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Abstract— The problem of linear estimation of states and
parameters of the multidimensional statistically indeterminate
system by minimax probability criterion is considered. A priori
information about the distribution law of the model random
parameters and disturbances is defined by certain constraints
on the first- and second-order moments. The explicit form of
the minimax probability estimator and the sharp guaranteed
bound for the probability functional are provided. The analytic
expression of the “worst-case” distribution of the random model
parameters is presented.

I. INTRODUCTION

In this paper, we wish to investigate the problem of linear
estimation for the multidimensional statistically indetermi-
nate model (MSI-model) with mixed-type uncertainties. The
model under consideration contains uncertain nonrandom
parameters and random disturbances with partially known
probability distributions. The special feature of the estimation
problem statement is that we use a probability criterion to
optimize the estimation procedure. The problem of minimax
estimation of the MSI-model states and parameters has
a long-standing history [1]–[3]. During the recent period
of time, the most general results concerning the mean-
square minimax estimation were obtained for both static and
dynamic MSI-models with parameters and disturbances of
the mixed-type nature [4]–[10]. It should be emphasized
that when using the mean-square criterion, we have no
real possibility to determine the probabilistic characteristics
of the estimate error in the multivariate case even though
the observation noise is Gaussian. For example, we cannot
calculate the exact value of the probability of the following
random event: the norm of the estimate error exceeds some
a priori fixed level. In practice, the joint distribution law
of random parameters is usually unknown and its most
important characteristics such as expectation and covariance
are defined only approximately. The last makes the estima-
tion problem with probability criterion even more involved.
Hence, the problem of minimax estimation of MSI-models
using the probability and related criteria is actual, since
its solution provides an opportunity to calculate directly
the guaranteed values of some probabilistic characteristics
of the estimate obtained. At present, the probability and
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quantile criteria are rather intensively used to solve the
stochastic programming problems with both complete [11]
and incomplete [12]–[16] a priori statistical information.
Also the information theoretic criterion should be mentioned
as an alternative to the ordinary mean-square criterions. For
the purposes of identification of MSI-models, probabilistic
criteria have at present limited application. We can indi-
cate interesting methods developed for filtering with non-
Gaussian disturbances [17], [18], applications to the linear
regression analysis [19], and some others [5], [12]. The
main objective of this paper is to elaborate the minimax
methods for statistical estimation in MSI-models using the
probability optimization criterion. The similar methods for
MSI-models were earlier obtained with the help of mean-
square optimization via convex analysis and duality theory
of minimax problems [6], [7]. The paper is organized as fol-
lows: in Section II the MSI-model is described; in Section III
the minimax probability criterion and the corresponding
estimator are introduced; in Sections IV and V the minimax
estimators obtained by the probability criterion for different
levels of a priori uncertainty, are derived; in Section VI it is
shown that the obtained guaranteed values for the probability
functional are sharp [20], [21], and the corresponding “worst-
case” distributions of the MSI-model random parameters are
also presented.

II. STATISTICALLY INDETERMINATE MODEL

The following notation will be used in the sequel: E{·}
and cov{·, ·} are the expectation vector and covariance

matrix; col[x, y] =
(

x
y

)
; | · | and 〈·, ·〉 are the Euclidean

norm and inner product on R
m; A+, A�, tr[A], and ‖A‖

are the pseudoinverse, transpose, trace and spectral norm
of a matrix A; A > 0 (A ≥ 0) means that the matrix A is
symmetric and positively (semi)definite; arg min

x∈X
f(x) is the

set of all minima of f(x) on X .
Consider the following multidimensional linear observa-

tion model: {
x = aθ + bξ,

y = Aθ + Bξ,
(1)

where x ∈ R
m is a vector to be estimated given the

observation vector y ∈ R
n; θ ∈ R

p is the unknown vector
of nonrandom parameters; ξ ∈ R

q is the vector of random
parameters and/or disturbances such that E

{|ξ|2} < ∞; the
matrices a, b, A, and B are supposed to be known and have
appropriate dimension.
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Concerning θ there are no a priori restrictions, i.e.,
θ ∈ R

p.
The vector ξ is supposed to have zero mean and partially

known covariance matrix:

V = cov{ξ, ξ} ∈ V,

where V is a given set of positively semidefinite q × q
matrices.

So, ρ = col[θ, ξ] is the uncertain-stochastic vector of the
model (1) parameters. Denote the distribution law of ρ by Pρ.
It should be noted that Pρ is multidimensional and singular.

