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Abstract— This paper considers the problem of assigning
structural properties of a linear system through sensor selection.
The problem is, for a given matrix pair (A, B), to find an
output matrix pair (C, D) such that the resulting linear system
(A, B, C, D) has the pre-specified structural properties, such as
the finite and infinite zero structures and the invertibility prop-
erties. Both the assignability of certain structural properties
is established and an algorithm for explicitly constructing the
matrices (C, D) that result in these properties is developed. In
particular, by introducing the notion of infinite zero assignable
sets for the pair (A,B), we establish necessary conditions under
which a given set of structural properties can be assigned.
Motivated by these necessary conditions, we establish a set
of necessary and sufficient conditions for the assignability of
a set of structural properties which includes left invertibility
property. These necessary and sufficient conditions indicate
the conservativeness of the existing conditions. In establishing
these conditions, we develop a numerical algorithm for the
construction of the required output matrix pair (C, D).

Keywords: Linear systems, structural properties, invariant
zeros, infinite zeros, structural assignment.

I. INTRODUCTION

Structural properties of linear systems, such as the finite
and infinite zero structures and the invertibility properties,
have played a very important role in many linear systems
and control areas, including, robust and H∞ control (see,
e.g., [2], [9]), H2 optimal control [15], and control with
saturation [9]. One of the major obstacles to successful
applications of multivariable control synthesis techniques,
such as H2 and H∞ control techniques, to practical con-
trol problems is the lack of adequate understanding of
the linkage between achievable control performances and
hardware implementation such as the selection and locations
of sensors and actuators. Indeed, this linkage provides a
foundation upon which trade-offs can be incorporated in the
preliminary design stage. Thus, one can introduce careful
control design considerations into the overall engineering
design process in an early stage. For example, it is well
understood in the literature that nonminimum-phase zeros are
always troublesome to deal with. However, simple examples
show that such troublesome nonminimum-phase zeros can be
removed by properly adding, removing or relocating sensors
and actuators. This is exactly what motivated our interest in
the problem of structural assignment. This problem is, for a
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linear system characterized by a matrix pair (A, B),

ẋ = Ax + Bu, x ∈ R
n, u ∈ R

m, (1)

to find a matrix pair (C, D) that define a system output

y = Cx + Du, (2)

such that the resulting linear system characterized by the ma-
trix quadruple (A, B, C, D) has the pre-specified structural
properties, such as the finite and infinite zero structures and
the invertibility properties.

It is appropriate to trace a short history in the study of the
problem of structural assignment for linear systems. Most
results in the literature pertain to the assignment of finite zero
(invariant zero or transmission zero) structures (see, i.e., [6],
[7], [8], [13], [14], [20], [18], [19]). In 1995, [4] proposed
a technique which is capable of simultaneously assigning
finite and infinite zero structures. Recently, we successfully
attempted to deal with the assignment of complete system
structures, including finite and infinite zero structures and
invertibility structures [11]. In particular, in [11], we identi-
fied a set of sufficient conditions, and under these conditions,
an algorithm that leads to the assignment of a set of complete
structural properties is developed. In 2004, by using the
similar technique of [14], the authors of [1] presented the
necessary and sufficient conditions under which an infinite
zero structure can be assigned. Other structural properties,
such as finite zero structure and invertibility properties were
not considered. Moreover, the tool they used to established
these necessary and sufficient conditions is rational function
matrix, which, though mathematically elegant, does not lead
to computational algorithms to construct the required output
matrix pair (C, D).

In this paper, we present some further results on the
problem of structural assignment. We will first introduce
the notion of infinite zero assignable sets. With this notion,
we establish necessary conditions under which a given
set of structural properties can be assigned. Motivated by
these necessary condition, we establish a set of necessary
and sufficient conditions for the assignability of a set of
structural properties which includes left invertibility prop-
erty. These necessary and sufficient conditions indicate the
conservativeness of the existing conditions. In establishing
these conditions, we develop a numerical algorithm for the
construction of the required output matrix pair (C, D).

