
the KAACS with nonholonomic affine constraints and shown
the following two facts: (i) There exists a class of systems
whose linear approximations are controllable, and hence they
are stabilizable by linear state feedback. (ii) There exists a
class of systems such that Brockett’s condition holds, i.e.,
they may be stabilized by nonlinear smooth state feedback.
These are far beyond the well known facts for nonholonomic
systems so far.

In this paper, we analyze nonholonomic dynamic systems
with affine constraints more rigorously than [9], and the
main focus is to investigate whether above two facts also
hold in dynamic systems with affine constraints rather than
linear constraints. The rest of the paper is organized as
follows. Section II presents some definitions and concepts
of affine constraints. Moreover, a complete nonholonomicity
condition is derived. In Section III, we first give the prob-
lem setting and introduce a nonholonomic dynamic system
with affine constraints (NDSAC). Section IV is devoted to
nonlinear control analysis of the NDSAC, which includes
local accessibility, local controllability and local asymptotic
stabilizability, and the main results of this paper are provided.
Finally in Section V, we illustrate two physical examples,
namely a coin on a rotating table and a ball on a rotating
table, to confirm our results obtained in the paper. Through
this paper, manifolds, vector fields, functions and distribu-
tions are all assumed to be smooth.

II. AFFINE CONSTRAINTS
A. Preliminaries

In this subsection, we first define affine constraints that we
treat through this paper. Let () be an n-dimensional manifold
and an n-dimensional column vector ¢ = [q1 -+ ¢, |7 €
R" be a local coordinate of (. In this paper, we consider
n —m (n > m) affine constraints:

A(q) + B(q)¢ = 0, (1)

where A(q) is an (n — m)-dimensional column vector and
B(q) is an (n—m) x n matrix. We assume the independence
of the affine constraints as follows.

Assumption 1: The matrix B(q) in the affine constraints (1)
has row full-rank at any point ¢ € @, that is,

rank B(q) =n—m, Vg€ Q )
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holds. |

Next, we introduce new concepts to classify the affine
constraints. A point ¢ € @ such that A(q) = 0 is called
an daffine equilibrium point and the set of affine equilibrium
points is defined by

U®={qe Q| A(q) =0}. (3)
We then define the affine index at ¢° € U*®:
A
rla) = rank () @

and the affine index of the affine constraints:
o— €

ri= max r(q%). ®)
Using them, we classify the affine constraints as follows.
Definition 1: The affine constraints (1) are categorized into
three types by affine indices (5) as follows.
(@) =0 : completely linear constraints
) 1 <r <n—m—1:r-th order partially affine constraints
(¢) » =n —m : completely affine constraints |
The completely linear constraints correspond with linear
constraints which have been mainly studied so far. The
partially affine constraints includes both linear and affine
constraints such as a coin on a rotating table which will be
shown in Subsection V-A. The completely affine constraints
are constraints that consist of only affine constraints such as
a ball on a rotating table which will appear in Subsection
V-B.

Finally, we explain a geometric representation of the affine
constraints, which plays important roles through this paper.
Since n — m row vectors of B(q) are all independent from
(2), we can find m vector fields Y7,---,Y,, which are all
independent and annihilate n—m row vectors of B(q). Let us
denote a space spanned by Y73, - - - ,Y,,, that is, a distribution
on () as

D =span{Yy,- -, Y.} (6)

A curve g : I — @ is said to satisfy the affine constraints
(1) for a time interval [ if and only if there exists a vector
field X satisfying

A(q)+ B(9)X(q) =0, Vg€ Q (7)

and the curve satisfies

q(t) — X(q(t)) € D(q(t))
Therefore, a geometric representation of the affine constraints
is defined as follows.
Definition 2 [3], [10], [6]: The affine constraints (1) are
geometrically represented by a pair (D, X), where D is a
distribution defined by (6), and X is a vector field which
satisfies (7) and called an affine vector field. |
For the geometric representation of the affine constraints,
the following proposition holds.
Proposition 1 [6], [8]: For the geometric representation of
the affine constraints (D, X), X (q) € D(g) holds at a point
g € @ if and only if the point is an affine equilibrium point.
Conversely, X (q) € D(q) holds at a point ¢ € @ if and only
if the point is an affine regular point. |

vtel. (8)