Thus, the assumptions stated above can be represented in
the form:

Pρ ∈ P,

where P is the set of all admissible distributions Pρ:

P = {Pρ : ρ = col[θ, ξ], θ = E{θ} ∈ R
p,

E{ξ} = 0, cov{ξ, ξ} ∈ V}. (2)

III. MINIMAX LINEAR ESTIMATION

BY PROBABILITY CRITERION

In this paper, we consider only linear estimates x̃ of x
given the observation vector y:

x̂ = Fy, F ∈ R
m×n.

Suppose that any linear estimate is admissible.
In order to optimize the estimator F we introduce the

following probability functional:

Jγ(F,Pρ) = P{|Fy − x| ≥ γ} , (3)

where γ > 0 is given, F ∈ R
m×n, and Pρ ∈ P .

So, we are going to choose F by minimizing (3). Evi-
dently, given a γ > 0, the problem of F optimization with
respect to (3) has a non-trivial solution only if there exists
an estimator F such that Jγ(F ,Pρ) < 1.

Since the exact distribution Pρ is unknown, we shall
use the minimax approach to obtain the desired optimal
estimator F̂ .

Definition 1: The estimator F̂ is called minimax with
respect to the probability criterion if

F̂ ∈ arg min
F∈Rm×n

sup
Pρ∈P

Jγ(F,Pρ). (4)

IV. MINIMAX ESTIMATION

WITH THE KNOWN COVARIANCE

In this section we shall describe a particular solution of
problem (4).

Denote V = cov{ξ, ξ} and consider the set F0 of unbiased
estimators:

F0 = {F : F ∈ R
m×n, FA = a}.

It is known that F0 �= ∅ if and only if the following
observability condition holds [22]:

aA+A = a. (5)

Introduce the following additional notation:

D(F, V ) =
(
tr

[
(FB − b)V (FB − b)�

])1/2
, (6)

F (V ) = F0 + (b − F0B)V B�(QBV B�Q)+, (7)

I(V ) = tr
[
(F0B − b) (8)

× (V − V B�(QBV B�Q)+BV )(F0B − b)�
]
,

where F0 = aA+, Q = I − AA+.
By P(V ) denote the following subset of P:

P(V ) = {Pρ : ρ = col[θ, ξ], θ = E{θ} ∈ R
p,

E{ξ} = 0, cov{ξ, ξ} = V }.
By definition, P(V ) contains all admissible distributions Pρ

with the fixed covariance V of ξ.
Proposition 1: Assume that condition (5) holds and there

exists a matrix F such that D(F , V ) < γ, where V ≥ O.
Then, for any F ∈ R

m×n we have

sup
Pρ∈P(V )

Jγ(F,Pρ) =

{
γ−2D2(F, V ) if F ∈ F0,

1 if F /∈ F0.
(9)

The proof of Proposition 1 is given in the Appendix.
From the results of [6], [7] it immediately follows that the

following optimization problem has an explicit solution:

F (V ) ∈ arg min
F∈F0

D2(F, V ), (10)

and the minimal value of D2(F, V ) can be also represented
analytically:

min
F∈F0

D2(F, V ) = I(V ),

where F (V ) and I(V ) are defined by (7), (8). Hence, from
Proposition 1 and relations (9)–(10) we derive the following
result.

Proposition 2: Under condition (5) and notation (6)–(8),
we suppose that I(V ) < γ2.

Then,
1) the estimator F (V ) is minimax, i.e.,

F (V ) ∈ arg min
F∈Rm×n

sup
Pρ∈P(V )

Jγ(F,Pρ);

2) the guaranteed value of Jγ(·) is as follows:

Ĵγ = min
F∈Rm×n

sup
Pρ∈P(V )

Jγ(F,Pρ) = γ−2I(V ).

V. MINIMAX ESTIMATION: THE GENERAL CASE

Now let us assume that the covariance matrix V belongs
to some given set V of positively semidefinite matrices.

From the results of the previous section we obtain

sup
Pρ∈P

Jγ(F,Pρ) = sup
V ∈V

γ−2D2(F, V )

for all sufficiently large γ, where P is defined by (2). Hence,
the minimax estimator (4) is a solution of the following
optimization problem:

F̂ ∈ arg min
F∈F0

sup
V ∈V

D2(F, V ). (11)
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From the results of [6] it follows that the estimator that
is minimax with respect to the mean-square-error criterion
D(·) can be obtained using the dual optimization problem:

V̂ ∈ arg max
V ∈V

I(V ). (12)

Here, we suppose that V is a convex compact set and V̂ is
an arbitrary solution of (12).