The remainder of the paper is organized as follows. Sec-
tion II includes some background materials that are needed
in our work. Section III presents our preliminary results
which will lead to our main results in Section IV. Section V
concludes the paper.
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II. BACKGROUND MATERIALS

We recall in this section the special coordinate basis de-
composition of linear systems, which was introduced in [17],
[16]. A toolkit [10] in the MATLAB environment containing
such a structural decomposition is currently available online
at the website http://linearsystemskit.net. The
special coordinate basis, implemented in the toolkit [10], is
based on a numerically stable algorithm recently reported in
[5], together with an enhanced procedure reported in [3].

Let us consider a linear system Σ,

ẋ = Ax + Bu, y = Cx + Du, (3)

where x ∈ R
n, u ∈ R

m and y ∈ R
p are the state, the input

and the output, respectively. Without loss of generality, we
assume that both [ BT DT ] and [ C D ] are of full rank.

Theorem 2.1 (SCB): Given the system Σ of (3), there exist
nonsingular state, output and input transformations Γ s, Γo and
Γi, such that

Ã = Γ−1
s AΓs = As + B0C0

=

⎡
⎢⎢⎣

Aaa LabCb 0 LadCd

0 Abb 0 LbdCd

Eca LcbCb Acc LcdCd

BdEda BdEdb BdEdc Add

⎤
⎥⎥⎦

+

⎡
⎢⎣

B0a

B0b

B0c

B0d

⎤
⎥⎦ [C0a C0b C0c C0d ] , (4)

B̃ = Γ−1
s BΓi =[ B0 Bs ]=

⎡
⎢⎣

B0a 0 0
B0b 0 0
B0c 0 Bc

B0d Bd 0

⎤
⎥⎦, (5)

C̃ = Γ−1
o CΓs=

[
C0

Cs

]
=

⎡
⎣C0a C0b C0c C0d

0 0 0 Cd

0 Cb 0 0

⎤
⎦, (6)

D̃ = Γ−1
o DΓi = Ds =

⎡
⎣ Im0 0 0

0 0 0
0 0 0

⎤
⎦ , (7)

where
Add = A∗

dd + BdEdd + LddCd

for some constant matrices Ldd and Edd of appropriate di-
mensions, and

A∗
dd = blkdiag

{
Aq1 , Aq2 , . . . , Aqmd

}
,

Bd = blkdiag
{

Bq1 , Bq2 , . . . , Bqmd

}
,

Cd = blkdiag
{
Cq1 , Cq2 , . . . , Cqmd

}
,

with (Aqi , Bqi , Cqi) being defined as

Aqi=
[

0 Iqi−1

0 0

]
, Bqi=

[
0
1

]
, Cqi=[1, 0, . . . , 0].

Remark 2.1: The structural decomposition shows explic-
itly the finite zero and infinite zero structure, as well as left
and right invertibility structures of the system Σ.

• The finite zero sturcture of Σ is characterized by the
eigenstructure of Aaa;

• Left invertibility structure S�
L (Σ) is the observability

indices of (Abb, Cb), and right invertibility structure of
S�

R (Σ) is the controllability indices of (Acc, Bc);
• Σ has m0 = rank(D) infinite zeros of order 0. The

infinite zero structure (of order greater than 0) of Σ is
given by S�

∞(Σ) = {q1, q2, · · · , qmd}. That is, each qi

corresponds to an infinite zero of Σ of order q i.
• The finite zero structure corresponds to Morse invariant

index list I1[12]. Furthermore, S �
R . S�

L and S�∞ are cor-
responding to lists I2, I3 and I4 of Morse, respectively.
Also, Σ is left invertible if S�

R is empty, right invertible
if S�

L is empty, invertible if both S�
R and S�

L are empty,
and degenerate if both S �

R and S�
L are present.