B. Complete Nonholonomicity

In this subsection, we discuss completely nonholonomicity
of the affine constraints. If all the n—m affine constraints (1)
are nonintegrable, that is, there do not exist any independent
first integrals, they are said to be completely nonholonomic
or completely nonintegrable. Now we define a smallest
and involutive distribution Cy which contains Y7, -+, Y,
and satisfies [X,W] € Cy, YW € Cj. A necessary and
sufficient condition of complete nonholonomicity for the
affine constraints is derived as follows (see also [9], [8]).
Theorem 1: The affine constraints (1) are completely non-
holonomic if and only if

dimCy =n &)

holds.

Proof. Consider the product space @ := R x Q with (n +
1)-dimension, where R is the space of the time variable.
On @, the affine constraints (1) are represented by Pfaffian
equations of n — m differential forms:

A(g)dt + B(q)dg = 0. (10)

Since an vector field X of the geometric representation
satisfies (7), m + 1 vector fields on () which annihilate (10)
are given by

— 0
X ==X, Y =09Y;
ot © @
Now we define an igvolutive_ distribution C' defined on Q,
which contains _X ;. Yy, ;. Y,. and iterated Lie brackets
that consist of X,Y7,---,Y,,. Therefore, a necessary and
sufficient condition for complete nonintegrability is given by

(12)

(i=1,---,m). (1)

dimC =n+1

(cf. Frobenius’ theorem [1 11, [12]). Calgulate the iterated Lie
brackets which consist of X, Y7,---,Y,,, then we have

X,¥] =08 [X, Y],
KIGTI =00 XK,
[Y;, Yi] =0 [Y;,Yi],
(Y, [V5, Y]] = 0@ [Va, [Y;, Y3]),

We can see that X is independent of Yj,---,Y,, and the

iterated Lie brackets (13). Then, the necessary and sufficient
condition (12) is changed into a condition that Y7, --- ,Y,,
and the iterated Lie brackets which consist of X, Y7, - ,Y,,
span an n-dimensional space. From (11) and (13), we can

only consider Y1,---,Y;, on Q instead of Y7,---,¥,, on
(), and iterated Lie brackets which consist of X, Y7,--- Y,
on () instead of those which consist of X, Y7, ---,Y,, on

Q. Therefore, a necessary and sufficient condition for com-
plete nonholonomicity is that Yj,---,Y,, and the iterated
Lie brackets which consist of X,Y7,---,Y,, span an n-
dimensional space, that is, (9) holds. [ |
We then assume the following, that is, we deal with
nonholonomic affine constraints.
Assumption 2: The affine constraints (1) are completely
nonholonomic, that is, (9) holds. [ |
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I1I. NONHOLONOMIC DYNAMIC SYSTEMS WITH
AFFINE CONSTRAINTS

A. Problem Setting

This subsection is devoted to the problem setting of this
paper. Let @@ be an n-dimensional configuration manifold
and a column vector ¢ = [q1 - qn ]T € R" be generalized
configuration variables. We then denote generalized velocity
and acceleration variables as ¢ = [¢1 -+~ ¢, |7 € R" and G =
[G1---Gn ]t € R", respectively. We consider the Lagrangian
of general form, that is, the kinetic energy minus the potential
energy:

Lg.d) = i Gla)i ~ Ua)

where G(q) is an n X n inertia matrix which is symmetric
and positive definite, and U(q) is a potential function.

The system is assumed to be subject to n — m affine
constraints (1) under Assumption 1. From (2), B(gq) can be
partitioned as B(q) = [ B1(¢q) B2(q)] by changing the order
of the generalized configuration variable ¢, where By (q) is
an (n —m) x m matrix and Bs(q) is an (n —m) x (n —m)
matrix which is non-singular for any point ¢ € ). Depending
on this partition, the generalized configuration variables ¢ is
also partitioned into ¢ = [¢ ¢l']" where ¢; and ¢y are
an m-dimensional and (n —m)-dimensional column vectors,
respectively. Consequently, we have ¢o = —Ba(q) 1 A(q) —
B2(q)™*Bi(q)¢1 and we then rewrite the affine constraints
(1) as

(14)

i=X(q) +Y(q)d, (15)

where X (¢) is an n-dimensional column vector and Y (q) is
an n X m matrix, which are defined by

X(q) = [_Bz(q)o—lA(q)} > Vi) = [—Bz(q;.TlBl(Q)} '

Note that X and Y’s column vectors f/l, ‘e ,}Afm satisfy
the properties of the geometric representation of the affine
constraints.

