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Abstract— In this paper we show how to use relevant prior
information by imposing symmetry conditions (odd or even)
to the Least Squares Support Vector Machines regression
formulation. This is done by adding a simple constraint to the
LS-SVM model, which finally translates into a new kernel.
This equivalent kernel embodies the prior information about
symmetry, and therefore the dimension of the final dual
system is the same as the unrestricted case. We show that
using a regularization term and a soft constraint provides a
general framework which contains the unrestricted LS-SVM
and the symmetry-constrained LS-SVM as extreme cases.
Imposing symmetry improves substantially the performance
of the models, which can be seen in terms of generalization
ability and in the reduction of model complexity. Practical
examples of NARX models and time series prediction show
satisfactory results.

I. INTRODUCTION

In applied nonlinear system identification, the estima-
tion of a nonlinear black-box model in order to produce
accurate forecasts starting from a set of observations is a
common practice. Kernel based estimation techniques, such
as Support Vector Machines (SVMs) and Least Squares
Support Vector Machines (LS-SVMs) have shown to be
powerful nonlinear black-box regression methods [9], [16].
Both techniques build a linear model in the so-called feature
space where the inputs have been transformed by means of a
(possibly infinite dimensional) nonlinear mapping ϕ. This
is converted to the dual space by means of the Mercer’s
theorem and the use of a positive definite kernel, without
computing explicitly the mapping ϕ. The SVM model
solves a quadratic programming problem in dual space,
obtaining a sparse solution [2]. The LS-SVM formula-
tion, on the other hand, solves a linear system in dual
space under a least-squares cost function [14], where the
sparseness property can be obtained by e.g. sequentially
pruning the support value spectrum [12] or via a fixed-
size subset selection approach [13]. The LS-SVM training
procedure involves the selection of a kernel parameter and
the regularization parameter of the cost function, which can
be done e.g. by cross-validation, Bayesian techniques [8] or
others.

Particularly when there is no a priori information about
the model structure, a full nonlinear black-box model can
give satisfactory results [11] for prediction or control.
However, in applied work it is often the case that there
exist some a priori information about the nonlinear behavior

of the system under identification [7]. According to the
principle that ”do not estimate what you already know”,
the use of prior knowledge in the modelling stage can lead
to important improvements. For the case when there is prior
knowledge about the model structure in such a way that it is
known that the nonlinearity only affects some of the inputs
(and other inputs enter the model in a linear parametric
way), the use of a Partially Linear LS-SVM model has
been shown to improve the practical performance against
a full black-box model [4], [5]. Moreover, there are cases
where the simple knowledge of a general property of the
symmetry of the nonlinearity can be used to improve the
final modelling results [1].

In this paper we focus on the case where there exists prior
knowledge on the symmetry of the unknown nonlinearity.
The simple knowledge that a nonlinear function may show
an even or odd symmetry can be imposed into the LS-SVM
formulation in a straightforward way, reducing the model
complexity and improving the generalization ability. The
use of this type of prior knowledge is particularly helpful
when the data available for modelling does not cover all
the range on which we would like to use the model for
further simulation or prediction, as it is usually the case
for nonlinear time series identification [10]. In addition, we
show the difference between imposing the prior knowledge
as a hard or a soft constraint, providing a framework to
include prior information that may not be entirely exact.
This paper is structured as follows. Section II describes
the derivation of the LS-SVM with symmetry constrains.
Section III shows the case where the prior information is
imposed via a regularization parameter and a soft constraint.
Numerical applications are described on Section IV.

II. LS-SVM WITH SYMMETRY CONSTRAINTS

The inclusion of a symmetry constraint (odd or even)
to the nonlinearity within the LS-SVM regression frame-
work can be formulated as follows. Given the dataset
{xk, yk}

N
k=1

, with xk ∈ R
p and yk ∈ R, the goal is to

estimate a model of the form

yk = wT ϕ(xk) + b + ek, k = 1, . . . , N, (1)

where ϕ(·) : R
p → R

nh is the mapping to a high di-
mensional (and possibly infinite dimensional) feature space,
and the error terms ek are assumed to be i.i.d. with zero
mean and constant (and finite) variance. The following
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optimization problem with a regularized cost function is
formulated:

min
w,b,ek

1

2
wT w + γ

1

2

N∑
k=1

e2

k

s.t.

