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Abstract

This paper concerns the design of an adaptive

controller for suppressing aeroelastic vibrations

on a nonlinear wing section with leading- and

trailing-edge flaps as the actuators. While a sin-
gle flap under adaptive control can suppress vi-
brations, the response rate is limited by the sys-

tem zero dynamics. The adaptive controller pur-

sued here synergistically utilizes both leading-

and trailing-edge flaps to completely determine
the closed-loop system response. The proposed

algorithm addresses the problem of designing a

singularity-free adaptive controller when the con-

trol inputs are coupled via an input gain matrix

whose parameters are uncertain. The stability

result that is achieved here is global asymptotic

tracking. Simulation results demonstrate the ef-

ficacy of the MIMO control toward suppressing

flutter and limit cycle oscillations (LCOs) as well
as reducing the vibrational level in the subcriti-

cal flight speed range. Pertinent conclusions have
been outlined.

1 Introduction

Conventional methods of examining aeroelastic

behavior have relied on a linear approximation

of the governing equations of the flowfield and
the structure [1, 2]. However, aerospace systems

inherently contain structural and aerodynamic

nonlinearities [3, 4] and it is well known that with

these nonlinearities present, an aeroelastic sys-

tem may exhibit a variety of responses that are

typically associated with nonlinear regimes of re-

sponse including Limit Cycle Oscillation (LCO),

flutter, and even chaotic vibrations [5]. To pre-
vent aeroelastic instabilities and improve system

performance, aeroelasticians have focused their

studies on various forms of control. Early stud-

ies have shown that the flutter instability can be
postponed and consequently the flight envelope
can be expanded via implementation of a linear

feedback control capability. However, the conver-

sion of the catastrophic type of flutter boundary
into a benign one requires the incorporation of

a nonlinear feedback capability given a nonlinear

aeroelastic system [4, 6, 7, 8].

For many years, the analysis of 2-D lifting sur-

faces has provided a basis for the dynamic analy-

sis of a flexible structure, including nonlinear ef-
fects, as well as control of instabilities. In par-

ticular, several control strategies have been ex-

amined for a wing section with a single con-

trol surface and have been verified experimentally
[8, 9, 10]. In particular, we would like to mention

the e ort by NASA on the Active Flexible Wing

(AFW) [11, 12] where a single trailing edge con-

trol surface has been used to suppress aeroelastic

instability. Since then, a great deal of research

activity devoted to the aeroelastic active control

and flutter suppression of flight vehicles has been
accomplished. The state-of-the-art of advances

in these areas is presented in [13] where a num-

ber of recent contributions related to the active

control of aircraft wing are discussed at length.

In [6], [14]-[16], linear control theory, feedback

linearizing technique, and adaptive and robust

control strategies have been derived to account

for the e ect of nonlinear structural sti ness.

Adaptive methods were introduced in [7, 8, 9]

to account for uncertainties in the parameters.

In these methods, the pitching degree of free-

dom is usually chosen as the primary variable to

control. First, the system is feedback linearized

via adaptive cancellation of the nonlinearities in-
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troduced by the torsion sti ness — next, conven-

tional linear methods like LQR or pole placement

are applied to enhance the aeroelastic response.

The eventual controller designed here is full-state

feedback. In [17, 18], an adaptive control scheme

was implemented using only the feedback for the

pitching variable – its performance toward sup-

pressing flutter and LCOs as well as reducing the
vibrational level in the subcritical flight speed
range was demonstrated.

However, a problem with these single input adap-

tive controllers is that the aeroelastic response is

limited by the system zeros which end up in the

system characteristic polynomial due to feedback

linearization. Another practical problem is that

the velocity at which adaptive control worked

well was limited up to approximately 23% greater

than the velocity of LCO onset. Improvement are

possible through the development of the struc-

tured model reference adaptive controller [19]. A

better way of improving the performance of the

adaptive control scheme was proposed in [20] via

an extension to a wing section with two control

surfaces. Here, a MIMO adaptive controller was

designed but the uncertainty in the coupling be-

tween the control inputs was not taken into ac-

count – instead, a simple inversion of a (non-

singular and non-symmetric) nominal input gain

matrix is utilized to decouple the control inputs.

