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Abstract

In this paper, a new continuous output feedback con-

trol mechanism is developed for output tracking for

a class of high-order multi-input nonlinear systems

with an input gain matrix that is positive definite but
non-symmetric. The controller yields semiglobal uni-

formly ultimately bounded (SGUUB) tracking while

compensating for unstructured uncertainty in both

the drift vector and the input matrix. First, a full-

state feedback controller is designed based on limited

assumptions on the structure of the system nonlin-

earities and the controller is proven to yield SGUUB

tracking through a Lyapunov-based analysis. Then,

an output feedback control design based on a high

gain observer is proposed. A comprehensive stability

analysis of the closed-loop system under output feed-

back is carried out and a recovery of the state feed-

back SGUUB result is demonstrated for the output

feedback control system. Neural network estimation

method is employed in both state and output feed-

back control design to feedforward compensate for the

nonlinear system uncertainty.

1 Introduction

Over the years, a lot of progress has been reported in

nonlinear systems — specifically, research has moved
from analysis into systematic techniques for controller

synthesis for classes of nonlinear systems. As reported

in a survey paper by [10], many researchers either as-

sume no uncertainty in the plant model or assume

that the uncertainty is a product of unknown parame-

ters with known nonlinearities — the latter case leading

into adaptive control. For multi-input nonlinear sys-

tems that are representable in the parametric strict

feedback form, Krstic et. al. [12] were able to for-

malize the adaptive backstepping design procedure;

however, the gain matrix premultiplying the control
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is assumed to be known. In [11], a general procedure

was presented for designing switching adaptive con-

trollers for multi-input nonlinear systems which in-

cludes feedback linearizable systems, parametric-pure

feedback systems, and systems with a control Lya-

punov function that is linear in the parameters. Re-

cently, Zhang et. al. [23] obtained global asymptotic

convergence of the tracking error to the origin for the

following subset of MIMO nonlinear systems

x(n) = h(x, ẋ, · · ·, x(n 1), 1) +

G(x, ẋ, · · ·, x(n 2), 2)u (1)

where (·)(i) denotes the ith derivative with respect
to time, the uncertain C0 functions h (·) Rm and

the uncertain positive-definite (p.d.) gain matrix

G (·) Rm×m were assumed to be a ne in the un-

known constant parameter vectors 1 and 2. Other

examples of adaptive results can be found in [6], [7],

and many others (See references in [10]). Even where

unstructured uncertainties are dealt with, classes of

SISO systems make up a huge chunk of the total ef-

fort. For SISO nonlinear systems in the strict feed-

back form that are non-a ne in the unknown para-

meters, a global uniform ultimate bounded result due

to [19] employs a Nussbaum gain and a smooth pa-

rameter projection algorithm. In [5], Ding et. al.

obtain an ultimately bounded output feedback result

for uncertain SISO systems via a modification of the
backstepping technique using a Nussbaum gain and a

Lyapunov function that is flat in a specifiable region
around the origin. It is to be noted that both these

results are robust to disturbances and do not require

any knowledge of the sign of the high-frequency gain.

As far as multi-input uncertain nonlinear systems are

concerned, there are very few results available. In

[21], a neural network-based state feedback adaptive

controller was formulated for the following class of
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systems

x(n) = h(x, ẋ, · · ·, x(n 1), (t), t) +

G(x, ẋ, · · ·, x(n 1), (t), t)u (2)

with the only restriction that G (·) be uniformly posi-
tive or negative definite. The proposed controller was
shown to guarantee the semi-global convergence of the

tracking error to a residual set. The drawback of the

control strategy is that the estimation strategy uti-

lized can lead to loss of controllability in which case

the control input tends to zero.

