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Abstract— Considered in this paper are the two-person zero-
sum linear quadratic differential games. It is shown that the
value of the game exists if and only if both the upper value and
lower value exist. As an consequence, we prove that another
necessary and sufficient condition for the existence of the value
of the game is the existence of an open loop-open loop saddle
point. An example is also given where lower value exists but
upper value does not exist.

I. INTRODUCTION

Since 1980’s, many work has been contributed to linear

quadratic differential games due to their essential role in

modern robust control and H∞-optimization design, see,

e.g., [1], [3], [7]. In this paper, we consider the two-

person, zero-sum linear quadratic differential games on a

finite horizon. It is well-known that the solvability of the

corresponding Riccati differential equations is equivalent to

the existence of the H∞-optimal control ([1]). In [2], the

relationship between saddle points of the game and the

solvability of various Riccati differential equations is studied.

It is shown that

(a) if the Riccati differential equation admits a

solution, then, the game admits a closed loop-

closed loop saddle point;

(b) if both the Riccati differential equation and the

lower Riccati differential equation(for definition,

see [2]) admit a solution, then, the game admits

a closed loop-open loop saddle point;

(c) if both the Riccati differential equation and the

upper Riccati differential equation(for definition,

see [2]) admit a solution, then, the game admits

an open loop-closed loop saddle point.

Note that nothing is said about the open loop-open loop

saddle point. This paper is to address this issue. Obviously,

the existence of open loop-open loop saddle points guaran-

tees the existence of the value of the game, we shall show

that this is also necessary. This follows easily from our main

result which states that a necessary and sufficient condition

for the existence of the value of the game is that both the

lower value and the upper value of the game exist. Examples

show that except open loop-open loop saddle point, existence

of any other type of saddle point can not guarantee the

existence of the open loop value of the game.

Consider the following dynamic system

ẋ = Ax + Bu + Gv, x(0) = x0, x ∈ [0, T ] (1)
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with quadratic index

J(u, v) =

∫ T

0

(|u|2 − |v|2 + x′Qx)dt + x(T )′Wx(T ) (2)

Where T > 0 is a given final time, A,B,G,Q,W

are matrices of suitable dimension such that Q and W

are symmetric, but not necessarily nonnegative. Moreover,

without loss of generality, cross terms in (u, v, x) are not

present in the quadratic form because they can be eliminated

by appropriate transformations. Let

v−(x0) = sup
v∈L2(0,T ;Rm)

inf
u∈L2(0,T ;Rl)

J(u, v)

be the open loop lower value of the game and

v+(x0) = inf
u∈L2(0,T ;Rl)

sup
v∈L2(0,T ;Rm)

J(u, v)

be the open loop upper value of the game. If both v−(x0)
and v+(x0) exist and v−(x0) = v+(x0), then we say that the

open loop value of the game exists and the open loop value

is v(x0) = v−(x0) = v+(x0). Hereafter, by the value, the

lower value and the upper value of the game we mean the

open loop value, the open loop lower value and the open loop

upper value of the game respectively, unless stated otherwise.

Obviously, we always have

v−(x0) ≤ v+(x0)

A natural question is: do the lower value and the upper value

exist? are they equal to each other if both of them exist? how

are they related to the existence of saddle points? In section

III, we discuss an example where the lower value exists while

the upper value does not, we then prove the main theorem of

the paper in section IV, using results established on Fredholm

integral equations in section II. Some final remarks are given

in section V.

II. SOLUTION SET OF FREDHOLM INTEGRAL EQUATIONS

It is convenient to introduce some technical notations that

will used throughout the paper. Let M+ = BB′,M− =
GG′,M = M+ − M−,X = L2(0, T ; Rn), define the

following linear operators:

L : X → X , (Lx)(t) =
∫ t

0
eA(t−s)x(s)ds

L̂ : X → R
n, (L̂x)(t) =

∫ T

0
eA(T−s)x(s)ds

S : R
n → X , (Sy)(t) = eAty

Ŝ : R
n → R

n, Ŝy = eAT y
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with the adjoint operators given by