Finally, we set control inputs. Let an r-dimensional (r <
n) column vector ¢ = [u; --- u, |7 € R be control input
variables and an n xr matrix E/(g) be an input change matrix.
Then control inputs to a system are denoted by FE(q)u. We
here impose the following assumption on the control inputs.
Assumption 3: The number of the control inputs is equal
to the dimension of D, that is » = m. Furthermore, the
constraint force and the control inputs are complimentary,
that is, the m x m matrix Y (¢)T E(q) is non-singular at any
point g € Q. |

B. NDSAC and Normal Form

In this subsection, we derive nonholonomic dynamic sys-
tems with affine constraints (NDSAC) based on the problem
setting in the previous subsection. Firstly, we substitute the
Lagrangian (14) for the Euler-Lagrange equations:

oL

d (OL
u (84) 5= (16)

and the constraint force B(gq)”A and the control inputs
E(q)u are added in the right-hand side of (16), then we
have

G(q)i+T(q,4) +VU(q) = B(g)" A+ E(q)u,  (17)

where an (n — m)-dimensional column vector A =
[AM1 -+ Ao |T € R"™™ is the Lagrange multiplier and
an n-dimensional column vector I'(g,q) is the Coriolis’
and centrifugal force term defined by T'(q,q) := G(q)§ —
34-{4"G(q)g}. Since the m x m matrix Y ()T G(q)Y (q)
is non-singular at any point ¢ € @, then we can solve (17)
for ¢ as follows

i1 = ~{V (@) GV (@)} V()" {G(@)X(q)
+G(@Q)Y (9)d1 +T(q, X (9) + Y (9)dn) + VU (q)}
+{Y(9)"G(9)Y (9)} "V ()" E(q)
Now, we define a new vector and matrix as q(q) =
V(@ G@Y @} V@', flad) = G@)X) +
G(@)Y(¢)dr +T'(q, X(q) + Y(¢)¢1) + VU(q) and set new
state variables as z; ;= ¢ € R™, 29 := g2 € R"™ ™, 23 :=
g1 € R™. From (15) and (18), we can obtain the NDSAC:

2:’1223

(18)

(@)u.

iy = —X(21,22) — Y(21,22)23
Z3 = —a(z1,22)B(21, 22, 23) + (21, 22) E(21, 22)u,

where X (z1,2) := Ba(z1,22)  A(21, 22), Y (21, 20) =
BQ(Zl, ZQ)ilBl(Zl, 2’2).

We next transform the NDSAC (19) using a state feedback.
Let an m-dimensional column vector v = [v; --- v, |7 €
R™ be new control input variables and consider the follow-
ing transformation of control input variables:

19)

u={a(z1,22)E (2, 22)}71a(zl, 29)0(z1, 22, 23)

_ (20)
+{a(z1,22)E(21, 22)} Mo
Using (20), the NDSAC (19) can be transformed into
21 B z3 B 0
Zo| = —X(Zl,Zg) —Y(Zl,ZQ)Zg, + [ 0] vy, 21
2:’3 0 €;
Z f(z) 9i

where z = [2] 232717 € R""™ and e; is an m-dimensional

column vector that the i-th element is 1 and the others are
all 0. We shall call (21) the normal form of NDSAC. Here
we define two subsets of R"*™ as follows. The set of points
such that configuration are arbitrary and velocities are zero of
(19) is denoted by V* := {z ER"™ |23 = 0}, and we call
them zero velocity points. Next, the set of equilibria of (21)
is denoted by V¢ := {z € R"*™ | A(21,22) =0, 23 = 0}.