In this paper, our goal is to design a continuous

output feedback (OFB) tracking controller based on

the limited assumptions that the nonlinearities are

second-order di erentiable and the input gain matrix

is positive-definite but non-symmetric. The C2 restric-
tion on nonlinearities is required in order to ensure

that the Lyapunov analysis based synthesis procedure

yields a continuous controller. The input gain ma-

trix is assumed to be positive-definite (p.d.) because
state controllability requires that the smallest singu-

lar value of that matrix be lowerbounded by a positive

constant. However, we drop the requirement that the

input gain matrix be symmetric since many practical

nonlinear control systems do not possess such a prop-

erty (See examples in [22, 17]). We decompose G(·)
into the product of a symmetric p.d. matrix and a

unity upper triangular matrix. The symmetric p.d.

matrix is exploited in the Lyapunov based stability

analysis while the unity upper triangular matrix al-

lows for an algebraic loop free sequential synthesis of

control signals ui (t) i = 1, 2, ...m. Next, we adapt
a high-gain observer (HGO) result in [2] for full-state

asymptotically stable systems to uniformly ultimately

bounded systems in order to design a continuous OFB

controller that drives the closed-loop trajectories for

the tracking errors into an arbitrarily small residual

set. In order to broaden the applicability of the ap-

proach, we introduce a modular feedforward scheme

which is shown to be achievable via neural network

compensation.

The rest of the paper is organized as follows. In Sec-

tion 2, we present the general MIMO system and the

input gain matrix decomposition. Section 3 proposes

a full-state feedback (FSFB) controller for the general

MIMO system. Then, an OFB control design of the

same system with an HGO is presented in Section 4.

In Section 5, the theoretical development of the pa-

per is complemented with a numerical simulation for

a two degrees-of-freedom (DOF) mechanical system.

2 Problem Formulation and Preliminaries

We consider a class of MIMO nonlinear systems hav-

ing the form

x(n) = h(x) +G(x)u (3)

where x(i)(t) Rm, i = 0, 1, ..., n 1 are the system
states, x = [xT ẋT ... (x(n 1))T ]T Rmn, u(t)
Rm represents the control input, and h (x) Rm and

G (x) Rm×m are uncertain C2 nonlinearities. We
assume G (x) is positive definite but non-symmetric.

The following matrix decomposition will be a key fac-

tor in the proposed control design.

Lemma 1 Any positive-definite, non-symmetric ma-
trix P Rm×m can be decomposed as

P = ST (4)

where S Rm×m is positive definite and symmetric,
and T Rm×m is an unity upper triangular matrix.

Proof: We can use the fact that all leading principal

minors of a real, positive definite matrix are positive
([15], Theorem 5.10) along with Lemma 1 given in [3].

Invoking Lemma 1, (3) can be rewritten as

M(x)x(n) = (x) + T (x)u (5)

where M(x) = S 1(x) Rm×m is symmetric and

positive definite, (x) = S 1(x)h(x) Rm, and
S(x), T (x) are defined as in Lemma 1. We assume
that the matrix M(·) is bounded by

m
2 TM(·) m̄(·) 2 Rm (6)

where m R denotes a positive constant, and m̄(·)
R denotes a positive, non-decreasing function. We

now di erentiate (5) to obtain

M(x)x(n+1) = f(x, x(n)) + T (x)u̇ (7)

where the uncertain nonlinearity f(x, x(n)) is given by

f(x, x(n)) = ˙ (x) Ṁ(x)x(n)

+Ṫ (x)G 1(x) x(n) (x) .
(8)

The (n + 1)th order system in (7) will be used as a

basis for the subsequent control design and stability

analysis.

Let xd(t) Rm be a Cn+2 reference trajectory such
that

x
(i)
d (t) L , i = 0, 1, ..., n+ 2 (9)
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and xd = [x
T
d ẋ

T
d ... (x

(n 1)
d )T ]T Rmn. The output

tracking error e1(t) Rm is defined as follows

e1 = xd x. (10)

The control objective is to ensure that e1(t) 0 as
t as well as guarantee the boundedness of all

closed-loop signals. To simplify the subsequent con-

trol design, we introduce the following auxiliary error

signals ei(t) Rm, i = 2, 3, ..., (n+ 1)

e2 = ė1 + e1
e3 = ė2 + e2 + e1
e4 = ė3 + e3 + e2

...

en+1 = ėn + en + en 1.

(11)

Following [20], it is easy to obtain

ei (t) =
i 1

j=0

aije
(j)
1 (t) i = 2, 3, ..., (n+ 1) (12)

where the known constant coe cients aij are gener-

ated via a Fibonacci number series [20].

