Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

TuA17.5

A Generalized Framework for Global Output Feedback Stabilization of
Genuinely Nonlinear Systems

Jason Polendo and Chunjiang Qian

Abstract—In this paper, we introduce a generalized frame-
work for global output feedback stabilization of a class of un-
certain, genuinely nonlinear systems of a particularly complex
nature since their linearization is not guaranteed to be either
controllable or observable. Based on a subtle homogeneous
observer/controller construction and homogeneous domination
design, this new framework not only unifies the existing output
feedback stabilization results [12], [14], but also leads to more
general results which have never before been achieved.

I. INTRODUCTION

A formidable problem in the nonlinear control literature
is the global stabilization of a nonlinear dynamic system by
output feedback. Such a problem formulation is inherently
practical in that only partial sensing is utilized to feedback
state information, an efficient and cost-effective solution in
many applications while a necessity in others. Unfortunately,
the existing output feedback stabilization schemes have been
very limited in what types of nonlinearities could be handled,
an issue made more complex due to the lack of a true
“separation principle” for nonlinear systems. In this work,
we investigate more generic systems, for j =1,...,n —1

iy =2 + @it mu), En = u+ ou(t,z,u), y =21, (1)

where © = (z1,--+,2,)7 € R", u€ R and y € R are the
system state, input and output, respectively. For: = 1,--- n,
¢;(t,x,u) is an unknown nonlinear function of all the states
and the control input, and p; € IRfdld ={geR:q>1¢q
is a ratio of odd integers} with p,, = 1.

When p; = 1, the results on global output feedback
stabilization of system (1) were based on quite restrictive
conditions imposed on the nonlinear terms ¢;(-), mainly
attributed to finite escape time phenomena [8]. These stabi-
lization results include systems where the nonlinear function
is only dependent on the output [7], [6]; or is Lipschitz or
linear in the unmeasurable states [2], [S], [13]. Until recently,
there was no systematic way of dealing with systems whose
dynamics are highly nonlinear in the unmeasured states. In
the work of [9], the nonlinearity restriction was relaxed to
globally stabilize more general systems by output feedback
under a less restrictive polynomial growth condition.

However, when p; are of higher order, i.e. the system (1)
has uncontrollable/unobservable linearization, the global out-
put feedback stabilization solutions are few, where the state
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feedback problem was resolved in [10] for the stabilization
of systems such as (1) with p; > 1 being odd integers and
¢i(-) bounded by a lower-triangular function. Current output
feedback stabilization results for these higher order systems,
on the other hand, are contained in the works [12] for
different p; with a lower order growth rate for ¢;(-) and [14]
which necessitates that the p; are all the same odd integer
and ¢;(-)’s are Lipschitz-like. Note that the methods in [12]
and [14] are quite different from each other. An interestingly
unresolved problem is if we can find a generalized framework
to unify these two solutions, while also containing the more
general work [9] when p; = 1. To handle this issue, we
employ the concept of homogeneous domination to cover
a larger class of nonlinear systems. In doing so, we allow
D;i € ]Rgd1 4 and bound ¢;(-) by a high order growth rate. This
formalism will allow for more complex nonlinearities than
those seen in [9], [12], [14], and generalizes homogeneous
domination introduced in [9]. This new design scheme will
allow for the stabilization of systems such as

iy = a3, @y =u-+d(t)], y=m, )

with a bounded disturbance d(t). When ¢ = 1, the system (2)
was stabilized in [12], and when ¢ = 3, the stabilization of
(2) was dealt with in [11], however, when ¢ = 2, the global
stabilization of (2) is unresolved. Nevertheless, we show that
(2) can now be controlled via output feedback for, though
not limited to, ¢ = 2 by methods described herein.