L∗ : X → X , (L∗x)(t) =
∫ T

t
eA′(s−t)x(s)ds

L̂∗ : R
n → X , (L̂∗y)(t) = eA′(T−t)y

S∗ : X → R
n, S∗x =

∫ T

0
eA′tx(t)dt

Ŝ∗ : R
n → R

n, Ŝ∗y = eA′T y

Moreover, define operators

K = L∗QL + L̂∗WL̂, K̂ = L∗QS + L̂∗WŜ

Using these operators, the system (1) can be rewritten as

x = Sx0 + LBu + LGv

with

x(T ) = Ŝx0 + L̂Bu + L̂Gv

and the index (2) can be written as a bilinear form in Hilbert

space U × V = L2(0, T ; Rl) × L2(0, T ; Rm):

J(u, v) = ((I + B′KB)u, u) − ((I − G′KG)v, v)
+ 2(B′KGv, u)

+2(B′(L∗QS + L̂∗WŜ)x0, u)

+ 2(G′(L∗QS + L̂∗WŜ)x0, v)

+ < (S∗QS + Ŝ∗WŜ)x0, x0 >

where (·, ·) and < ·, · > denote inner product in L2 and

Euclidean space respectively. Therefore, the game problem

is converted into the min-max problem of bilinear forms in

Hilbert space.

Remark 2.1 Under coercivity assumptions on I +B ′KB and
I − G′KG, the game problems admits a unique open loop-
open loop saddle point which can be constructed explicitly.

In this paper, no such coercivity conditions are imposed,

and the usual Riccati equation approach can’t be applied.

Remark 2.2 The problem setting of this paper can be easily
generated to the time-varying systems, where transition ma-
trix Φ(t, s) replaces eA(t−s) in the operators defined above.

We will first establish some preliminary results.

Lemma 2.3 Let N (A) denote the kernel of operator A, let
C,D ∈ L(X) be linear bounded operators on some Hilbert
space X , then, N (I + CD) = CN (I + DC).
Proof Let (I + CD)x = 0, then, x = −CDx and (I +
DC)Dx = D(I + CD)x = 0, that is, Dx ∈ N (I + DC),
hence x = −CDx ∈ CN (I +DC). Conversely, let x = Cp

for some p ∈ N (I+DC), then, (I+CD)x = (I+CD)Cp =
C(I + DC)p = 0, hence x ∈ N (I + CD).

Consider the following Fredholm integral equation with

parameter v:

(I + KM+)p = Gv + K̂x0 (3)

Let V (x0) = {v ∈ V : v is such that (3) has solution. }.

If V (x0) is not empty, then we can pick a v ∈ V (x0), and

let P (v, x0) be the solution set of (3) corresponding to v.

Choosing one p ∈ P (v, x0), then, P (v, x0) can be expressed

as

P (v, x0) = p + N

where N = N (I + KM+). The following theorem charac-

terizes the set V (x0).

Theorem 2.4 V (x0) is given by

V (x0) = {v ∈ V : (v,G′q)+ < x0, q(0) >= 0,∀q ∈ N}

Proof Let q ∈ N , then, q = −KM+q, and q(0) =
−K̂∗M+q by simple verification. Therefore, by virtue of

Lemma 2.3 and the fact that operator K is compact, hence

I + KM+ has closed range.

(v,G′q)+ < x0, q(0) >= 0,∀q ∈ N

⇔ (v,G′KM+q) + (K̂x0,M
+q) = 0,∀q ∈ N

⇔ (KGv + K̂x0,M
+q) = 0,∀q ∈ N

⇔ KGv + K̂x0 ⊥ N (I + M+K)

⇔ KGv + K̂x0 ∈ R(I + KM+)

Corollary 2.5 The following statements hold true:

1) V (0) = (G′N)⊥

2) if V (x0) is not empty, then V (x0) = v + V (0) for

arbitrary v ∈ V (x0).
Theorem 2.6 Suppose V (x0) is not empty, then, for every v ∈
V (x0), G′P (v, x0) ∩ V (x0) contains exactly one element.
Proof Fix v ∈ V (x0). Then G′P (v, x0) = G′p + G′N for

some p ∈ N . Let PG′N and P(G′N)⊥ be projections onto

G′N and (G′N)⊥ respectively. Decompose v = v1 + v2

with v1 = PG′Nv, v2 = P(G′N)⊥v, and G′p = q1 + q2

with q1 = PG′NG′p, q2 = P(G′N)⊥G′p. Then, since q2 ∈
(G′N)⊥, v1 +q2 ∈ V (x0) by Corollary 2.5. Moreover, since

q2 = G′p − q1 ∈ G′p + G′N and v1 ∈ G′N , v1 + q2 ∈
G′p + G′N = G′P (v, x0). Thus, we have verified that

PG′Nv + P(G′N)⊥G′p = v1 + q2 ∈ G′P (v, x0) ∩ V (x0)

To prove the uniqueness, let u1, u2 ∈ G′P (v, x0) ∩ V (x0),
then, u1 − u2 ∈ G′N , on the other hand, u1 − u2 ∈ V (0) =
(G′N)⊥, hence u1 = u2.

Now, denote the only element in G′P (v, x0) ∩ V (x0) by

G′p∗, although p∗ might not be unique in P (v, x0), G′p∗
is uniquely determined. Therefore, we are able to define

operator

Dx0 : V (x0) → V (x0), Dx0v = G′p∗

especially, we can define

D : V (0) → V (0), Dv = G′p0
∗

To character these operators, let (I + KM+)N⊥ be the

restriction of I + KM+ on N⊥. Then, (I + KM+)N⊥ is a

bijection from N⊥ to R(I+KM+), and hence has bounded

inverse. Now choose

p∗ = ((I + KM+)N⊥)−1(KGv + K̂x0)

Then,

Dx0v = G′((I + KM+)N⊥)−1(KGv + K̂x0) (4)

and

Dv = G′((I + KM+)N⊥)−1KGv (5)

Theorem 2.7 D is a compact, self-adjoint operator on V (0).
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Proof Since K is compact, so is D. To show D is self-adjoint,

let vi ∈ V (0), pi ∈ P (vi, 0), i = 1, 2, then

(Dv2, v1) − (Dv1, v2)
= (G′p2, v1) − (G′p1, v2)
= (Gv1, p2) − (Gv2, p1)
= (Gv1,KGv2 − KM+p2)

−(Gv2,KGv1 − KM+p1)
= −(KGv1,M

+p2) + (KGv2,M
+p1)

= −((I + KM+)p1,M
+p2)

+((I + KM+)p2,M
+p1)

= 0

This completes the proof.

III. A GAME WHERE VALUE DOES NOT EXIST

Consider the following dynamics:

ẋ = x + u + v, x(0) = 0

with index

J(u, v) =

∫ 1

0

(u2 − v2 + 2x2)dt

We claim that the lower value of the game is 0 whereas the

upper value does not exist. To prove v−(0) = 0 is easy, for

each control action v, J(−v, v) = 0, thus, inf J(u, v) ≤ 0,

hence v−(0) ≤ 0. On the other hand, v−(0) ≥ inf J(u, 0) =
0. Now let’s deal with the hard part, we need to show

v+(0) = ∞. Fix control action u, we write the index as

J(u, v) = −((I − 2L∗L)v, v)
+4(L∗Lu, v) + ((I + 2L∗L)u, u)

where L is the integral operator defined in section 2. Since

the underlying Riccati differential equation blows up in

interval [0, 1], by virtue of results in [4], [6], I − 2L∗L is

not positive definite. i.e., there exists a non zero v̄ such that

((I − 2L∗L)v̄, v̄) ≤ 0. In fact, strict inequality holds. To see

this, take v̄(t) = 1 on [0, 1], we calculate ((I−2L∗L)v̄, v̄) ≈
1−2∗0.757762 < 0, thus, sup{J(u, v); v ∈ L2(0, 1)} = ∞
for every u given, which shows that upper value of the game

does not exist.