{
yk = wT ϕ(xk) + b + ek, k = 1, . . . , N,

wT ϕ(xk) = awT ϕ(−xk), k = 1, . . . , N,
(2)

with a ∈ {−1, 1} a given constant. The first restriction is
the standard model formulation in the LS-SVM framework.
The second restriction is a shorthand for the cases where we
want to impose the nonlinear function wT ϕ(xk) to be even
(resp. odd) by using a = 1 (resp. a = −1). The solution is
formalized in the following lemma.

Lemma 1: Given the problem (2) and a positive definite
kernel function K : R

p × R
p → R satisfying the assump-

tions K(xk,−xl) = K(−xk,xl) and K(−xk,−xl) =
K(xk,xl) ∀k, l = 1, . . . , N , the solution to (2) is given
by the system[

1

2
(Ω + aΩ∗) + 1

γ
I 1

1
T 0

] [
α

b

]
=

[
y

0

]
, (3)

with Ωk,l = K(xk,xl) and Ω
∗

k,l = K(−xk,xl) ∀k, l =
1, . . . , N .

Proof: Building the Lagrangian of the regularized cost
function,

L(w, b, ek, αk, βk) =
1

2
wT w + γ

1

2

N∑
k=1

e2

k−

−

N∑
k=1

(wT ϕ(xk) + b + ek − yk)−

−

N∑
k=1

(wT ϕ(xk) − awT ϕ(−xk)), (4)

with αk, βk ∈ R the Lagrange multipliers, and taking the
optimality conditions ∂L

∂w
= 0, ∂L

∂b
= 0, ∂L

∂ek
= 0, ∂L

∂βk
= 0

∂L
∂αk

= 0, the following system of equations is obtained:

w =

N∑
l=1

(αl + βl)ϕ(xl) − a

N∑
l=1

βlϕ(−xl)

N∑
i=1

αi = 0,

γek = αk, k = 1, . . . , N

yk = wT ϕ(xk) + b + ek k = 1, . . . , N

wT ϕ(xk) = awT ϕ(−xk), k = 1, . . . , N

Using Mercer’s theorem, ϕ(xk)T ϕ(xl) = K(xk,xl) for a
positive definite kernel function K : R

p × R
p → R[13].

Under the assumptions that K(xk,−xl) = K(−xk,xl)
and K(−xk,−xl) = K(xk,xl) ∀k, l = 1, . . . , N , the
elimination of w, ek and βk yields

yk =
1

2

N∑
l=1

αl[K(xl,xk) + aK(−xl,xk)] + b +
1

γ
αk (5)

and the final dual system can be written as[
1

2
(Ω + aΩ∗) + 1

γ
I 1

1
T 0

] [
α

b

]
=

[
y

0

]
, (6)

with Ωk,l = K(xk,xl) and Ω
∗

k,l = K(−xk,xl) ∀k, l =
1, . . . , N .

Remark 1: Kernel functions. For a positive definite
kernel function K(xk,xl) some common choices are:
K(xk,xl) = xT

k xl (linear kernel); K(xk,xl) = (xT
k xl +

c)d (polynomial of degree d, with c > 0 a tuning param-
eter); K(xk,xl) = exp(−||xk − xl||

2

2
/σ2) (RBF kernel),

where σ is a tuning parameter.
Remark 2: Equivalent Kernel. The final model becomes

ŷ(x) =
N∑

l=1

αlKeq(xl,x) + b. (7)

where

Keq(xl,x) =
1

2
[(K(xl,x) + aK(−xl,x)] (8)

is the equivalent symmetric kernel that embodies the re-
striction about the nonlinearity. It is important to note
that the final dual system (11) has the same dimensions
as the one obtained with the traditional unrestricted LS-
SVM. Therefore, imposing the second constraint does not
increase the dimension of the system to be solved, as the
new information is translated into the kernel level.

Remark 3: Validity of the Assumptions. The assump-
tions K(xk,−xl) = K(−xk,xl) and K(−xk,−xl) =
K(xk,xl) ∀k, l = 1, . . . , N are easily verified for all kernel
functions that can be expressed in terms of the distance
between vectors, K(xk,xl) = K(‖xk − xl‖) (stationary
kernels, e.g. RBF kernel) and those expressed in terms of the
dot product K(xk,xl) = K(xT

k xl) (nonstationary kernels,
e.g. polynomial kernel), which are the most common kernel
functions used in practical work. From a theoretical point
of view, in general the kernel function can be described by
its spectral representation. For the general class of kernels
for which the polynomial and RBF kernels are particular
cases, the spectral representation can be written as [6]:

K(xk,xl) =

∫
Rp

∫
Rp

cos(θT
1
xk − θT

2
xl)F (θ1,θ2) (9)