Due to [6], [7], we can claim that the solution F̂ = F (V̂ )
of the minimization problem (10) with the least favorable
covariance V̂ satisfies (11) whenever the following regularity
condition is fulfilled:

BV̂ B� > O. (13)

Now we can summarize the results obtained above.
Proposition 3: Suppose that (5) and (13) hold, V̂ is

provided by (12) and I(V̂ ) < γ2.
Then,
1) the estimator F (V̂ ) is minimax, i.e.,

F (V̂ ) ∈ arg min
F∈Rm×n

sup
Pρ∈P

Jγ(F,Pρ),

where F (·) is defined by (7);
2) the guaranteed value of Jγ(·) is the following:

Ĵγ = min
F∈Rm×n

sup
Pρ∈P

Jγ(F,Pρ) = γ−2I(V̂ ).

In the general case, the solution V̂ of the dual problem (12)
can be obtained numerically by applying the iterative algo-
rithm derived in [6], [7].

Note that if V contains the maximal element V , i.e.,
V ≥ V for all V ∈ V , then V̂ = V and (13) can be omitted.

VI. THE “WORST-CASE” DISTRIBUTION

Since F̂ ∈ F0, the error of the minimax estimate x̂ = F̂ y
takes the form:

ε = x̂ − x = (F̂B − b)ξ. (14)

Hence, E{ε} = 0 and

Rε(V ) = cov{ε, ε} = (F̂B − b)V (F̂B − b)�

if cov{ξ, ξ} = V .
From Proposition 1 and [7] we derive

sup
Pε∈Pε

P{|ε| ≥ γ} = sup
V ∈V

γ−2D(F̂ , V ) = γ−2I(V̂ ),

where Pε denotes the set of m-dimensional distributions with
zero mean and covariance Rε(V ), V ∈ V .

Therefore, P̂ε is the “worst-case” distribution of the esti-
mate error ε if P̂ε{u : |u| ≥ γ} = γ−2I(V̂ ).

In the following proposition, we present the explicit form
of the estimate error with the “worst-case” distribution P̂ε.

Proposition 4: Under the condition 0 < I(V̂ ) < γ2, put

ε = γ I(V̂ )−1/2 δ0 η, η =
m∑

i=1

√
ri δi e(i), (15)

where {e(i)} are the eigenvectors of the matrix Rε(V̂ )
such that |e(i)| = 1; {ri} are the respective eigenvalues;

TABLE I
THE UNIVARIATE “WORST-CASE” DISTRIBUTION

OF THE MINIMAX ESTIMATE ERROR ε = x̂ − x

u −γ 0 γ

P̂ε{u}
I(V̂ )

2γ2
1 − I(V̂ )

γ2

I(V̂ )

2γ2

δ0, . . . , δm are independent random variables distributed as
follows:

P{δ0 = 1} = γ−2I(V̂ ), P{δ0 = 0} = 1 − γ−2I(V̂ ),
P{δi = ±1} = 1/2, i = 1, . . . ,m.

Then the distribution of (15) is “worst case”, i.e.,

E{ε} = 0, cov{ε, ε} = Rε(V̂ ),

P{|ε| ≥ γ} = γ−2I(V̂ ).
(16)

The proof of Proposition 4 is given in the Appendix.
For the particular case: x ∈ R

1 (i.e., m = 1), the “worst-
case” distribution of ε is presented in Table I.

The next result shows that there always exists a “worst-
case” distribution P̂ξ that generates the desired distribu-
tion P̂ε of the estimate error (14).

Proposition 5: Let ε ∈ R
m be a random vector with

E{ε} = Hµ, cov{ε, ε} = HV H�,

where µ ∈ R
q, H ∈ R

m×q, V ∈ R
q×q, and V ≥ O.

If the random vector ξ is determined by the following
expression:

ξ = Gε + (I − GH)δ, G = V H�(HV H�)+, (17)

where δ ∈ R
q is an arbitrary random vector such that

E{δ} = µ, cov{δ, δ} = V, and cov{δ, ε} = 0,

then

E{ξ} = µ, cov{ξ, ξ} = V, P{ε = Hξ} = 1. (18)
The proof of Proposition 5 is given in the Appendix.
So, in order to obtain the desired “worst-case” perturbation

vector ξ, one should put H = F̂B − b, µ = 0, and assume
that ε satisfies (16).