Once that is accomplished, adaptive feedback lin-

earization and subsequently, linear control tech-

niques can be applied to complete the design.

The aeroelastic response here is better than with

a single flap because the MIMO system is flat,
i.e., there are no zero dynamics.

In this paper, we extend the work in [20, 21]

to develop a hierarchical adaptive control strat-

egy that compensates for uncertainty in both the

drift vector field and the input gain matrix which
is non-symmetric and has all non-zero leading

principal minors. The strategy utilized here ap-

plies a matrix decomposition that results in an

upper triangular input gain matrix with +1 or -1

on the diagonal which is then utilized to hierar-

chically design the control inputs. This process

ensures that the eventual control design is singu-

larity free and does not have any algebraic loops.

This strategy can be utilized to suppress the

pitching and plunging vibrations independently

and achieve exactly a desired response rate. The

controller developed here is proven globally as-

ymptotically stable via a Lyapunov based analy-

sis.

The rest of this paper is organized as follows. In

Section 2, the system dynamics are introduced.

In Section 3, we lay down the problem state-

ment. In Section 4 we propose the control design

and stability analysis is carried out. Section 5

shows some simulation results. Conclusions are

presented in Section 6.

2 Configuration of the 2-D Wing
Aeroelastic Model

Figure 1 shows a schematic for a plunging-

pitching typical wing-flap section that is consid-
ered in the present analysis. It is basically a

two degrees-of-freedom system with moving lead-

ing (LECS) and trailing edges (TECS) control

surfaces; h (t) denotes the plunge displacement
(positive downward), (t) the pitch angle (mea-
sured from the horizontal at the elastic axis of

the airfoil, positive nose-up); (t) and (t) are
the trailing edge and leading edge control sur-

faces deflections (measured from the axis created
by the airfoil at the control flap hinge, positive
flap-down). The plunging (h) and pitching ( )
displacements are restrained by a pair of springs

attached to the elastic axis of the airfoil (EA)

with spring constants kh and k ( ), respectively.
Here, k ( ) denotes a continuous, linear parame-
terizable nonlinearity, i.e., the aeroelastic system

has a continuous nonlinear restoring moment in

the pitch degree of freedom. We also consider the

structural damping in the form of the parameters

ch and c . Since the high-frequency dynamics of

the control surfaces could be neglected, aerody-

namic forces and moments created by the control

surface deflections are modeled as loads acting at
the elastic axis [20]. The governing equations of

motion for the aeroelastic system under consid-
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eration are given by [8, 20, 22]

mT mwx b

mwx b I

..

h
.. +

ch 0
0 c

ḣ

˙

+
kh 0
0 k ( )

h
=

L

M

(1)

where k ( ) denotes the nonlinear pitch spring
sti ness a particular choice for which is pre-

sented in Section 5 based on a model in [20]. In

(1), the quasi-steady aerodynamic lift and mo-

ment, denoted by L(
.

h,
.
, h, , , ) and M(

.

h,
.

, h, , , ), respectively, are modeled as

L = U2bsCl ( +
ḣ

U
+ (
1

2
a)b

˙

U
)

+ U2bsCl + U2bsCl

M = U2b2sCm eff ( +
ḣ

U
+ (
1

2
a)b

˙

U
)

+ U2b2sCm eff + U2b2sCm eff

(2)

where Cm eff , Cm eff , and Cm eff are the

e ective control moment derivatives, about the

elastic axis, due to angle of attack, trailing, and

leading edge control surface deflections, respec-
tively, and are defined as follows [20]

Cm eff = (
1

2
+ a)Cl + 2Cm

Cm eff = (
1

2
+ a)Cl + 2Cm

Cm eff = (
1

2
+ a)Cl + 2Cm

. (3)