II. STABILIZATION BY HOMOGENEOUS STATE FEEDBACK

Homogeneity has previously played an important role
in the analysis of nonlinear dynamic systems. Utilizing
this notion has allowed the undertaking of the concepts of
controllability and controller design for nonlinear systems
to be realizable [1], [3], [4]. Of particular importance here
are homogeneous systems with weighted dilation and the
homogeneous norm [1], [4], [9], where the particular work
of [9] is inspiration for the methodology discussed in this
paper. Using homogeneity, we propose in this section a new
design method for a state feedback stabilizer for (1) under
the following hypothetical assumption:

A2.1: There is a constant 7 > 0 such that fort =1,.---,n,

Gittz ) < e (lon] 55+l ), G
for a constant ¢ > 0 with r; defined as (for p,, = 1)
T1 = 1, T +7 = Ti4+1Di- (4)

For simplicity, we assume the degree of homogeneity, 7 = 4,
with ¢ an even integer and d an odd integer. Under this
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assumption, and taking into account the odd, not necessarily
equivalent, powers of (1), the homogeneous weights, r;, will
always be odd numbers. Note an equivalent result will be
achieved for the case when the r; are not odd.

Theorem 2.1: By A2.1 there exists a homogeneous state
feedback controller such that the nonlinear system (1) is
guaranteed globally asymptotically stable!.

Proof.  The inductive proof relies on the simultaneous
construction of a C! Lyapunov function which is positive
definite and proper, as well as a homogeneous stabilizer
at each iteration. Initial Step. Let ;1 € Roqq® and p >
max{r;p;—_1}e<i<n+1, where r; is defined as in (4). Choose

Vlz/w1 (s%f()
0

The time derivative of V; along the trajectory of (1) is

2u—7—m1)/p
) ds.

Vl = x(12u—‘r—7"1)/7“1 [501201 + ¢1(t,£€)} ' )
. 2p—1—m7rq
By A2.1, Vi <z, " [Igl _ x;pl + xzpl + Z‘IZPI/TIC
Then, the virtual controller x3”* defined by x3"* =
7x(17+r1)/r1 (n+c):= fz?’“/“ﬂl, yields
Vi(z) < —nx?“/” + xgz“_“”)/” [ —257] . (6)

Inductive Step. Suppose at step k — 1, there is a C*
Lyapunov function Vj_; : R*! — IR, which is homoge-
neous with respect to (4), and a set of C° virtual controllers

ayPt, - xP* 7 defined for i =2,k
- ’ i /Ti
P = T, = )
with & = g;’l‘/ ! and constants £y, --, Bx_1 > 0, giving

Vior < —(n_k+2)(§% & 1)

+5(2N T—Tk— 1)/#( ik: 1 *pk . (8)

We claim (8) also holds at step k. To prove this, we set

Tk @Cp—1—r)/1
Wy :/ (s% —xk%) ds

and consider the Lyapunov function Vj, : R — R, as

Vi(@i, - zk) =V (21, -+ zy) (9)

which can be proven to be C'! using a similar method as in
[12]. The derivative of V} along (1) is

k—1

,$k71)+Wk(fﬂ1, Tt

Vi = Vi 1"‘2 aW IH‘&? a Tkjck
< _(n—k+2)(51 --+§1%71)
e+ anl) +s,f“ o <xzi1 xz’m (10)

'Under certain conditions global strong stability may be the only achiev-
able result. See [11], [12] and the references therein for details of these
conditions and global strong stability.

%In this paper we define Rogq = {b € R : b is a ratio of odd integers}.

In order to proceed further, an estimate for each term in
the right hand side of (10) is needed. First, it follows from
repr—1/p < 1 and Lemma A.1 that

TkPe—1/H o/ \ TRPk—1/ 1t
(1‘2””“) kPk—1 B (z;’:/ k) kPk—1
< 21—7'k1)k—1/ﬂ ‘Sk‘TkPk—1//A’ (11)

and by Lemma A.2 it can be seen that, for a constant c;, > 0,

— o) <& /3 + ekl

Using Lemma A.1, condition A2.1 can be rewritten as

(pkl

), _ I;‘;pk—l) <

2u—T—rr_1/p,, Pr-1

k—1 (xk 12)

6u(ts2,0)] < e (Il P+ gl (13)
for a constant ¢; > 0. By Lemma A.2 and (13)

Tk k Tk+1Pk
GO I
1=1

2pu—T—rY

& "

ou() < l&l T

13,1
< 5 ;sﬁ tbioa a9

for a constant ¢; > 0. The third term in (10), namely

Zf;ll &10W}, /Ox; can be estimated as the following propo-

sition whose proof is included in the Appendix.
Proposition 2.1: There is a constant ¢; > 0 such that

8Wk 2
Z 921 1_225 + fk 1+

Substltutmg the estimates (12) (14), and the result of Propo-
sition 2.1 into (10), we arrive at