Remark 3.1 It is easy to construct similar examples where
upper value exist but lower value does not exist and examples
where neither lower value nor upper value exists.
Remark 3.2 The example game admits open loop - closed
loop saddle point as well as closed loop - closed loop saddle
point because both Riccati differential equation and lower
Riccati differential equation admits solution on [0, 1] ([2]).

IV. MAIN RESULT AND ITS PROOF

The main results in this paper are contained in

Theorem 4.1 Consider the game problem (1)-(2). The follow-
ing statement are equivalent.
1) There exists an open loop-open loop saddle point
(u∗, v∗) ∈ U × V such that

J(u∗, v) ≤ J(u∗, v∗) ≤ J(u, v∗), ∀u ∈ U , v ∈ V

2) The value of the game exists.
3) Both lower value and upper value exist.

To prove the theorem, some lemmas are in need. Using

notations of section 2, we rewrite index as

J(u, v) = ((I + E)u, u) + 2(f(v, x0), u) + J(0, v)

where

E = B′L∗QLB + B′L̂∗WL̂B = B′KB

and

f(v, x0) = B′KGv + B′K̂x0

Obviously, lower value exists if and only if both the follow-

ing conditions hold:

(A) There exists v ∈ V such that

Ĵ(v) = infuJ(u, v) > −∞ (6)

(B) Let V̂ (x0) = {v ∈ V : v is such that (6) holds true },

then

sup{Ĵ(v) : v ∈ V̂ (x0)} < ∞ (7)

By standard extremal theory (see, e.g., [5]), (6) holds true

if and only if I + E ≥ 0 and

f(v, x0) ∈ N (I + E)
⊥

= R(I + E) (8)

Moreover, u is an optimizer if and only if

f(v, x0) + (I + E)u = 0 (9)

Our first observation is

Lemma 4.2 Suppose lower value exists, then V̂ (x0) coincides
with V (x0).
Proof Let v ∈ V̂ (x0), then, by definition and (8)

(f(v, x0), u) = (B′KGv + B′K̂x0, u) = 0,∀u ∈ N (I + E)
(10)

Notice BN (I + E) = N (I + M+K) by Lemma 2.3, (10)

is equivalent to

KGv + K̂x0 ∈ (N (I + M+K))⊥ = R(I + KM+) (11)

hence v ∈ V (x0). Since the above procedure is invertible,

the opposite inclusion also holds true.

Lemma 4.3 Suppose lower value exists, then for v ∈ V (x0),

Ĵ(v) = −(v, v) + (Gv, p)+ < x0, p(0) > (12)

where p ∈ P (v, x0) and Ĵ(v) is independent of the choice
of p.
Proof By (9), the optimizer u can be expressed as

u = −B′(KBu + KGv + K̂x0) (13)

Let p = KBu + KGv + K̂x0, then u = −B′p and p =
KB(−B′p) + KGv + K̂x0, thus, p ∈ P (v, x0), conversely,

let p ∈ P (v, x0), u = −B′p must be the optimizer for

J(u, v). Therefore,
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Ĵ(v) = ((I + E)u, u) + 2(f(v, x0), u) + J(0, v)
= (f(v, x0), u) + J(0, v)

= (B′KGv + B′K̂x0,−B′p) + J(0, v)
= −(Q(LGv + Sx0), LM+p)

− < W (L̂Gv + Ŝx0), L̂M+p >

−‖v‖2
+ (Q(LGv + Sx0), LGv + Sx0)

+ < W (L̂Gv + Ŝx0), L̂Gv + Ŝx0 >

= −‖v‖2
+ (Gv,L∗Qx + L̂∗Wx(T ))

+ < x(0), S∗Qx + Ŝ∗Wx(T ) >

= −‖v‖2
+ (Gv, p)+ < x0, p(0) >

and Ĵ(v) does not depend on the choices of p.