III. PRELIMINARY RESULTS

Definition 3.1: Consider a matrix pair (A, B) with A ∈
R

n×n and B ∈ R
n×m. Then, a set {η1, η2, . . . , η�} is

called a restricted infinite zero assignable set of (A, B), if
η1, η2, . . . , η� are positive integers, � ≤ m, and there exist a
nonsingular matrix T I ∈ R

m×m, such that

P =
[

b1 Ab1 . . . Aη1−1b1| b2 Ab2 . . . Aη2−1b2|

. . . | b� Ab� . . . Aη�−1b�

]
is of full column rank, where bk is the kth column of BTI.

Definition 3.2: A positive integers set {τ1, τ2, . . . , τ�} is
called an infinite zero assignable set of (A, B), if there exist
a feedback gain K ∈ R

m×n, such that {τ1, τ2, . . . , τ�} is a
restricted infinite zero assignable set of (A − BK, B).

We next establish the following lemmas, which are crucial
to the establishment of the main results in Section IV.

Lemma 3.1: Consider (A, B) with A∈R
n×n, B∈R

n×m.
Let the set of integers {η1, η2, . . . , η�} be a restricted infinite
zero assignable set of (A, B). Then, there exist nonsingular
TS ∈ R

n×n and TI ∈ R
m×m such that

TS
−1ATS =

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 � 0 · · · � 0
� � Iη1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
� � 0 · · · � Iη�−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

TS
−1BTI =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 B0

0 · · · 0 �
1 · · · 0 �
...

. . .
...

...
0 · · · 0 �
0 · · · 1 �

⎤
⎥⎥⎥⎥⎥⎥⎦

,

where A0 ∈ R
no×no and B0 ∈ R

no×(m−�) with no =
n − Σ�

k=1ηk.
Proof. By Definition 3.1, there exists a nonsingular T I ∈

R
m×m,

BTI = [ b1 b2 . . . bm ] ,
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such that

T1 =
[

Aη1−1b1 Aη1−2b1 . . . b1|Aη2−1b2 Aη2−2b2

. . . b2| . . .|Aη�−1b� Aη�−2b� . . . b�

]
(8)

is of full column rank. Let T0 be a constant matrix such that

TS := [T0 T1 ]

is nonsingular. From (8), we have

BTI = [ TSeg2 TSeg3 . . . TSen | b�+1 . . . bm ]
= TS [ eg2 eg3 . . . en | TS

−1b�+1 . . . TS
−1bm ] , (9)

ATs =
[

AT0| Aη1b1 TSeg1+1 . . . TSeg2 | . . .

. . . | Aη� b� TSeg�+1 . . . TSen−1

]
= TS

[
TS

−1AT0| TS
−1Aη1b1 eg1+1 . . . eg2 |

. . . | TS
−1Aη� b� eg�+1 . . . en−1

]
, (10)

where gk = no + Σk−1
l=1 ηl, k = 1, . . . , �.

Left multiplying both sides of (9) and (10) by T S
−1, we

obtain the results of the lemma.
Lemma 3.2: Consider a linear system characterized by a

matrix triple (A, B, C) with A ∈ R
n×n, B ∈ R

n×m and
C ∈ R

m×n,

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 α1 0 · · · αm 0
� � Iτ1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
� � 0 · · · � Iτm−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

B=

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · 0
0 · · · 0
1 · · · 0
...

. . .
...

0 · · · 0
0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎦
, C=

⎡
⎣ 0 1 0 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

⎤
⎦ ,

where A0 ∈ R
no×no and α1, . . . , αm ∈ R

no×1, with no =
n − Σm

k=1τk. Then, there exists a state transformation TS,
such that

A1 = TS
−1ATS=

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 α1 0 · · · αm 0
0 � Iτ1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
0 � 0 · · · � Iτm−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(11)

B1 = TS
−1B = B, (12)

C1 = CTS = C, (13)

i.e., the triple (A, B, C) is invertible, with its invariant zeros
given by the eigenvalues of A0 and its infinite zeros being
{τ1, τ2, . . . , τm}.