Finally, the linear approximation of the normal form of
the NDSAC at an equilibrium 2¢ = [¢*T 07T € V© is
represented by

p= g0 Y@ ey [O;’m} v, (22)
Om,n Om Hln—/
B
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IV. NONLINEAR CONTROL ANALYSIS

A. Accessibility

We investigate strong local accessibility of the NDSAC
in this subsection. If AV (¢, 2°), which is the accessible set
from an initial point zy at any time ¢, contains a non-empty
open set of R™™™ for all neighborhood V of z°, then the
NDSAC (19) is called to be strongly locally accessible from
2%, We can show strong local accessibility of the NDSAC
(19) as the following theorem (See also [9]).

Theorem 2 : The NDSAC (19) is strongly locally accessible
at any zero-velocity point z* € V'*.

Proof. By calculating iterated Lie brackets which consist of
f(2) and g; in (21) in detail, we can prove this theorem. R
Bloch et al. [1] have shown that the nonholonomic dynamic
system with linear constraints is strongly locally accessible at
any equilibrium. Theorem 2 guarantees that strong local ac-
cessibility is conserved in expanding the class of constraints
from linear to affine.

B. Controllability

This subsection is concerned with analysis of local con-
trollability of the NDSAC. If a nonlinear system is locally
accessible and AV (¢, z°) contains the initial point z°, then
the system is called locally controllable at z°. In general,
there are two methods to analyze local controllability of
nonlinear control systems. One is based on Sussmann’s
theorem [13] by calculating iterated Lie brackets. The other
is based on the linear approximation of nonlinear control
systems. These methods provide us sufficient conditions for
local controllability. We here consider above both methods.
We first take Sussmann’s theorem approach. Applying Suss-
mann’s theorem to the normal form of the NDSAC (21), we
derive a sufficient condition for local controllability as the
following theorem.

Theorem 3: If iterated Lie brackets which consist of
X, Y1, Yo ad'}(f/i (¢ =1,---,m; k=0,1,---) span
n-dimensional at an equilibrium point ¢¢ € U*®, then the
NDSAC (19) is locally controllable at an equilibrium point
z¢evVe.

Proof. Calculating iterated Lie brackets which consist of f
and g; of (21), then we obtain

96,951 =0
k~yr(.e

a,d];-i-lgi(ze) _ |:_adXOY;(q ):| (k =0,1,--- )
Consequently, from Sussmann’s theorem [13], the proof is
completed. |

We next take linear approximation approach. It is known
that if the linear approximation of a nonlinear system at
an equilibrium is controllable, then the nonlinear system
is locally controllable at the equilibrium. Now we show
the following proposition for controllability of the linear
approximation of the NDSAC.
Theorem 4: The linear approximation of the normal form of
the NDSAC at an equilibrium z¢ € V¢ (22) is controllable

if and only if the matrix defined by

= {%(qe)?(qe) %(qe)Bz(qe)‘l%(qe)?(qe)
-394

0A e e\—1 n=3
{5, @B} 5

has row full-rank, that is, rank V = n — m holds.
Proof. The necessary and sufficient condition of controlla-
bility of the linear approximation (22) is that rank of the
controllability matrix W := [B AB --- A""'B] is equal to
n. By calculating W in detail, we can complete the proof. i

From Theorem 4, the following can be derived in the cases
of completely linear and partially affine constraints.
Corollary 1: In the case of completely linear and partially
affine constraints, the linear approximation of the normal
form of the NDSAC at any equilibrium z¢ € V¢ (22) is
uncontrollable.
Proof. If the affine constraints are completely linear or
partially affine, then 0 < r < n—m—1 holds for their affine
index (5). Then, rank of V (23) is smaller than n—m and then
we can see from Theorem 4 that the linear approximation at
any equilibrium 2¢ (22) is uncontrollable. |