The model parameters utilized in (1)-(3) have

been defined in the nomenclature presented in
Appendix A. By utilizing (1) and (2), an input

output form can be derived for the system of Fig-

ure 1 as follows

d(2)y

dt
= fµ , ˙ , h, ḣ, 1 +Gµ ( 2)u (4)

where y (t) = (t) h (t)
T 2 denotes

the output vector, u (t) = U2 (t) (t)
T

2 denotes the control input vector, fµ
2

is defined as follows

fµ (·) = k3h k4U
2 + q ( ) c3ḣ c4 ˙

k1h k2U
2 + p ( ) c1ḣ c2 ˙

while Gµ
2×2 is a constant non-singular (but

sign-indefinite), non-symmetric, gain matrix

Gµ =
g11 g12
g21 g22

where the constant matrix entries gjk , the con-

stants ki, ci i = 1, · · ·, 4, and the functions
q ( ) , p ( ) have been explicitly defined in Ap-
pendix A. In (4), 1

p1 , 2
p2 denote

unknown model parameter vectors with p1 and

p2 being positive integers. Since both the lead-

ing principal minors g11 and det(Gµ) of the
matrix Gµ are non-zero, we utilize a matrix de-

composition introduced in [23] to obtain G = ST
where S is a symmetric, positive-definite matrix
while T is an upper triangular matrix with its

diagonal elements belonging to the set {+1, 1}.
From the solution of a nonlinear system of equa-

tions, S and T are obtainable as follows

S ( 2) =
|g11| sign(g11)g21
sign(g11)g21 S22

S22 ( 2) = sign(g11)sign ( ) (g22
g 1
11 g21 (g12 g21sign ( ))

T ( 2) =
sign(g11) g 1

11 (g12 g21sign ( ))
0 sign(g11)sign ( )

(5)

where the notation sign(·) denotes the standard
signum function. Based on the matrix decompo-

sition above, we can now rewrite (4) as follows

M ( 2)
d2y

dt
= f , ˙ , h, ḣ, 1, 2

+det(S ( 2))T ( 2)u
(6)

where M (·) adj(S (·)) 2×2 is symmetric
p.d., while f (·) M (·) fµ (·) 2 is an auxiliary

vector.

3 Problem Statement

Provided the structure of the aeroelastic model

and the pitch spring constant nonlinearity is

known, our control objective is to drive the pitch-

ing and plunging motions to the origin (possibly

along desired trajectories generated by a refer-

ence model) in the presence of uncertainty in the

knowledge of the model parameters 1, 2 of (6).

It is assumed that (t) , ˙ (t) , h (t), and ḣ (t) are
measurable. Towards achieving our control ob-

jective, we first define a tracking error e(t) 2

as

e = yd y (7)

where yd(t) C2 is a reference trajectory. In

order to achieve our desired objective, we define
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Figure 1: Structure of 2-D Aeroelastic Lifting Surface

a sliding surface r(t) 2

r(t) = ė+ 1e (8)

where 1
2×2 is a constant, positive definite

matrix chosen such that the resulting character-

istic polynomial is Hurwitz. Motivated by the

subsequent stability analysis, we also define pa-
rameter estimation errors

˜ = ˆ ˜
s(t) = ˆ

s (9)

where p3and s
p4 contain the unknown

system parameters while ˆ (t) p3and ˆs (t)
p4 denote their yet to be designed estimates,

respectively.

4 Control Design and Stability Analysis

In this Section, we motivate and present the de-

sign of the control inputs (t) and (t) . After
taking the time derivative of (8) and utilizing (6),

the open loop tracking error system can be de-

termined as

Mṙ =
1

2
Ṁr + Y ys sD2u (10)

where Y (·) 2×p3 and ys (·) 1×p4 are mea-
surable regressors that are explicitly defined as

Y (·) M
..
yd + 1ė f (11)

det(S)T̄ u+
1

2
Ṁr

ys(·) s det(S) (12)

while , s have been previously defined in (9).
Here, we have taken advantage of the fact that

the model in (6) is linear parameterizable. Fur-

thermore, we define a strictly upper triangular
matrix T̄ ( 2) as follows

T̄ ( 2) T ( 2) D2 (13)

where D2 diag{sign(g11), sign(g11)sign ( )} is
a diagonal matrix which is assumed to be known.

