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Abstract— Apoptosis is a programmed cell death by which
the organism removes unwanted cells. Its core reactions can
be described by a system of differential equations exhibiting
multiple steady-states. In this paper we analyse how this model
can include both very slow dynamics for the lag phase before
apoptosis (in theory up to several days) while the apoptosis itself
is more switch-like with changes occurring within minutes. We
both describe how the trajectories evolve during the lag phase
and show which of the states have the most impact on the slow
dynamics.

I. INTRODUCTION

Apoptosis is a major form of programmed cell death
enabling the organism to remove unwanted cells without
harming their neighbours. This is important during embry-
onal development, after immune responses and to eliminate
virally infected or transformed cells [8, 10]. A misregulation
is implicated in severe pathological alterations, including
developmental defects, auto-immune diseases, neurodegener-
ation or cancer. An in-depth understanding of the underlying
mechanism is therefore of great medical interest.

Apoptosis is one of many signalling networks involved
in the regulation of cells. These signals correspond to the
presence or absence of specific molecules, often called
messengers. Often, their presence alone does not contain
all the information. Signal properties, but this is contained
for example in the duration of the messenger’s presence or
the shape of the signal, see for example [4, 12] and is in
particular the case for apoptotic signalling [11]. Another par-
ticularity often present in signalling networks are nonlinear
phenomena such as multiple steady-states. A particular case
is when two asymptotically stable steady-states exist in the
attainable state space. This is called “bistability” and seems
to be a key property of many switch-like phenomena like
apoptosis or cell cycle regulation, see e.g. [1, 7, 9, 13, 15].

Finding the steady-states is only part of understanding
these systems. As timing and type of transient behaviour
might characterise the actual information of the signalling
network, system theoretical analysis methods play a key
role helping to explain both the attainable behaviour of a
model as well as its sensitivity with respect to changes of
the parameters, see2 e.g. [2, 3, 16].

In this paper, we analyse a model of apoptosis to under-
stand why it exhibits long lag phases of up to several days,
even though the output changes significantly only within a
few minutes.
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II. MODEL

A model of the core of apoptosis decision taking has been
proposed by [6]. It considers the mutual activation of caspase
8 (C8) and 3 (C3) constituting a positive feedback loop.
Activated caspase 3 (C3*) serves as an output and is inhibited
by inhibitor of apoptosis (IAP) proteins. Activated caspase
8 (C8*) serves as an input and is inhibited by CARP, see
Figure 1. The corresponding reactions can be found in R1
to R13.

This model does not include how caspase 8 is activated.
It is for example not known how many receptors need to be
active for enabling a signal leading to activation of caspase 8,
or whether this is only possible via sufficiently large clusters
of the receptors, see for example [14, 17]. Also, the signal
form of the receptor induced activation of caspase 8 is not
known. In this study, as in [6], we analyse impulse responses,
which is equivalent to starting with a certain amount of
activated caspase 8 (C8∗) at time zero.

The output of the model, activated caspase 3 (C3∗) is the
active form of an effector caspase which cleave essential
proteins, quickly leading to the break-up of the cell without
harming its environment.
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Fig. 1. Reaction scheme of the apoptosis model. Reactions are depicted
by arrows. The triangular arrows depict the backwards part of reversible
reactions. All molecules are also degraded and C8, C3, IAP and CARP are
also produced, depicted by the arrows close the corresponding components.
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C8∗ +C3
k+1−−→ C8∗ +C3∗ (R1)

C8 +C3∗
k+2−−→ C8∗ +C3∗ (R2)

C3∗ + IAP
k+3−−→ C3∗ ∼ IAP (R+3)

C3∗ ∼ IAP
k−3−−→ C3∗ + IAP (R-3)

C3∗ + IAP
k+4−−→ C3∗ (R4)

C3∗ +CARP
k+11−−→ C8∗ ∼ CARP (R+11)

C8∗ ∼ CARP
k−11−−→ C3∗ +CARP (R-11)

plus eight turnover reactions:

C8∗
k+5−−→ (R5)

C3∗
k+6−−→ (R6)

C3∗ ∼ IAP
k+7−−→ (R7)

k−8−−→ IAP
k+8−−→ (R8)

k−9−−→ C8
k+9−−→ (R9)

k−10−−→ C3
k+10−−→ (R10)

k−12−−→ CARP
k+12−−→ (R12)

C8∗ ∼ CARP
k+13−−→ (R13)

All reactions are modelled according to the law of mass
action. Therefore, a reaction A + B

k−→ C corresponds to a
flux of v = k ·A ·B which is added to the mass balance of C,
subtracted from the ones of A and B. Equivalently, reactions
for (external) production are modelled as

k−→ A, correspond-
ing to a flux of v = k while reactions for degradation are
modelled as A

k−→, corresponding to a flux of v = k ·A.
Summarising, the system has 8 states, and 13 reaction, of

which 6 are bidirectional and therefore 19 parameters, see
Table I. Due to Reactions (R1) to (R4) and (R11), the system
is nonlinear. As the states represent concentrations, for the
state space only the positive orthant is of interest.

TABLE I

PARAMETERS (ALL IN MIN−1).

k+1 = 5.8e-5
k+2 = 1.0e-5
k+3 = 0.0005
k+4 = 0.0003
k+5 = 0.0058
k+6 = 0.0058
k+7 = 0.0173
k+8 = 0.0116
k+9 = 0.0039
k+10 = 0.0039

k+11 = 0.0005
k+12 = 0.001
k+13 = 0.0116
k−3 = 0.21
k−8 = 464
k−9 = 507
k−10 = 81.9
k−11 = 0.21
k−12 = 40

The system has three steady-states in the closed positive
orthant, which is the domain of interest for states repre-
senting concentrations, see Table II. Steady-state 1 has no
active caspases present and corresponds to the life condition.
This steady-state will also serves as initial condition for
the simulations, except for C8∗ whose value will depend
on the strength of the impulse used as input. The second
equilibrium is a saddle with a one-dimensional unstable
manifold. The third steady-state corresponds to high levels
of active caspases and to apoptosis.

TABLE II

STEADY STATES OF THE SYSTEM (ALL IN MOLECULES PER CELL).

State SS1 SS2 SS3
C8 130000 129869.00 9132.37
C8∗ 0 0.49 74380.10
C3 21000 20847.50 18.97
C3∗ 0 0.39 5161.68
IAP 40000 39546.40 264.16
C3∗ ∼ IAP 0 34.24 2999.32
CARP 40000 39491.70 20.54
C8∗ ∼ CARP 0 43.82 3446.51

The key property of the systems is the following: The
system is in the life steady-state for negative times and at
time zero, an impulse input activates a certain number of
caspase 8. Below an impulse input of 75 molecules/cell of
C8*, the trajectories return to the life steady-state. Above
this threshold, the states stay for a relatively long time in a
vicinity of the life steady-state and then quickly move to the
other stable equilibrium. For example, with an input of 1000
molecules/cell of C8*, the transition takes place after about
16h. As shown in Figure 2, the increase of C3*, the system
output and trigger to apoptosis, is taking place within a few
minutes.
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Fig. 2. Time course of the states, scaled by their maximal values for an
input of 1000 molecules/cell of C8*.

Analysing where this lag phase is “encoded” in the sys-
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tem’s equation is the objective of this paper. The concen-
tration of the proteins, in particular of the inhibitors CARP
and CARP, significantly influences the system behaviour. The
analysis of the interplay between different input strength and
amount of inhibitors in the topic of current study.

III. RESULTS

The saddle equilibrium has a one-dimensional unstable
manifold connecting all three steady-states. Starting close
to the saddle on the on this manifold, it takes about 45
days for reaching the steady-state corresponding to apoptosis
taking place. This is much longer than the time frame the
model is assumed to be valid in as for example changes in
the gene expression level can easily take place during this
time span. It is reasonable to assume that either apoptosis
occurs within two days after a stimulation, or none will occur.
48h corresponds to an initial C8 activation of about 350
molecules per cell. Thus, the interval between 75 and 350
molecules per cell might be interesting for a system analysis
but the model prediction is biologically not relevant.
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Fig. 3. Unstable Manifold. Steady-state 3: x, steady-states 1 and 2: o. In
this projection, the first two stead-states are not discernible.