In the cases of completely linear constraints and partially
affine constraints, the linear approximation is uncontrollable,
and then we have to adopt Theorem 3 to check the local
controllability. The NDSAC is locally controllable in the case
of completely linear constraints [1] . The following corollary
can be derived in the case of completely affine constraints
from Theorem 4.
Corollary 2: In the case of completely affine constraints and
n < 2m, if the affine index at an equilibrium ¢¢ € U¥* is
n —m and

rank %(QE)Y(QE) =n—m
holds, then the linear approximation of the normal form of
the NDSAC at an equilibrium z¢ € V¢ (22) is controllable.
Therefore, the NDSAC (19) is also locally controllable at the
equilibrium z°. |
If n < 2m or (24) does not hold in case of completely affine
constraints, we cannot check the local controllability of the
NDSAC by linear approximation approach, and then we have
to rely on Sussmann’s theorem approach of Theorem 3.

(24)

C. Stabilizability

In the previous subsection, we have considered local
controllability of the NDSAC. Generally, there exists a
gap between controllability and stabilizability in nonlinear
control systems. In this subsection, we investigate local
asymptotic stabilizability of the NDSAC to equilibria. We
first consider stabilizability of the NDSAC by linear state
feedback. It is known that if the linear approximation of a
nonlinear system at an equilibrium is controllable or all its
uncontrollable modes are stable, then the nonlinear system
is locally asymptotically stabilizable to the equilibrium. by
linear state feedback. In the cases of completely linear
constraints and partially affine constraints, if uncontrollable

1462



modes of the linear approximation of the normal form of the
NDSAC are stable, then the NDSAC is locally asymptotically
stabilizable by linear state feedback. We can derive the
following result from Corollary 2 in the case of completely
affine constraints.

Corollary 3: In case of completely affine constraints and
n < 2m, if the affine index at an equilibrium ¢¢ € U*
is n —m and (24) holds, then the NDSAC (19) is locally
asymptotically stabilizable to any equilibrium 2¢ € V¢ by
linear state feedback. |
We next consider stabilizability of the NDSAC by nonlinear
smooth state feedback, which are a larger class than linear
state feedback. The necessary condition of locally asymptotic
stabilizability by nonlinear smooth state feedback can be
derived as the following theorem.

Theorem 5: If the NDSAC (19) is locally asymptotically
stabilizable to an equilibrium z¢ € V¢ by nonlinear smooth
state feedback, then the affine index at ¢¢ is n — m.

Proof. Consider A(q) as amap A: U — R" ™, where U
is an open set of (). By the implicit function theorem, if the
affine index at ¢¢ is n—m, then there exists a diffeomorphism
o :V — W such that

AOJ?l(Qla"’ yGms dm+1, " ;Qn)
) +A(°), g €W

and o(¢¢) =0, where V (C U) is an open neighborhood of
g° in @ and W is an open neighborhood of 0 in R". Now
A(g°) =0, we have

= (Qm-‘rla te

7Qn):(q17"' 7Qn)

Therefore, the subset of ) defined by
M:=0o0A (A(¢") = o0 A7\(0)
=(q1, > qms0,---,0)

can be parameterized by m variables, and hence M is an
m-~dimensional submanifold of ). On the other hand, it is
known that if a nonlinear control system is locally asymp-
totically stabilizable, then the dimension of equilibria set is
equal to the number of control inputs [2], [14]. Consequently,
both the dimension of M and the number of inputs are m,
this proves the theorem. |
In view of Theorem 5, the following can be derived in the
cases of completely linear and partially affine constraints.
Corollary 4: In the cases of completely linear and partially
affine constraints, the NDSAC (19) is not locally asymp-
totically stabilizable to any equilibrium 2¢ € V¢ by any
nonlinear smooth state feedback.
Proof. In this case, the affine index at any equilibrium ¢°
is smaller than n — m. Hence from Theorem 5, the proof is
completed. |
We can see from Corollary 4 that the NDSAC is not
locally asymptotically stabilizable by any nonlinear smooth
state feedback in not only the completely linear constraints
case but also the partially affine constraints case. On the other
hand in case of completely affine constraints, the NDSAC has
a possibility of locally asymptotic stabilizability by nonlinear
smooth state feedback even though Corollary 3 does not hold.