(where F is a bounded symmetric measure). Under this
representation, noting that cos(z) = cos(−z), it is easy to
verify the required assumptions:

K(xk,−xl) =

∫
Rp

∫
Rp

cos(θT
1
xk + θT

2
xl)F (θ1,θ2)

=

∫
Rp

∫
Rp

cos(−[−θT
1
xk − θT

2
xl])F (θ1,θ2)

=

∫
Rp

∫
Rp

cos(−θT
1
xk − θT

2
xl)F (θ1,θ2)

= K(−xk,xl)
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K(−xk,−xl) =

∫
Rp

∫
Rp

cos(−θT
1
xk + θT

2
xl)F (θ1,θ2)

=

∫
Rp

∫
Rp

cos(−[θT
1
xk − θT

2
xl])F (θ1,θ2)

=

∫
Rp

∫
Rp

cos(θT
1
xk − θT

2
xl)F (θ1,θ2)

= K(xk,xl)

Therefore, for a large class of kernels, mostly those used
in practical nonlinear system identification, the required
assumptions hold. However, this may not be a general
property for all possible kernels, especially those defined
in new applications fields (e.g. text, chemical molecules,
etc.).

III. IMPOSING SYMMETRY VIA A REGULARIZATION

TERM

In this section the symmetry is imposed as a soft con-
straint, which can be interpreted as a weak prior knowledge.
Under the same definitions for the initial dataset {xi, yi}

N
i=1

and the model formulation, now the following optimization
problem with a regularized cost function is formulated:

min
w,b,ek

1

2
wT w + γ1

1

2

N∑
k=1

e2

k + γ2

1

2

N∑
k=1

r2

k

s.t.

{
yk = wT ϕ(xk) + b + ek, k ∈ K,

wT ϕ(xk) = awT ϕ(−xk) + rk, k ∈ K,
(10)

with a ∈ {−1, 1} a given constant and K = 1, . . . , N . The
second restriction, imposing wT ϕ(xk) to be even (resp.
odd) by using a = 1 (resp. a = −1), contains now a residual
term rk thus allowing the restriction not to be exact. The
”fitting” of this second restriction is included on the cost
function via a new regularization term γ2. The solution is
formalized in the following lemma.

Lemma 2: Given the problem (10) and a positive definite
kernel function K : R

p×R
p → R satisfying K(xk,−xl) =

K(−xk,xl) and K(−xk,−xl) = K(xk,xl) ∀k, l =
1, . . . , N , the solution to (10) is given by the system

[
Ωeq + 1

γ1

I 1

1
T 0

] [
α

b

]
=

[
y

0

]
, (11)

where

Ωeq =
1

2
(Ω + aΩ∗) +

1

2γ2

(aΩ∗ − Ω +
1

2γ2

I)−1 (12)

and Ωk,l = K(xk,xl) and Ω
∗

k,l = K(−xk,xl) ∀k, l =
1, . . . , N .

Proof: Building the Lagrangian as in (4) and taking the
optimality conditions ∂L

∂w
= 0, ∂L

∂b
= 0, ∂L

∂ek
= 0, ∂L

∂βk
= 0

∂L
∂αk

= 0 and ∂L
∂rk

= 0, we obtain the system

w =
N∑

i=1

(αi + βi)ϕ(xi) − a
N∑

i=1

βiϕ(−xi)

N∑
i=1

αi = 0,

γ1ek = αk, k = 1, . . . , N

γ2rk = −βk k = 1, . . . , N

yk = wT ϕ(xk) + b + ek k = 1, . . . , N

wT ϕ(xk) = awT ϕ(−xk) + rk, k = 1, . . . , N.

From this system, one can express a relation between the
vectors of lagrange multipliers β and α as

(Ω − aΩ∗)α = (2aΩ∗ − 2Ω +
1

γ2

I)β (13)

On the other hand, the elimination of w and ek using the
optimality conditions gives (in matrix notation),

y = Ωα + Ωβ − aΩ∗β + 1b +
1

γ1

α (14)

Expressing β in terms of α from (13) into (14) gives the
final system (11).