Lemma 4.4 Suppose lower value exists, then, it equals <

x0, p(0) > and is independent of choice of the solution p to
the following Fredholm equation:

(I + KM)p = K̂x0 (14)

Proof We want to calculate sup{Ĵ(v); v ∈ V (x0)}. Fix v̄ ∈
V (x0) and p̄ ∈ P (v̄, x0), then v ∈ V (x0) can be written as

v = v̄ + v0 and p ∈ P (v, x0) can be written as p = p̄ + p0

for some v0 ∈ V (0) and p0 ∈ P (v0, 0). Similar to Theorem

2.5, it can be shown that

−(Gv̄, p0) + (Gv0, p̄) =< x0, p
0(0) >

Then,

Ĵ(v) = −‖v̄ + v0‖
2

+ (G(v̄ + v0), p̄ + p0)
+ < x0, p̄(0) + p0(0) >

= −‖v̄‖2
+ (Gv̄, p̄)+ < x0, p̄(0) >

−‖v0‖
2

+ (Gv̄, p0)+ < x0, p
0(0) >

+(Gv0, p̄) + (Gv0, p0) − 2(v̄, v0)

= Ĵ(v̄) − ‖v0‖
2

+ (v0, G′p0) − 2(v0, v̄ − G′p̄)

Hence,

sup
v∈V (x0)

Ĵ(v)

= Ĵ(v̄) + sup
v0∈V (0)

(−((I − D)v0, v0) − 2(v0, v̄ − Dx0 v̄))

Again, by standard extremal theory, sup
v∈V (x0)

Ĵ(v) is finite if

and only if

I − D ≥ 0

and

v̄ − Dx0 v̄ ∈ N (I − D)
⊥

= R(I − D)

Moreover, if v0 ∈ V (0) is such that

v̄ − Dx0 v̄ + (I − D)v0 = 0

Then, v∗ = v̄ + v0 is the optimizer for Ĵ(v). Recalling the

definitions (4)-(5), we have

v∗ = Dx0 v̄ + Dv0 = Dx0(v̄ + v0) = Dx0v∗

Now let v = v∗, p be any p∗ ∈ P (v∗, x0) in (12), then

supv∈V (x0)Ĵ(v) = Ĵ(v∗)

= −‖v∗‖2
+ (v∗, G′p∗)+ < x0, p

∗(0) >=< x0, p
∗(0) >

and is independent of the choice of p∗.

Finally, we verify that p∗ satisfies the Fredholm equation

(14). In fact, since p∗ ∈ P (v∗, x0), (I + KM+)p∗ =
KGv∗ + K̂x0, moreover, v∗ = Dx0v∗ = G′p∗, hence,

(I + KM)p∗ = K̂x0.

Lemma 4.5 Suppose the upper value exists, then, it equals
< x0, p(0) > and is independent of choice of the solution p

to the Following Fredholm equation (14).
Proof Notice that

infusupvJ(u, v) = −supvinfu(−J(u, v))

Hence, if the upper value exists, then, by Lemma 4.4,

supvinfu(−J(u, v)) =< x0, q(0) > (15)

where q satisfies

(I + KM)q = −K̂x0

and (15) is independent of choice of q, or equivalently, the

upper value equals < x0, p(0) > and is independent of

choice of the solution p to the Following Fredholm equation

(14).

Proof of Theorem 4.1 1) ⇒ 2) and 2) ⇒ are obvious. We

need only prove 3) ⇒ 1).

By virtue of Lemma 4.4, if lower value exists, then, there

exists v∗ = G′p∗ ∈ V (x0) where p∗ satisfies (14). Let u∗

be the optimizer of J(u, v∗), then, u∗ = −B′p∗, and

J(u∗, v∗) ≤ J(u, v∗)

Similarly, if upper value exists, the same (u∗, v∗) verifies

−J(u∗, v∗) ≤ −J(u∗, v)

Thus, (u∗, v∗) constitutes the desired open loop-open loop

saddle point.

V. CONCLUDING REMARKS

This paper studies the two-person, zero-sum linear

quadratic differential games on finite horizon. Some neces-

sary and sufficient conditions for the existence of the value of

the game are derived. Although we obtain the open loop-open

loop saddle points whenever the value of the game exists,

nothing is said about their synthesis as state feedback. In

subsequent papers, we shall further investigate relationship

among open loop saddle points, closed loop saddle points,

value of the game and the Riccati differential equations.

Another future research work would be extensions to infinite

horizontal differential game problems.
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