Proof. Let

x =
(

x0

xd

)
, xd =

⎛
⎜⎜⎝

x1

x2
...

xm

⎞
⎟⎟⎠ , u =

⎛
⎜⎜⎝

u1

u2
...

um

⎞
⎟⎟⎠ ,

xi =

⎛
⎜⎜⎝

xi,1

xi,2
...

xi,τi

⎞
⎟⎟⎠ , i = 1, 2, . . . , m.

Then the system (A, B, C) can be written as

ẋ0 = A0x0 + Σm
k=1αkxi,1,

ẋi,j = Ai,jx0 + xi,j+1 + Σm
k=1ai,j,kxi,1,

i = 1, 2, . . . , m, j = 1, 2, . . . , τi,

ẋi,τi = Ai,τix0 + Σm
k=1ai,j,kxi,1 + ui, i = 1, 2, . . . , m.

Define
x1

i,2 := −Ai,1x0 + xi,2,

we have
ẋi,1 = x1

i,2 + Σm
k=1ai,1,kxi,1,

and

ẋ1
i,2 = −Ai,1ẋ0 + ẋi,2 = (Ai,2 − Ai,1A0)x0

+xi,3 + Σm
k=1(ai,2,k − Ai,1αk)xi,1

:= A1
i,2x0 + xi,3 + Σm

k=1a
1
i,2,kxi,1,

Similarly, defining

x1
i,3 := −A1

i,2x0 + xi,3,

we have
ẋi,2 = x1

i,3 + Σm
k=1ai,2,kxi,1,

ẋ1
i,3 = −A1

i,2ẋ0 + ẋi,3

:= A1
i,3x0 + xi,4 + Σm

k=1a
1
i,3,kxi,1.

Proceeding recursively, we finally obtain

ẋi,1 = x1
i,2 + Σm

k=1ai,1,kxi,1,

ẋ1
i,j = x1

i,j+1 + Σm
k=1a

1
i,j,kxi,1,

i = 1, 2, . . . , m, j = 2, 3, . . . , τi,

ẋi,τi = A1
i,τi

x0 + Σm
k=1a

1
i,j,kxi,1 + ui, i = 1, 2, . . . , m.

Thus, the desired matrix TS can be defined as follows,

TS =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ino 0 0 . . . 0 0
0 1 0 . . . 0 0

Φ1 0 Iτ1−1 . . . 0 0
...

...
...

. . .
...

...
0 0 . . . 1 0

Φm 0 0 . . . 0 Iτm−1

⎤
⎥⎥⎥⎥⎥⎥⎦

, (14)

with some appropriate matrices Φk ∈ R
(τk−1)×no , k =

1, 2, . . . , m.
Lemma 3.3: Consider a linear system characterized by a

matrix triple (A1, B1, Ĉ1), where A1 and B1 are in the form
of (11) and (12), and Ĉ1 is given by

Ĉ1 =

⎡
⎣

β1 1 0 · · · 0 0
...

...
...

. . .
...

...
βm 0 0 · · · 1 0

⎤
⎦ ,
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with β1, β2, . . . , βm ∈ R
1×no , no = n − Σm

k=1τk. Then,
(A1, B1, Ĉ1) is invertible, with its invariant zeros given by
the eigenvalues of A0−Σm

k=1βkαk and its infinite zeros being
{τ1, τ2, . . . , τm}.

Proof. Let

TS =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ino 0 0 . . . 0 0
−β1 1 0 . . . 0 0
0 0 Iτ1−1 . . . 0 0
...

...
...

. . .
...

...
−βm 0 0 . . . 1 0

0 0 0 . . . 0 Iτm−1

⎤
⎥⎥⎥⎥⎥⎥⎦

,

where no = n − Σm
k=1τk. We have

A2= TS
−1A1TS

=

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 − Σm
k=1βkαk α1 0 · · · αm 0
� � Iτ1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
� � 0 · · · � Iτm−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

B2 = TS
−1B1 = B1,

C2 = Ĉ1TS =

⎡
⎣ 0 1 0 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

⎤
⎦ .

Then, the result of the lemma follows from Lemma 3.2.

IV. MAIN RESULTS

Our first main result gives a necessary conditions for the
assignability of a set of structural properties.