—(n—k+1)(§+-+&y)

+§EH—T—7>k/lt (xltz-tl ¥ (cn + & +Ck)€rk+1pk/ﬂ)

Qpp—T—
+§ku ! Tk/#(xk-yl _‘TZZ—)&-kl)

Vi <

L
k+1

_££k+1pk/#[n_k+1+ck+5k+ék], yields

Observe that a virtual controller of the form =x
_§£k+1pk/#ﬁk:

2u—T—rp

Vi <—(n—k+1) Z§,+gk "

=1

xzz-)irl)

(xiil
This completes the inductive proof. The inductive argument
shows that (8) holds for k = n + 1 with a set of virtual
controllers (7). Hence, at the last step, choosing

U= g = Ty = € TDB, (15)

yields Vn < - (5% + e 5721) where Vn < 0, Vz # 0 under
(7), and V,, (21, -+, 2,) is a Lyapunov function of the form
(9). Thus, (1)—(15) is globally asymptotically stable. 1
Remark 2.1: In the case when 7 is any nonnegative real
number, we are still able to design a homogenous controller
globally stabilizing the system (1) with necessary modifica-
tion to preserve the sign of function []"Pi~1/# Specifically,
for any real number r;p;_1/p > 0, we define []"Pi-1/1 =
sign(-)| - |"iP+=1/#. For brevity, the details are excluded.
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III. STABILIZATION OF (1) BY OUTPUT FEEDBACK

In this section, we show that under A2.1, the problem of
global output feedback stabilization for system (1) is solv-
able. We will first construct a homogeneous output feedback
controller for the nominal chain of power integrators:

p1

217227227233"' (16)

y An =V, Y = 21,

with p; € ledld, i=1,---,n—1. Then, based on this output
feedback controller, we will develop a scaled observer and
controller to render the system (1) globally asymptotically
stable under the polynomial growth condition (3).

A. Output Feedback Control of Nominal Nonlinear System

Theorem 3.1: Given a real number 7 > 0, there is a
homogeneous output feedback controller of degree 7 such
that the nonlinear system (16) is global asymptotically stable.
Proof. The construction of the homogeneous output feedback
controller is accomplished in three steps. First, by Theorem
2.1, a homogeneous state feedback stabilizer is constructed,
then a homogeneous observer is designed, and lastly, we re-
place the unmeasurable states with the estimates. The closed-
loop system can then be proven globally asymptotically
stable by an appropriate observer gain. For simplicity, we
again assume that r; is odd. For general r;, see Remark 2.1.
State Feedback Controller: For nonlinear system (16), A2.1
is automatically satisfied since ¢;(-) is trivial. Hence, by
Theorem 2.1, there is a homogeneous (with respect to the
weight (4)) state feedback controller globally stabilizing (16).
Specifically, for k = 2,---,n with & = 2/"/"* and constants
81, 0n > 0, by defining

n/r
Z T = =R r B & = ZZ/Tk —zp, A7)
there exists v*(z) = —Bn€y" ™" such that

(G ) T 0 =07 (2)), (18)

where V,, is a Lyapunov function of the form

2p—7—r;

Z/ W—zr> " ds.

Homogeneous Observer Design: Next, a homogeneous
observer is constructed in the vein of [9], [12].

Vn(zl7"'7

TkPE—1
e = —p—1 270, 20 = [+ b—125—1) 1, (19)
k=2,...,n, where 2y =z and [; >0, i=1,---,n—1

are the gains to be determined in later steps. Based on the
estimated states Z;, we design an output feedback controller

rntT
m

v(8) = B (z»;“n o Ba(B + et ) .0

For i = 2,---,n, we designate

@u—r—ri_1)/7;

Z; Ti—1
_— 2p=T=Ti 1 Ay
UZ /(2u7T*T1‘71)/m71 (S 71) ds
Vi

denoting v; = 1; + f;_12;_1. By construction, it can be
verified that U; is C'. As a matter of fact, with a constant
b;, we have the following

an (2 T ri)/T ri—1/7i
— bt H=T—=Ti—1—T; z( Ti—1/Ti i),

Bzi “i Zi g

oU; _ (z(ZH_T_""L—l)/ri - (QN_T_rifl)/'f'i—l>

a . - 7 Yi )

i

6Uz _ _éz . ( (2/1, T—Ti—1)/Ts o 7£2N_T_ri—1)/7’i,1> .