An interesting feature of the model is that the trajectories
seem to converge to the unstable manifold. Figure 4 shows
how trajectories approach the unstable manifold for different
values of initial C8*, below the critical value of 75 mole-
cules/cell. Figure 5 shows a similar behaviour for trajectories
leading to apoptosis.

Figure 6 shows the whole trajectories leading to apoptosis.
Close to the origin, the trajectories differ, see also Figure 5.
Then, they are very close to each other in this projection
and only for very large C3* is a difference again visible. The
middle part is precisely the lag phase in which the trajectories
spend several hours.

The number of active caspases is very low up to the start
of the apoptosis. For example in Figure 4, there are at most
two molecules per cell of C3*. This means that stochastic
simulations should be used as has been done in [5] showing
that the stochastic effects are important for low level of initial
input. The boundary between apoptosis and survival is also
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Fig. 4. Heterocline between saddle and life steady-state (green plus signs)
together with simulations corresponding to different levels of initial C8*
(number on trajectory).
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Fig. 5. Unstable manifold and trajectories yielding apoptosis (initial values
of C8* = 100 : 100 : 5000). On the manifold, the time until apoptosis is
marked.

0

5

10

x 10
4

0

5000

10000

15000
0

1

2

3

x 10
4

C8*C3*

C
3*

~
C

A
R

P

Fig. 6. Unstable manifold and trajectories yielding apoptosis (initial values
of C8* = 100 : 100 : 5000).
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not sharp in the stochastic case. However, if apoptosis should
happen within a biologically reasonable time, the system
behaves relatively close to the deterministic case.

A. Quasi-steady-state Approximation

The life steady-state is the easiest steady-state to analyse
as half of the states are zero. This allows to also get analytic
solutions for four of the eight eigenvalues, see Table III.
The eigenvalues are five orders of magnitude apart: 10e−4
to 10e1. The fastest two are related to the binding of active
caspases to IAP or CARP. The eigenvector corresponding to
the slowest eigenvalue is parallel to the heterocline from the
saddle and is related to the total amount of bound caspases.

From this local analysis, one can conjecture that the free
active caspases, C8* and C3*, are in quasi-steady-state.
The initial concentration of C8* is the input to the full
system. This state is however eliminated in the reduced
model. Therefore, as input of the reduced model, we start
with C8* immediately in its bound form, namely C8*-CARP
Simulations below the apoptosis threshold (Figure 7(a)) and
above (Figure 7(b)) show that this is indeed not a bad
approximation.

The quasi-steady-state approximation gives another expla-
nation why stochastic effects can be neglected. While the
number of free active caspases is very low, the number of
bound ones is substantially higher. In stochastic simulations,
the reactions between free and bound form occur very fre-
quently, but do not significantly change the overall behaviour
of the system.

B. Analysis of the Lag-phase

Around the life steady-state, the slowest eigenvalue cor-
responds to the total amount of inhibitors IAP and CARP
bound to their respective caspase. When simulating the lag
phase, this is still a good approximation, see Figure 8. The
rapid jump of the output, C3*, is due to a related state,
namely of CARP. Only when CARP is depleted, can there be
a sufficient amount of free C3* to start the positive feedback
loop: C3* activates C8 and C8* activates C3.

10h after a stimulus of 1000 C8*, the relative change of
the states is at most 0.6%, while the decrease of the inhibitors
is negligible at a relative scale. The total decrease is however
already perceptible, see Figure 8.