Theorem 4.1: Consider a linear system (A, B) with A ∈
R

n×n and B ∈ R
n×m. Let na be a non-negative integer, and

Λ2 := {�1, �2, . . . , �mc}, Λ3 := {µ1, µ2, . . . , µpb},
Λ4 := {q1, q2, · · · , qmd}

be three sets of positive integers. Then, there exist C ∈
R

(m+pb−mc)×n and D ∈ R
(m+pb−mc)×m such that the

resulting system characterized by the matrix quadruple
(A, B, C, D) has na invariant zeros, m − md infinite zeros
of order 0, and the Morse invariant index lists I2 = Λ2,
I3 = Λ3 and I4 = Λ4, only if

1) {�1, �2, . . . , �mc , q1, q2, · · · , qmd} is an infinite zero
assignable set of (A, B);

2) na + Σpb
i=1µi + Σmc

i=1�i + Σmd
i=1qi = n.

Proof: There exist TS ∈ R
n×n and TI ∈ R

m×m such
that TS

−1ATS and TS
−1BTI are in the form of (4) and

(5), respectively. Moreover, (Acc, Bc) is in the form of
observability canonical form, i.e.,

Acc = A∗
cc + BcEcc,

for constant matrices Ecc of appropriate dimensions, and

A∗
cc = blkdiag

{
A�1 , A�2 , . . . , A�mc

}
,

Bc = blkdiag
{
B�1 , B�2 , . . . , B�mc

}
,

with

A�i =
[

0 I�i−1

0 0

]
, B�i =

[
0
1

]
.

Define a state feedback gain matrix K as

K = TI

⎡
⎣ C0a C0b C0c C0d

0 0 Edc Edd

0 0 Ecc 0

⎤
⎦TS

−1.

Then, we have

Ã : = A − BK

= TS

⎡
⎢⎢⎣

Aaa LabCb 0 LadCd

0 Abb 0 LbdCd

BcEca LcbCb A∗
cc LcdCd

BdEda BdEdb 0 A∗
dd + LddCd

⎤
⎥⎥⎦ TS

−1.

Let bk be the (mo + k)th column of BTI. It can be verified
that

P̂ = [ b1 Ãb1 . . . Ã�1−1b1 | . . . | bmc Ãbmc . . .

Ã�mc−1bmc | bmc+1 Ãbmc+1 . . . Ãq1−1bmc+1|
. . . | bmc+md Ãbmc+md . . . Ãqmd−1bmc+md ]

= TS

⎡
⎣ 0 0

0 ∆c

∆d 0

⎤
⎦ ,

where
∆c = blkdiag{δ�1, . . . , δ�mc

},
∆d = blkdiag{δq1 , . . . , δqmd

},
and where δk is the k × k matrix with the elements
in the inverse diagonal being 1s, and all the other el-
ements being 0s. Clearly, P̂ is of full column rank.
Thus, {�1, �2, . . . , �mc , q1, q2, · · · , qmd} is an infinite zero
assignable set of (A, B).

Condition 2 is needed only for the compatibility of dimen-
sions.

In what follows, we present the necessary and sufficiency
conditions for the assignabilility of a set of structural prop-
erties which includes the left invertibility property.

Theorem 4.2: Consider a linear system (A, B) with A ∈
R

n×n and B ∈ R
n×m. Assume that its uncontrollable modes

are distinct. Let na be a non-negative integer, and

Λ3 := {µ1, µ2, . . . , µpb}, Λ4 := {q1, q2, · · · , qmd},
are two sets of positive integers. Then, there exist C ∈
R

(pb+m)×n and D ∈ R
(pb+m)×m such that the resulting

system characterized by the matrix quadruple (A, B, C, D)
is left invertible, has na invariant zeros, m−md infinite zeros
of order 0, and the Morse invariant index lists I3 = Λ3 and
I4 = Λ4, if and only if

1) {q1, q2, · · · , qmd} is an infinite zero assignable set of
(A, B);