0z;i_1

Hence, the derivative of U; along (16)-(19) is

i+1 7

2p—T—1r;_q 2p—T—ri_q
Api—l) i Ti—1
Z; Z; Yi .

— gPi=tyu/ripi-1 We now have

U — P bZ(Z'u T—Ti1—T:)/Ti (Z@:—l/ri 7,%)

_67 1( Pv 1

Let e; = (277!

T pi @u—7—ri—1—ri)/ri [ _ri1/Ti
Ui = zi11biz; 2 — v

TiPi—1 2poToTi— 2p—ToTiq
_ /. w T _ 3 T
li_ve; z; Z;

TiPi—1 2p—T—r;_1 2pu—Tt—r;_1
m ~ T T4
—l;_1e; (ZZ ‘ -V >, (21)

i = 2,---,n, where z,11 = v(%). Next, we estimate the
terms in (21). By Lemma A.1, with constant m;

2p—T—ry_q

2p—r—r;_1
TiPi—1 (gp’*l) TiPi—1
7

2p—T—ri_q
Api—l) Trp
%

2u—7
P =l _ymge;
The remaining terms in (21) can be estimated using the
following propositions whose proofs are in the Appendix.
Proposition 3.1: For i =2,---,

TiPi—1 .
i, ? ((zf”)

T'Lpifl

<—l;_1mye; (zfi’l

n—1

P Q@u—1—ri—1—ri)/ri [ ric1/Ti
Zi11biz; z; — v

+
1
72 Z + aze + gz(gz )61271 (22)

with constant «;, g; a C° function of ¢;_1, and g»(-) = 0.
Proposition 3.2: For the controller v(Z), we have

Wby T (il )

1
gZ FaY bl )l @3
=1 i=2
for a constant & and g,, a C° function of /,,_;.
Proposition 3.3: For i =3,---.n
_gz— e'r’7pz 1/p (2(2/1,—7-—7”7‘,—1)/7”7‘, - 7(2}L—T—Ti_1)/ri_1>
< 6’ + & +€1 L+ hi(li_1)€?71 24)
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where h;(l;—1) is a continuous function. With the help of
the previous propositions, the derivative of U = > , U; is

) 1
U < g Zﬁ? + (—tmy + az + @+ g3(la)
n—1
+h3(la))es + Z(—@—lmi +a;+1+a (25
=3

i1 (l) Fhia () e (—lnr + 1+ a@)el,

Determination of Observer Gain /;: Due to the unmeasur-
able states, the controller v = v(2) gives a redundant term
in (18). To deal with this, we have the following.
Proposition 3.4: There is a constant & > 0 such that
2p—T—Tn

5 L2, A\ 2
&n " (0(2)— Sizlfﬂ‘a;er
Combining (25), (18) and (26) together yields
1
@+ a1 E)
+(=limy + as + &+ a+ gs(la) + ha(l2))e3
n—1
+2_(
i=3
+hiy1(£s))
for the Lyapunov function 7' = V,, +U. Clearly, by choosing

(26)
T <

—lioam; + o + 1+ a+a+ gy () +

e+ (—lp_1+14+a+a)el (27)

1 -
En,lzz—i—l—i—a—i—a,

by =my; " [i +ai+1+a+a+gia(l)+ hi+1(&)} ;
6, =my? E +ag+a+a+gs(ls)+ hg(fz)} ;

i=n—1,---,3, (27) becomes
T'Sfi(ff+€§+

Note that from the construction of 7, it is easily verified that
T is positive definite and proper with respect to

Tz

3l +el). (28)

) (29)

Similarly, the right hand side of (28) is negative definite.
Therefore, the closed-loop system is globally asymptotlcally

stable. Denoting fr+1 = 72, fat2 = M3, s fon—1 = T,
it is straightforward to verify that the closed-loop system

(16)-(19)-(20), which can be rewritten in the following form
Z=F(2) (30)
=@, s fon—1)"
is homogeneous. In fact, by choosing the dilation weight
A = (7“17 To, .-

(Zla'”vvanQ"'