As shown above, the trajectory comes close to the saddle
before slowly moving in the vicinity of the heterocline
towards the death equilibrium. At the saddle, the eigenvalues
are very close to the ones at the life steady-state, compare
Tables IV with III. While the eigenvalues are still close,
changes are visible in the corresponding eigenvectors. At
the saddle, the fast dynamics are not dependent on the active
caspases any more as also the free inhibitors appear in the
corresponding modes. The slow modes are now dominated
by the inhibitors, in particular by CARP, the inhibitor of the
systems output C3*.

At the 10h point discussed above, the eigenvalues are still
in the same order of magnitude, see Table V. The fastest
mode is now again hinting at a quasi-steady-state condition
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(a) Initial concentration of C8* of 50.
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Fig. 7. Simulation of the full system compared to a reduced-order model
with quasi-steady-state assumptions for C8* and C3*.

for IAP binding C8*, while CARP remains important for the
slowest mode.

IV. CONCLUSIONS AND FUTURE WORK

A. Conclusions

This paper analyses the dynamics of a model [6] de-
scribing the regulation of caspase, whose activation leads
to programmed cell death, also called apoptosis. The model
consists of 8 states evolving in the closed positive orthant.
Within this subspace, three steady-states exist. One lies on
the boundary, i.e. all activated caspases are zero, is asymp-
totically stable and corresponds to the life state. Another
asymptotically stable steady state has large concentrations
of active caspases and corresponds to the induction of
programmed cell death. The third steady state is a saddle
with a one-dimensional unstable manifold. This manifold is
also the slow manifold of both stable steady-states.
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TABLE III

EIGENVALUES (EV) AND EIGENVECTORS AT THE LIFE STEADY-STATE.

EV exact approx. Mode

1 -21.46 ≈ + C8* - C3* + C3*-IAP - C8*-CARP

2 -18.97 ≈ - C8* - C3* + C3*-IAP + C8*-CARP

3 -0.02699 ≈ + C3*-IAP - C8*-CARP

4 −k+8 -0.0116, IAP

5 −k+9 -0.0039 C8

6 −k+10 -0.0039, C3

7 −k+12 -0.001, CARP

8 -0.000115 ≈ + C3*-IAP + C8*-CARP
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Fig. 8. Time course of the states, scaled by their maximal values for an
input of 1000 molecules/cell of C8*. The output, C3*, quickly rises after
both inhibitor, IAP and CARP, have been depleted.

For the life steady state, the slowest mode is approximately
spanned by the sum of the two complex consisting of a
caspase and its inhibitor. For the saddle as well as along
the slow manifold between saddle and death steady state,
the slow mode is dominated by the concentration of free
CARP. This explains why a depletion of CARP corresponds
to a significant mutual activation of caspases, a quick process
towards the death steady state and to the programmed cell
death.

Locally around the life steady state as well as along the
slow manifold, the active caspases are in quasi-steady-state.
This is a possible explanation why stochastic effects due to
the low number of free caspases have a negligible effect on
the system response [5].

B. Future Work

Having identified CARP as a key component of the
lag phase behaviour, we would like to know how to best
influence the length of the lag phase. This will be done via

TABLE IV

EIGENVALUES (EV) AND EIGENVECTORS AT THE SADDLE

STEADY-STATE.

EV approx. Mode

1 -21.22 ≈ all except C8 and C3

2 -18.74 ≈ all except C8 and C3

3 -0.0270 ≈ IAP

4 -0.0117 IAP

5 -0.0039 C8

6 -0.0039 C3 + C8

7 -0.001 ≈ CARP + IAP

8 -0.00011 ≈ CARP

TABLE V

EIGENVALUES (EV) AND EIGENVECTORS AFTER 10H, STARTING WITH

C8*(0) = 1000.

EV approx. Mode

1 -17.73 ≈ C8* + IAP - C8*-IAP

2 -14.33 ≈ IAP

3 -0.0274 ≈ IAP

4 -0.0160 IAP

5 -0.0045 ≈ IAP

6 -0.0040 ≈ C8

7 -0.0032 ≈ C8

8 -0.0020 ≈ CARP

local as well as global sensitivity analyses.
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