2) na + Σpb
i=1µi + Σmd

i=1qi = n.
Proof. Necessity: It is the special case of Theorem 4.1

with Λ2 being an empty set.
Sufficiency: We will give a constructive proof that would

yield the desired matrices C and D.
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Since {q1, q2, . . . , qmd} is an infinite zero assignable set of
(A, B), by Lemma 3.1, there exist nonsingular T1 ∈ R

n×n,
TI ∈ R

m×m, K1 ∈ R
m×n, such that

A1 = T−1
1 (A − BK1)T1

=

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 α1 0 · · · αmd 0
� � Iq1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
� � 0 · · · � Iqmd−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

B1 = T−1
1 BTI =

[
B̂1 B1∗

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 B10

0 · · · 0 �
1 · · · 0 �
...

. . .
...

...
0 · · · 0 �
0 · · · 1 �

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

where A0 ∈ R
no×no , B10 ∈ R

no×mo , mo = m − md and
no = n − Σmd

k=1qk.
By Lemma 3.2, for (A1, B̂1), there exists a state transfor-

mation T2, such that

A2 =T−1
2 A1T2=

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 α1 0 · · · αmd 0
0 � Iq1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
0 � 0 · · · � Iqmd−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦
, (15)

B̂2 = T−1
2 B̂1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · 0
0 · · · 0
1 · · · 0
...

. . .
...

0 · · · 0
0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Thus, there exists a state feedback gain K� such that

A2 − B̂2K� =

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 α1 0 · · · αmd 0
0 � Iq1−1 · · · � 0
0 � 0 · · · � 0
...

...
...

. . .
...

...
0 � 0 · · · � Iqmd−1

0 � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Let
Lα = [ α1 α2 . . . αmd ] .

By the structure of (A2 − B̂2K�, B̂2), it is clear that
all uncontrollable modes of (A, B) are the uncontrollable
modes of (A0, Lα), and the remaining modes of A0 are
all controllable. The controllable modes of (A0, Lα) can be
freely relocated by state feedback with gain

Kβ = [ β′
1 β′

2 . . . β′
md

]′ ,

where β1, β2, . . . , βmd ∈ R
1×no . That is, the eigenvalues of

Aγ = A0−LαKβ = A0−Σmd
k=1βkαk include uncontrollable

modes of (A, B) and any other desired modes.

Let us define

Ĉ2 =

⎡
⎣

β1 1 0 · · · 0 0
...

...
...

. . .
...

...
βmd 0 0 · · · 1 0

⎤
⎦ ,

which is in conformity with the structures of A2 and B̂2 in
(15). We further define the state transformation T3

T3 =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ino 0 0 . . . 0 0
−β1 1 0 . . . 0 0
0 0 Iq1−1 . . . 0 0
...

...
...

. . .
...

...
−βmd 0 0 . . . 1 0

0 0 0 . . . 0 Iqmd−1

⎤
⎥⎥⎥⎥⎥⎥⎦

.

By Lemmas 3.3 and 3.2, we can find a state transformation
T̃3, which is in the form of (14), such that

A3 = (T3T̃3)−1A2(T3T̃3)

=

⎡
⎢⎢⎢⎢⎢⎢⎣

Aγ α1 0 · · · αmd 0
0 � Iq1−1 · · · � 0
� � 0 · · · � 0
...

...
...

. . .
...

...
0 � 0 · · · � Iqmd−1

� � 0 · · · � 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

B̂3 = (T3T̃3)−1B̂2 = B̂2,

and

C̃3 = Ĉ2(T3T̃3) =

⎡
⎣ 0 1 0 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 1 0

⎤
⎦ .

It is straightforward to see that the triple (A3, B̂3, C̃3) is in
the form of the special coordinate basis, and by the properties
of the special coordinate basis, its invariant zeros are the
eigenvalues of Aγ , its infinite zero structure is given by
{q1, q2, . . . , qmd}, and it is invertible.