Z£n717v(21u7727 e 777n)7fn+17 e

s Tny T1, T2y, rnfl)v

€1y

for z1,--, 2z, for na, -+, My

it can be shown that (30) is homogeneous of degree 7. In
addition, 7" is homogeneous of degree 2u — 7 and the right
hand side of (28) is homogeneous of degree 2u. 1

Remark 3.1: Note that the right hand side of (28) is
negative definite and homogenous of degree 2. Hence, it can

zZ
be shown that there is a constant ¢; > 0 so )F(Z) <

T
E <
—c1|Z[|Z" where || Z]|a = /250 1212

B. Global Output Feedback Stabilization for System (1)

Utilization of the homogeneous controller and observer
established in the preceding sections enable the next theorem.

Theorem 3.2: Under A2.1, the inherently nonlinear sys-
tem (1) can be globally stabilized by output feedback.

Proof: Under the new coordinates, denoting x; = 0 and
k= S for =20,
Pi1
21 =m, z =x; /L%, v= u/(L”"+1) (32)
with L > 1, the system (1) can be rewritten as
Zioq = L2 ¢Ll,€1(l), tn = Lv4 = ¢"( ), (33)

Next, we construct an observer with the scahng gain L

TkPk—1
= Ll 12 A = [+ o1 2] o BB
k=2,...,n, where 2y = zy and ¢;, i = 1,---,n — 1 are

the gains selected by (27) in Theorem 3.1. Using the same
notations (29) and (30), the closed-loop system (33)-(34)-
(20) can be written as

(¢1(')7 Lrz ) Tfn

Note that the F/(Z) in (35) has the exact same structure as
(30) due to the use of same gains ¢; and [3;. Hence, adopt-
ing the same Lyapunov function T'(Z) used in preceding
subsection, it can be concluded from Remark 3.1 that

Z=LF(Z)+ ,0---,0)T.

(35)

L o1(2) OT(Z) 4.y, 220 .. &n0) G
T=L—22F(2)+ —=(010): Tg s 0)
< LelZ 4 ag(j) (¢1(.),¢L2£;>7..., ‘ZZ;(;),(’))T, (36)

where 0 is a vector of zeros of suitable dimension. Under
the change of coordinates (32), we deduce from A2.1 and
the nomenclature of L > 1 that

)

t Ti+1Pq
“bl T |- ”12 2] = cL'™ ”1Z|z]| “(37)
Jj=1 j=1
for some constant v; > 0. Recall that for i = 1,---,n — 1,
OT /D Z; is homogeneous of degree 2 — 7 — r;. Then
oT ritT ritT ritT
5| (5 1 )

is homogeneous of degree 2u. With (37) and (38) in mind,
we can find a constant p; such that

T () v || 2|12
— < p; L7V 2|1 39
e A E1 (39)
Substituting (39) into (36) yields
T'(33)-(34)-(20) < —Lex = Zlh “OlZIR. @0

=1
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Apparently, when L is large enough the right hand side of
the (40) is negative definite. Consequently, the closed-loop
system is globally asymptotically stable. 1

The following corollaries demonstrate the generalized
framework of the methodology described in the preceding
sections. When 7 = 0, A2.1 reduces to the bound de-
scribed in [12], where 1 = 1, ro = 1/p1,..., rp =
1/(p1p2 - Pr— 1) and when p; = p, p > 1 an odd 1nteger
by selecting 7 = p — 1, it is apparent that the Lipschitz-like
growth condition of [14] is contained in A2.1.

Corollary 3.1: [12] Under A2.1, with 7 = 0, there is
an output feedback controller of the form (34)-(20) which
achieves global asymptotic stabilization of system (1).

Corollary 3.2: [14] When p; = p, p > 1 an odd integer,
under A2.1, with 7 = p — 1, global stability is achieved for
(1) by an output feedback controller of the form (34)-(20).

For the case when p; = 1, A2.1 reduces to the assumption
in [9], and (1) becomes a linear chain of integrators perturbed
by a nonlinear vector field, which is the system covered in
the main result of [9].

Corollary 3.3: [9] When p; = 1, under A2.1, there is
an output feedback controller of the form (34)-(20) which
achieves global asymptotic stability of the system (1).