UOA_I(qval?"' ydms dm+1, "

V. PHYSICAL EXAMPLES
A. A Coin on a Rotating Table

We here consider a coin on a rotating table as shown in
Fig. 1. Set the xy-coordinate whose origin corresponds to
the center of rotation of the table with the angular rate 2.
(z,y) denotes the point that the coin contacts with the table
and 0 and ¢ denote the heading angle and self-rotation angle
of the coin, respectively. Let R be the radius of the coin and
M be the mass of the coin. Moreover, let be J; and J> be
the moment of inertia of the coin in directions of # and ¢,
respectively. The generalized configuration coordinate of the
system is denoted by ¢ = [z y 0 ¢]T € SE(2) x S with
n=4.

(z,y)
Fig. 1 : A Coin on a Rotating Table
Lagrangian of the system is given by

) 1. ) 1 . 1. .
L(q,q) = iM(xQ +97) + §J192 + §J2¢2~

Considering equilibrium of the velocities in the heading and
side directions of the coin, we have affine constraints of the
system:

(25)

T
0 n sinf —cos 0 O0||¥]|_ 0
2(ycos® —zsinf)| " [cosd sind 0 R||O| 7
Alq) B(q) ¢
(26)

where m = 2. Therefore, the equilibria set is given by U¢ =
{g€ Q|ycosf —xsinf = 0}. We can find that the affine
constraints (26) are completely nonholonomic by calculating
Cy. Since the affine index at any equilibrium ¢° € U* is
r(¢°) = 1 < n—m = 2, then affine constraints (26) are
first order partially affine constraints. We now partition the
generalized configuration coordinate of the system into ¢; :=

[0 ¢]T, g2 :=[x y]T and we have
0 1 0
. 0 g0 1
Ncosf(xsinfd —ycosd)|’~ = |0 —Rcosl
N2sinf(xsinf — ycos ) 0 —Rsind

We assume that we can control the torques in directions of
6 and ¢ and denote them u; and us, respectively. Therefore,

E(q) and u are given by
_ ™
=l

E(q) = {éﬂ LU

Firstly, we can see from Theorem 2 that the NDSAC of the
system is strongly locally accessible at any zero velocity
point, since the affine constraints of the system (26) are
completely nonholonomic. Next, it is seen from Corollary
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1 that the linear approximated system at any equilibrium is
uncontrollable due to partially affine constraints. However,
we can prove that the NDSAC of the system is locally
controllable at any equilibrium using Theorem 3. Finally,
from Corollary 4, the NDSAC is not locally asymptotically
stabilizable by any nonlinear smooth state feedback.

B. A Ball on a Rotating Table

We next consider a ball on a rotating table as depicted
in Fig. 2. Set the zy-coordinate whose origin corresponds to
the center of rotation of the table with the angular rate 2.
(z,y) denotes the point that the ball contacts with the table
and (0, ¢,1) denotes the Eulerian angles of the ball. Let R
be the radius of the ball and J be the moment of inertia
of the ball. The generalized configuration coordinate of the
system is denoted by ¢ = [z v 8 ¢ ¥]|T € R? x SO(3)
with n = 5.

R

_ - @)

(6,0,9)
- (z,y)

Fig. 2 : A Ball on a Rotating Table

Lagrangian of the system is given by
1 1. . .

L(g.q) = GM@E +§7) + 5J(0° + 6" +4%). @7
Considering equilibration of velocities in the x and y direc-
tions of the ball, we obtain affine constraints of the system
as follows.

z
Ny " 1 0 —Rsiny Rsinfcosy 0 Z -0
-z |0 1 Rcosy Rsinfsiny 0 -

—— (b
Alg) B(q) Y

(28)

where m = 2. Therefore, the equilibria set is represented
by U¢ = {g€ Q|x =y =0} We can find that the affine
constraints (28) are completely nonholonomic by calculating
Cp. Since the affine index at any equilibrium ¢¢ € U*°
is 7(¢°) = 2 = n — m, then the affine constraints (28)
are completely affine constraints. We now partition the
generalized configuration coordinate of the system into ¢; :=
[0 ¢ ¥]T, ¢2:= [z y]T and we have