Remark 4: Role of second regularization term. Imposing
symmetry as a soft constraint gives rise to a new equivalent
kernel

Ωeq =
1

2
(Ω + aΩ∗) +

1

2γ2

(aΩ∗ − Ω +
1

2γ2

I)−1 (15)

which is equal to the equivalent kernel of Section II when
γ2 → ∞. This means that the hard constrained case
of Section II is a particular case of the soft constrained
derivation. In addition, we see that when γ2 → 0 the reg-
ularized cost function from (10) becomes the cost function
of the standard LS-SVM. When γ2 → 0 working with the
soft constraint, the optimality condition related to rk gives
βk = 0 thus killing the effect of the second constraint.
Therefore, imposing symmetry via a regularization param-
eter and a soft constraint covers a continuum of cases:
from the standard unconstrained LS-SVM (γ2 → 0, no
prior knowledge) to the hard constrained case of Section II
(γ2 → ∞, absolute prior knowledge). From this perspective,
the regularization term γ2 can measure the degree upon
which the symmetry constraint can be imposed. This is also
related to the Bayesian framework where prior information
can be imposed via a regularization term [13], [8].

IV. ILLUSTRATIVE EXAMPLES

In this section, some examples of the effects of imposing
symmetry to the LS-SVM are presented. On all cases, an
RBF kernel is used and the parameters σ and γ are found
by 10-fold cross validation over the corresponding training
sample. On each example, the results using the standard
LS-SVM (i.e. full black-box model) are compared to those
obtained with the symmetry-constrained LS-SVM (S-LS-
SVM) from (2). The examples are defined in such a way
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Fig. 1. Training points and predictions with LS-SVM (thin line),
S-LS-SVM (dot-dashed) and the actual values (dashed line).

that there is not enough training datapoints on every region
of the relevant space; thus, it is very difficult for a black-
box model to ”learn” the symmetry just by using the avail-
able information. The examples are compared in terms of
their complexity (effective number of parameters [17]), the
performance in the training sample (cross-validation mean
squared error, MSE-CV) and the generalization performance
(MSE out of sample, MSE-OUT). The results are shown on
Table I.

A. Cubic function

The model to be identified is yk = x3

k + εk, where εk

is drawn from a Normal distribution with zero mean and
variance 0.2. The training data for this example consists
of xk ∈ [0, 3] in increments of 0.1, thus containing only
positive values. The goal is to observe how well does the
model generalize to the negative values of xk. The model is
formulated simply as yk = ϕ(xk) + ek to be identified by
standard LS-SVM and by S-LS-SVM, where the symmetric
condition is implemented by using a = −1 in (2) (odd
function). Figure 1 shows the performance of the estimated
models. Clearly the S-LS-SVM can generalize better by
making use of the symmetry information. The effective
number of parameters is reduced from 4.4 (LS-SVM) to
3 (S-LS-SVM).

B. Sinc function in 2-D

The model to be identified is yk = 0.5[sinc(xk) +
sinc(zk)]+εk, where εk is drawn from a Normal distribution
with zero mean and variance 0.1. Training values for xk

range from -2.9 to 2.9, whereas the training values for zk

only take positive values in the range 0 to 2.9. The black
box model is formulated as yk = ϕ(xk, zk) + ek and it is
estimated by LS-SVM and S-LS-SVM. The final models
are then used to generalize to the other half of the space,
where the input zk has negative values. Clearly the result
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Fig. 2. Training points and predicted surface with LS-SVM (Top)
and S-LS-SVM (Bottom) for the sinc function example.

from LS-SVM provides a good generalization in the range
of the training data, but it fails in the region where there are
no training points. The top panel of Figure 2 shows that the
generalization produced by the LS-SVM is flat in the region
of interest. The inclusion of a symmetric constraint (a = 1)
corrects the problem and improves the generalization ability
of the S-LS-SVM model, as shown on the bottom panel of
Figure 2. In this case, the effective number of parameters
is reduced from 29 to 25.

C. Lorenz attractor

This example is taken from [1]. The x−coordinate of the
Lorenz attractor is used as an example of a time series
generated by a dynamical system. Usually chaotic time
series are used to produce assessments about the general-
ization performance of a particular black-box methodology,
as in time series competitions [18], [15]. A Nonlinear
AutoRegressive (NAR) black-box model is formulated:

y(t) = ϕ(y(t − 1), y(t − 2), . . . , y(t − p)) + e(t)

to be identified by LS-SVM and S-LS-SVM. The order
p is selected during the cross-validation process as an
extra parameter. A sample of 1000 datapoints is used

5719



200 400 600 800 1000 1200 1400 1600
−20

−15

−10

−5

0

5

10

15

20
Training
Testing

x

time steps

1000 1100 1200 1300 1400 1500 1600

−15

−10

−5

0

5

10

15

training
LS−SVM
LS−SVM+S
true

x

time steps

Fig. 3. (Top) The series from the x−coordinate of the Lorenz
attractor, part of which is used for training. (Bottom) Simulations
with LS-SVM (thin line), S-LS-SVM (dot-dashed) compared to
the actual values (dashed line).

for training, which corresponds to an unbalanced sample
over the evolution of the system. After each model is
estimated, they are used in simulation mode, where the
future predictions are computed with the estimated model
ϕ̂ using past predictions:

ŷ(t) = ϕ̂(ŷ(t − 1), ŷ(t − 2), . . . , ŷ(t − p)).