Remark 3.2: Note that system (2) can now be stabilized
by output feedback with ¢ = 2. Under A2.1, ¢; is trivial and
¢o = a3, therefore py = 3, 7 =1/2, 11 =1, r9 = 1/2,
and © = 3/2. By the form of 7 the controller structure
of Remark 2.1 is used and the output feedback controller
is 9 = —Lesign(ny + ly)|ne + €1y|3/2 and v =
— L3 Bysign (sign(nz + (1y)[n2 + G1y[*2 + Busign(y)|y[*/?)
Isign(ns + Lry)|ns + Gy|¥2 + Bisign(y)yl>?|*°
b1, B2, {1, and L are appropriate positive constants.

where

APPENDIX

A. Useful Inequalities The next three lemmas, given without proof,
were used for the implicit tool of adding a power integrator [10],
and proved therein.

Lemma A.1: For x € R,y € IR, p > 1 is a constant, the
following inequalities hold:

@ +y? <272 + "),
(Il + [y)? <[l? +1y|F < 2°7 (jz| + Ju)

(A.1)
. (A2)

=

Ifpe ]Rodd, then

o —yl? <27 Ma? —y7| and |a¥ —yF| <2°F o g5,
(A.3)

Lemma A.2: Let c, d be positive constants. Given any positive
number v > 0, the following inequality holds:

c+d c+d

2l | < —lal™ Ty Ay (A4)

Lemma A.3: Let p € ]Ro 4q and x, y be real-valued functions.
Then, for a constant ¢ > 0

Pyl < ple—yl@ T+ (A5)
< dz—yllz—y)P T+ (A6)
B. Proof of Propositions This part of the appendix contains the
technical details of the proofs. Herein we use a generic constant
¢ which exemplifies any finite positive constant value and may be

implicitly changed in various places. Nevertheless, the constant ¢

|z¥ —y

is always independent of ¢;.

Proof of Proposition 2.1: First, for [ =1, --- k-1
Wy, . ‘ < o e |u 63:*“/”“ .
— m
oz x S C[Tk — Til|Sk oz, T
0 /7y,
2u—T—p am*} .
< k] m 0z T (B.1)
where the last inequality is from (A.3) with p = ﬁ > 1. By
definition of x;, and (A.2),
/Tk 2
9y O(Br-1&-1) —u
= < B.2
aml axl C(l&l 1‘ + |£l ( )

This, together with (13) gives

l+1 1
<c2 [ <xmp'+2@ )
i=l—1

1
<) [ <§l+1 E +Z 197

i=l—1
By Lemma A.2 and the fact that r;+1p; = 7 + r;, we have

8 *"'/”c

+|€z “

H»lpl)

6 TR 141 e Tﬁ — 141

| < CZ |&| = CZ |§1 (B.3)
forl =1,---,k—1. Clearly, Proposition 2.1 follows from (B.1) and
(B.3).

Proof of Proposition 3.1: By the definition of 2;, it can be shown
that, with ¢; :=2u — 7 — 11 — 74

(Z:Fl/” —(m +€¢712¢71))
i1 Ti—1

a4
= Zﬁ1bizz‘1; ((Zfi_l)ripil - (2«?1‘_1)”“71

Pi 9 /Ti
241 bizg

Pi—2/Pi—2
i—1

(e _ zfif/p”)) . (B4)

Note that Ti_1/(7"ipi_1) < 1. By (A.3) with p = 7’1'_1/(7"1']),'_1),

Pi—1 ,«Tz,ij APi—1 TT;TE 1— ,«T;ij . ”71
(Zi ) iPi—1 (Zz ) iPim1 | < D iPi—1 |€z| w (B.5)
. . . . 1——L1 Ti—1
(Zfi—12/177,—2 _ 2?:—12/177,—2) <2 TR ey i 7 (B.6)

which is similar to (B.5). By (17), we know that

i i 1
el <1615+l #) s levsal el T 41615 ).