0 1 0 0

0 0 1 0

X = 0 |, Y = 0 0 1
-y Rsiny —Rsinfcosy 0

Qx —Rcosyp —Rsinfsiny 0

We assume that we can control the torques in directions of
0, ¢ and ¥ and denote them wuy, uo and wug, respectively.
Therefore, F(q) and u are given by

I “1
E(q) := S wi= |ug
Oz 3 us

Firstly, we can confirm from Theorem 2 that the NDSAC
of the system is strongly locally accessible at any zero
velocity point, since the affine constraints of the system
(28) are completely nonholonomic. Next, we can see from
Corollary 1 that the condition for controllability of the linear
approximated system (24) hold, and then the NDSAC of
the system is locally controllable at any equilibrium. Finally,
the NDSAC is locally asymptotically stabilizable by a linear
state feedback from Corollary 3. This example has entirely
different properties on locally asymptotic stabilizability from
the example of a coin in Subsection V-A.

VI. CONCLUSION

In this paper, we have introduced and analyzed a class
of nonholonomic dynamic systems with affine constraints
(NDSAC) based on nonlinear control theory, which have
never been discussed so far. As a result, we have shown that
there exists a class of systems whose linear approximations
are controllable and that are then locally asymptotically
stabilizable by linear state feedback. Moreover, we have
found that there exists a class of systems that are locally
asymptotically stabilizable by nonlinear smooth state feed-
back. These properties are beyond well-known facts for
nonholonomic dynamic systems with linear constraints till
now as is the case with results of kinematic model case
[8]. In this sense, a new class of control problems for affine
constraints has been proposed in this paper.

REFERENCES

[1] A. M. Bloch, M. Reyhanoglu, and H. McClamroch, “Control and sta-
bilization of nonholonomic dynamic systems,” IEEE Trans. Automatic
Control, vol. 37, no. 11, pp. 1746-1757, 1992.

[2] R. W. Brockett, Asymptotic Stability and Feedback Stabilization.
Birkhauser Boston.

[3] A.D. Lewis and R. M. Murray, “Variational principles for constarained
systems : Theory and experiment,” Int. J. Nonlinear Mechanics, vol.
30, no. 6, pp. 793-815, 1995.

[4] J. I. Neimark and N. A. Fufaev, Dynamics of Nonholonomic Systems,
Translations of Mathematical Monographs, Vol. 33. American
Mathematical Society, 1972.

[5] F. Bullo and A. D. Lewis, Geometric Control of Mechanical Systems.
Springer Science+Business Media Inc., 2004.

[6] T. Kai and H. Kimura, “Theoretical analysis of affine constraints on a
configuration manifold - part i : Integrability and nonintegrability con-
ditions for affine constraints and foliation structure of a configuration
manifold -,” Trans. SICE, submitted.

, “Theoretical analysis of affine constraints on a configuration
manifold - part ii : Accessibility of kinematically asymmetrically affine
control systems with affine constraints -,” Trans. SICE, submitted.

[8] T. Kai, H. Kimura, and S. Hara, “Nonlinear control analysis on kine-
matically asymmetrically affine control systems with nonholonomic
affine constraints,” in Proc. of 16th IFAC World Congress, Prague,
2005.

[9] T. Kai and H. Kimura, “Theoretical analysis on nonholonomic dy-
namic systems with affine constraints,” in Proc. of SICE Annual
Conference, Sapporo, 2004.

[10] J. Cortes, Geometric, Control and Numerical Aspects of Nonholonomic
Systems. Springer-Verlag, Berlin-Heidelberg, 2002.

[11] H. Nijmeijer and A. J. van der Schaft, Nonlinear Dynamical Control
Systems. Springer-Verlag, New York, 1990.

[12] A. Isidori, Nonlinear Control Systems, 3rd ed.
Berlin, 1995.

[13] H. G. Sussmann, “A general theorem on local controllability,” SIAM
J. Control and Optimization, vol. 25, pp. 158-194.

[14] M. Ishikawa and M. Sampei, “On equilibria set and feedback stabiliz-
ability of nonlinear systems,” in Proc. of [IFAC NOLCOS’98, Enschede,
1998, pp. 636-641.

Springer-Verlag,

1464



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