Figure 3 (top) shows the training sequence (thick line) and
the future evolution that the models should be able to sim-
ulate up to a certain timestep. Figure 3 (bottom) shows the
generalization zone, with the simulations obtained with LS-
SVM (thin line) and S-LS-SVM (dot-dashed line). Clearly
the S-LS-SVM can simulate the system for the next 500
timesteps, far beyond the 100 points that can be simulated
by the LS-SVM. The effective number of parameters is
reduced from 237 (LS-SVM) to 137 (S-LS-SVM).

D. The SilverBox Data

The real-life nonlinear dynamical system that was used in
the NOLCOS 2004 Special Session benchmark [10] consists
of a sequence of 130,000 datapoints for the input u and the

0 2 4 6 8 10 12 14

x 10
4

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0 2 4 6 8 10 12 14

x 10
4

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3
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Time Steps

Fig. 4. Input (Top) and Output (Bottom) sequences for the
SilverBox dataset. The data used for training, validation and testing
is indicated.

output y measured from a real physical system. Figure 4
shows the output time series, along with the definition of the
data that was used for training and final testing. The final
test consists on produce a simulation for the first 40,000
datapoints (the ”head of the arrow”), which requires the
models to generalize on a zone of wider amplitude than
the one used for training. A full black-box LS-SVM model
reached excellent levels of performance [3] and now we
want to check if the knowledge of the existence of an odd
nonlinearity can improve further on. A NARX black-box
model is formulated,

y(t) = ϕ(y(t − 1), y(t − 2), . . . , y(t − p), . . .

. . . , u(t − 1), u(t − 2), . . . , u(t − p)) + e(t)

which is estimated with LS-SVM and S-LS-SVM1. Figure
5 shows the residuals obtained with LS-SVM (top) and
S-LS-SVM (Bottom) on the simulation exercise. In spite
of the good performance of the LS-SVM, achieving a
root mean squared error (RMSE) of 3.24 × 10−4 on this
simulation, there are still some larger residuals to the end
of the sequence. This is the zone of wider amplitude
of the dataset. Imposing symmetry with the S-LS-SVM
improves the generalization performance on the simulation
by reducing the RMSE to 2.84 × 10−4. Fewer peaks are
visible in the residuals obtained with S-LS-SVM.

V. CONCLUSIONS

We have shown how to impose simple constraints with
prior information about the symmetry of the unknown
nonlinear function to be identified using LS-SVM. The con-
straint with the symmetry condition (odd or even) translates
into an equivalent kernel. This makes the dimension of the

1Due to the large size of this sample, a fixed-size version on primal
space of the LS-SVM is required. The interested reader is referred to
[13], [3] for details on the equivalence between the dual and primal space
formulations.
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Fig. 5. Residuals of the SilverBox simulations on the test set.
LS-SVM (Top) and S-LS-SVM (Bottom)

1-D Cubic 2-D Sinc Lorenz SilverBox

LS-SVM
Neff 4.4 29 237 490
MSE-CV 0.011 0.010 3.41 × 10

−4
1.75 × 10

−4

MSE-OUT 156.2 0.027 52.057 3.24 × 10
−4

LS-SVM with Symmetry Constraint
Neff 3.0 25 137 490
MSE-CV 0.009 0.008 1.62 × 10

−6
0.54 × 10

−4

MSE-OUT 0.006 0.001 0.085 2.84 × 10
−4

TABLE I

PERFORMANCE COMPARISON BETWEEN LS-SVM AND S-LS-SVM.

constrained dual system to remain equal to the unrestricted
case. Imposing prior knowledge as a hard constraint is a
straightforward extension of the LS-SVM, where the new
kernel embodies the prior information. When the symmetry
is imposed as a soft constraint, the associated regularization
term can be interpreted as the indicator up to which extent
the prior knowledge can be imposed. When this regular-
ization term goes to infinity, the hard constraint case is
recovered. When it goes to zero, the standard LS-SVM is
recovered. Practical examples of imposing symmetry show
satisfactory results, in the context of NARX models and
time series prediction. The generalization ability of the
models is improved, and the complexity is reduced.
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