With this in mind, by Young’s inequality, utilizing r;+1p; = 7+ 1r;
and (A.1), the following holds

+|£z

95

i

Ti41P4
Ps St
Zit+1%;

IN

Tit1Pi 2 2
el T 1T [l ® ol ¥ ]
2p—r; 2p—r;_ 2p—r;_

F i—1 M i
(S T N 3 BT N S
Applying (B.5), (B.6), and (B.7) to (B.4) yields,

ai i1
PV T4
Z+1 biz, " |2,

2

Applying Young’s inequality to each term in (B.8) will lead to (22).
In the case when ¢ = 2, e; =0, so g2 := 0. 1

N B.7)

IN

i+1
+ 2p—ri1

_(77i+€i12i1))§0 Z €51 X

j=i—1

i1 i
TiPi—1 |€i| m

1 1——1 i1
+li 12 Pi2e; 4|k > (B.8)
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Proof of Proposition 3.2: Similar to (B.4), (B.5), and (B.6), we
have, with ¢, :=2p — 7 —7Tp_1 —Tn

an Tn—1
v(2)bnzn" (20 ™ —

e

By the homogeneity of v, |v(2)| < c||z||7”+77 where [|Z]|,, =

(Z:.L:l |2i|2/”)1/2 , A, =(ri,---,rn). So, by the definition of
the homogeneous norm, we have

an
(e s 20 1><c|v IS Je %

j=n-—1

1 Ty —
P fena|

n—1 —
» +£n7121

1) (B.9)

n . 2, o, ‘ TiPi—1 mn% v
lella.= {318l | =( D[t
i=1 i=1
n n
g 1
CZ|Zi|” +CZ|ei|u. (BIO)
i=1 i=1

Likewise, using (17) to replace &; for z;, together with (B.10),

n n
R rntT rntT
Hl<ed 16" +ed el "
=1 =2

Applying (B.11) to (B.9) yields,

(B.11)

(2)() ZQn/T‘n (z;’;nfl/"‘n _ (77n +£n—1zn—l))

+Z|eb e

1= 1 Tn—1
(2 T” +‘€n712  Pn—2 |en 1| )

1 n n
g2 & ray d+galtar)enn,
i=1 1=2

for a constant & > 0. The last relation is obtained by applying
Lemma A.2 to each term in the above inequality. 1
Proof of Proposition 3.3: By definition of Z;, 7;, and Lemma A.3

an an
(1601 % + l€nia) )

(p=¢qi/ri-1 := (20— T —1ri-1)/riz1 > 1) we have,
—li_ye] Tipi—1/K (;}‘?i/ri _7{111/’”—1)
< C£7,71|€1| |772 +‘€1712271_(/’77, +£171227 )‘ X
i _q 7‘71',171

’(771‘ +lic1Zio1) i =y

using (A.3) with p = p;—o,
1

1+
S C€~ Pi—2

i—1

i~ "i—1
T

1
éi ‘ +|ZL716171|

-
lei—1] #

TiPi—1

les]

On the other hand, by (A.3) with p = p;_1, 2; < c(leil"/ +
&7/ " + Bi—1|€—1]"/*). Thus,

TiPi—1 a4 i
el BP0 Tio1
—li—1e, Zi =Y

1+p’_12 TiPi—1 T i Tz 1
<l e i— &l

—r

. ai—Ti
+Bi—1|&i-1|” *#

1 q;—Ti—1 qi—Ti—1
+lei| ™ +|liciei—a|T # .

By using Young’s inequality to each term in above relation, the
desired result can be proven for a function h;(¢;—1). 1

Proof of Proposition 3.4: Firstly, let w(-) = v(-)*/("+7) By
(A.3) of Lemma A.l, we have

[v(2) —v"(2)] < cfw(2) -

Now, because w is at least C', we expand this function as (with
i = ( Pi-1 _ )\emmfl/ﬂ)l/p,;_l)

w*(2)|(m+f)/u

dw(X)

|<CZ|@|“/ X,

By the homogeneity of w*(z) whose degree is u, Ow(
homogeneous of degree . — ;. Hence,

dA.

X=x

w(2) —

X)/0X, is

aw(X) i TiPi—1/B\1/p;_ —r;
| S el e
i BTy - st}
< e Dlal T e Do led ),
i=1 i=2
for A € [0, 1]. Noting (B.11), we have
Ow(X i r= n p—r;
o, DIl e ol
T
i=1 i=2
Therefore,
2u—T—rp A . 2u—T—rp . ——
& " (v(B) v (2)) §C|§n o w(E) —wi(R)] e
5 T +T , rn+T
2p—T—"n m Ty BT
< C‘f m |Z + elu e; W
1
1253 +6¢Ze?, for a constant & > 0. 1
i=1 i=2
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