The uncontrollable modes of (Aγ , Kβ) are distinct, and
the remaining modes of Aγ could be relocated freely by
selecting Kβ . For such Aγ , we can select Cb ∈ R

pb×no , such
that (Aγ , Cb) has na unobservable modes, and observability
indices {µ1, µ2, . . . , µpb}. To do this, we find a transforma-
tion Tab such that

T−1
ab AγTab =

[
Aaa ∗
0 Abb

]
,

where Aaa ∈ R
na×na contains the desired finite zeros, and

Abb ∈ R
nb×nb is a diagonal matrix. We thus select

Cb =

⎡
⎣

0 ξ1 · · · 0
...

...
. . .

...
0 0 · · · ξpb

⎤
⎦T−1

ab ,

where ξi, i = 1, 2, . . . , pb, is a 1 × µi vector with all its
entries being nonzero.

Let

Ĉ3 =

⎡
⎢⎢⎣

0 1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 0

Cb 0 0 · · · 0 0

⎤
⎥⎥⎦ .
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It can be easily verified that (A3, B̂3, Ĉ3) is left invertible,
has na invariant zeros, I3 = Λ3 and I4 = Λ4.

From the above process, we have

(T2T3T̃3)−1A1(T2T3T̃3) = A3,

(T2T3T̃3)−1B̂1 = B̂3.

Thus, (A1, B̂1, Ĉ3(T2T3T̃3)−1) has the same Morse invariant
index lists as (A3, B̂3, Ĉ3).

Letting
TS = T1T2T3T̃3,

we have

A3 = TS
−1(A − BK1)TS,

B3 = TS
−1BTI =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 B10

0 · · · 0 �
1 · · · 0 �
...

. . .
...

...
0 · · · 0 �
0 · · · 1 �

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Let

C3 =
[

Ĉ3

0(m−md)×n

]
, D3 =

[
0(pb+md)×md 0

0 Do

]
,

where Do is an arbitrary (m−md)× (m−md) nonsingular
matrix.

We can find a state transformation such that (Aγ , Cb) is
transformed into its observability canonical form. Thus, it
is easy to see that (A3, B3, C3, D3) has na finite zeros and
m − md infinite zeros of order 0, its infinite zeros of order
greater than 0 are {q1, q2, . . . , qmd} (i.e., I4 = Λ4) and left
invertibility structure is {µ1, µ2, . . . , µpb} (i.e., I3 = Λ3).

Applying a state feedback with the gain T −1
I K1TS

to the system (A3, B3, C3, D3) results in the system
(TS

−1ATS, TS
−1BTI, C3 + D3T

−1
I K1TS, D3). Thus,

we obtain the desired C and D as

C = (C3 + D3T
−1

I K1TS)TS
−1 = C3TS

−1 + DK1,

D = D3T
−1

I .

Note that state feedback does not change structural indices of
a linear system. Thus, structural indices of (A3, B3, C3, D3)
and (A, B, C, D) are the same.

Noting the special form of T2 and T̃3, we have

C =
[

Ĉ3

0

]
(T1T3)−1 + DK1, D =

[
0 0
0 Do

]
T−1

I .

We finally obtain a set of the desired (C, D) as

Ω={(ΓoC, ΓoD)|Γo∈R
(pb+m)×(pb+m) is nonsingular

}
.

This completes the proof of Theorem 4.2.
Remark 4.1: If the uncontrollable modes of (A, B) are

not distinct, then the assignment of I3 will be slightly more
complicated. It will be subject to more constraint imposed
by the Jordan canonical form of uncontrollable modes of the
given (A, B).

Remark 4.2: In our earlier algorithm[11], in order to be
assignable, the desired orders of infinite zeros must be equal
to or less than the elements in controllability indices of
(A, B). In the current algorithm, no such a constraint is
imposed.

V. CONCLUSIONS

In this paper, we have revisited the the problem of
structural assignment for linear systems. We first established
necessary conditions under which a given set of structural
properties can be assigned. Motivated by these necessary
conditions, we established a set of necessary and sufficient
conditions for the assignability of a set of structural prop-
erties which includes the left invertibility property. These
results significantly improve the existing results on the topic.
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