Notice that this strict upper triangularity allows

one to design control in a hierarchical fashion

without the possibility of any static loops, i.e.,

one can first design (t) independently of (t)
and (t) can be designed next to depend on (t).
From the form of (10), we can design the follow-

ing adaptive control law

u = D2 ysˆs
1
Y ˆ +Kr (14)

where K 2×2 is a constant, positive definite
gain matrix while the estimates ˆ(t), ˆs(t) are
dynamically generated as follows

·
ˆ= Y T r (15)

·
ˆ
s= Proj{ sµ},
µ yTs Y ˆ +Kr

T

ysˆs
1
r,
(16)

where p3×p3, s
p4×p4 are constant,

positive definite gain matrices while Proj{·} is a
2490



standard parameter projection operator used to

ensure that ysˆs > 0 for all time [24]. After sub-
stituting (14) into (10) and performing some al-

gebraic manipulations, one arrives at the closed-

loop error system as follows

Mṙ =
1

2
Ṁr Kr + Y ˜ (17)

ysˆs
1
Y ˆ +Kr ys˜s

where ˜(t) and ˜s(t) are parameter estimation
errors that have been previously defined in (9)
and we have utilized the fact that D2D2 = I2
with I2 denoting the 2× 2 identity matrix.
To prove stability, we define a non-negative func-
tion V (t) as follows

V =
1

2
rTMr +

1

2
˜T 1˜ +

1

2
˜T
s

1
s
˜
s. (18)

After di erentiating (18) along (17) and (15), we

obtain

V̇ = rTKr ˜T 1
.

ˆ ˜T
s

1
s

·
ˆ
s

+rT Y ˜ ysˆs
1
Y ˆ +Kr ys˜s

= rTKr+ ˜
T

s µ 1
s

·
ˆ
s

(19)

where the definition of µ(t) in (16) has been
utilized. Standard results can be used to

show how the projection operator ensures that

˜T
s µ 1

s

·
ˆ
s 0 [24]; hence, the left hand

side of (19) can be upperbounded as

V̇ min{K} r 2 (20)

where min{·} denotes the minimum eigenvalue

operator. From (18) and (20), one can conclude

that r (t) L2 L while ˜ (t) , ˜s (t) L
which implies directly that e (t) , ė (t) L2 L
and ˆ (t) , ˆs (t) L . Since the reference tra-

jectory and its first two time derivatives are
bounded, one can conclude that (t) , ˙ (t) , h (t),
and ḣ (t) L . From the previous bounded-

ness assertions and the fact that the projection

operator ensures that ys s = 0, the second row
of the input vector u (t) of (14) can be shown

to be bounded. Given the boundedness of (t)
and that of the parameter estimates, the sys-

tem states, and the reference trajectories, one can

now prove the boundedness of (t). By virtue of
all previous assertions, the right hand side of the

expression of (17) is boundedness which implies

that ṙ (t) L . One can now apply Barbalat’s

Lemma [24] to show that lim
t

r(t) = 0; hence,

e(t) and ė (t) on the sliding surface go to zero in
the limit.

5 Simulations and Results

See Appendix B.

6 Conclusions

Results related to the adaptive control of a non-

linear plunging-pitching wing section operating

in an incompressible flight speed have been pre-
sented here. The MIMO control strategy is im-

plemented via leading- and trailing-edge control

surfaces. A fully adaptive strategy is used here

via employment of full-state feedback. The per-

formance of the adaptive control is analyzed and

simulations show that the control strategy e ec-

tively controls the pitching and plunging even af-

ter the system is allowed to evolve into LCO. Fu-

ture work would involve implementing the control

under output feedback.
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