Note that the “worst-case” distribution of (15) is a discrete
one, while the corresponding q-dimensional law of ξ may be
absolutely continuous as it follows from (17).

VII. APPENDIX

Proof of Proposition 1: For the random vector ε =
Fy − x = (FA − a)θ + (FB − b)ξ, we have

E{ε} = (FA − a)θ, cov{ε, ε} = Rε(V ), (19)

where Rε(V ) = (FB − b)V (FB − b)�.
Let Pε(F ) be the set of m-dimensional distributions with

characteristics (19), where θ ∈ R
p and V ∈ V are arbitrary.

Due to Proposition 5, we can claim

sup
Pρ∈P

Jγ(F,Pρ) = sup
Pε∈Pε(F )

P{|ε| ≥ γ} .
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First, let us consider the case: F /∈ F0, i.e., FA − a �= 0.
Then

sup
Pε∈Pε(F )

P{|ε| ≥ γ} = 1 ∀ γ > 0,

since sup
θ∈Rp

|E{ε} | = sup
θ∈Rp

|(FA − a)θ| = ∞.

Now assume F ∈ F0, i.e., E{ε} = 0. Using Theorem 2.1
[20, chap. 13], we obtain

sup
Pε∈Pε(F )

P{|ε| ≥ γ} = min{1, min
C∈∆

tr[CRε(V )]},

where

∆ = {C ∈ R
m×m : C > 0, 〈Cλ, λ〉 ≥ 1 ∀λ : |λ| ≥ γ}.

It is clear that C ∈ ∆ if and only if 〈Cλ, λ〉 < 1 implies
|λ| < γ for any λ ∈ R

m. The last can be represented in the
form:

|µ| < 1 =⇒ |C−1/2µ| < γ ∀µ ∈ R
m. (20)

Obviously, (20) means ‖C−1/2‖ ≤ γ, whence we obtain

∆ = {C ∈ R
m×m : C > 0, ‖C−1‖ ≤ γ2}.

Note that for any C ∈ ∆

tr[CRε(V )] ≥ ‖C−1‖−1tr[Rε(V )] ≥ γ−2tr[Rε(V )] .

Due to C0 = γ−2I ∈ ∆, we have

min
C∈∆

tr[CRε(V )] = tr[C0Rε(V )] = γ−2tr[Rε(V )] .

This completes the proof.
Proof of Proposition 4: First, let us find the moment

characteristics of η. By definition, we have

E{η} = 0 and cov{η} =
m∑

i=1

rie
(i)(e(i))� = Rε(V̂ ),

since {δi} are independent and D{δi} = 1.
By assumption, δ0 and η are independent. Hence,

E{ε} = 0 and

cov{ε, ε} = E
{
εε�

}
=

γ2

I(V̂ )
E
{
δ2
0

}
E
{
ηη�}

= E
{
ηη�}

= Rε(V̂ ).

Now it remains to show

P{|ε| ≥ γ} = γ−2I(V̂ ). (21)

Since {e(i)} are orthogonal, we have |η|2 =
m∑

i=1

riδ
2
i =

tr
[
Rε(V̂ )

]
= I(V̂ ). Then |ε|2 = γ2δ and (21) follows from

P
{|ε|2 ≥ γ2

}
= P{δ0 ≥ 1} = γ−2I(V̂ ).

Proof of Proposition 5: Let us check (18). First
E{ξ} = GHµ + (I − GH)µ = µ. Secondly, cov{ξ, ξ} =
cov{Gε, Gε}+ cov{(I − GH)δ, (I − GH)δ}, since ε and δ
are uncorrelated. Then,

cov{ξ, ξ} = GHV H�G� + (I − GH)V (I − H�G�)

= V − GHV − V H�G� + 2 GHV H�G� = V,

where

GHV = V H�G�= GHV H�G�= V H�(HV H�)+HV.

Finally, let us prove E
{|Hξ − ε|2} = 0. Note that

Hξ − ε = (I − P )(Hδ − ε), where P = HG = HV H� ×
(HV H�)+ and cov{Hδ − ε, Hδ − ε} = 2HV H�. Then,
E
{|ε − Hξ|2} = 2 tr

[
(I − P )HV H�(I − P )

]
= 0.

REFERENCES

[1] V. D. Vandelinde, “Robust properties of solutions to linear-quadratic
estimation and control problems,” IEEE Trans. Automat. Control,
vol. 22, no. 1, pp. 138–139, 1977.
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