3 State Feedback Control

3.1 Control Law

In this section, we assume full state feedback, i.e.,

x(i)(t), i = 0, ..., n 1 in (3) are measurable. We

propose the following state feedback control law

u =
t

t0

(K + Im) (en+1( ) + en( )) d +
t

t0

f̂( )d

(13)

where K Rm×m is a positive-definite, diagonal ma-
trix, Im is the m×m identity matrix, and f̂(t) Rm
denotes a yet to be designed feedforward component

included to compensate for the term f(x, x(n)) in (7).

We assume f̂(t) is designed such that f̂(t) L .

Note that en(t) and en+1(t)dt in (13) are measur-
able since they are a function of the system states

and the reference trajectory. Note that en+1(t)dt is
measurable via integrating the right hand side of the

last definition of (11).

3.2 Error System Development

We define the error signal r(t) as follows

r = en+1 + en. (14)

After taking the time derivative of (14), multiplying

both sides by M(x), and then substituting from the

derivative of (12) for i = n+ 1, we have

Mṙ =M
n

j=0

an+1je
(j+1)
1 +Mėn. (15)

After applying (10) to (15), we have

Mṙ =Mx
(n+1)
d Mx(n+1)

+M
n 1

j=0
an+1je

(j+1)
1 + ėn

=M x
(n+1)
d +

n 1

j=0
an+1je

(j+1)
1 + ėn

f T u̇

(16)

upon the use of (7). We now arrange (16) into the

following form

Mṙ =
1

2
Ṁr en+1 T̄ u̇ u̇+N (17)

where N(x, x(n), t) is defined as follows

N = M x
(n+1)
d +

n 1

j=0
an+1je

(j+1)
1 + ėn f

+1
2Ṁr + en+1

(18)

and T̄ (x) T (x) Im. Note that T̄ (x) is a strictly
upper triangular matrix. We now define

Nd(t) = N(xd, x
(n)
d , x

(n+1)
d ), (19)

and rewrite (17) as

Mṙ =
1

2
Ṁr en+1 T̄ u̇ u̇+Nd + Ñ (20)

where Ñ N Nd. Note that Nd(t), Ṅd(t) L due

to (9) and the C2 condition on G(x) and h(x). Since
N defined in (18) is C1, it can be shown that Ñ can

be upper bounded as follows

Ñ N( z ) z (21)

where

z [ eT1 eT2 ... eTn rT ]T (22)

and N (·) : R 0 R 0 is a globally invertible, non-

decreasing function. By employing the time derivative

of the control input vector of (13), the vector T̄ u̇ in

(20) can be written as

T̄ u̇ =

m

j=2

T1ju̇j

m

j=3

T2ju̇j

...

T(m 1)mu̇m
0

=
+ d

0
, (23)

where the auxiliary signals are defined as:

[ 1 2 · · · m 1]
T
, d d1 d2 · · · d(m 1)

T
,
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and the individual elements are defined as

i =
m

j=i+1
T̃ij(Kj + 1)rj + T̃ij f̂j

+Tij(xd)(Kj + 1)rj ]
(24)

di =
m

j=i+1
Tij(xd)f̂j . (25)

In (24) above, T̃ij Tij(x) Tij(xd) while the sub-
script j (ij) denotes the jth (ijth) element of the cor-

responding vector (matrix). It can be shown that i

is upper bounded as follows

i i( z ) z (26)

where z (t) was defined in (22), and i (·) : R 0

R 0 is a globally invertible, nondecreasing function

containing only the diagonal elements i+1 tom 1 of
K due to the strictly upper triangular nature of T̄ (x).
After taking the derivative of (13) and substituting

into (20), one can arrive at the following closed-loop

dynamics for r (t)

Mṙ =
1

2
Ṁr en+1 (K + Im)r + + d (27)

where

= Ñ
0

, d = Nd
d

0
f̂ . (28)

It is not di cult to show that d(t), ˙ d(t), T (xd)
L . Also note that d (t) is not a function of any
control gains. The stability of the closed-loop system

is stated by the following theorem:

Theorem 2 Provided the elements of K are selected

su ciently large, the control law of (13) ensures

that: (a) all closed-loop signals stay bounded for all

time, and (b) tracking is locally uniformly ultimately

bounded in the sense that

ei(t) , i = 1, · · ·, n+1 t [t0+T, ) (29)

where , T are some positive constants. (See Appendix

A for proof)

4 Output Feedback Control Law

When x(t) is the output of the system and is the only
measurable state, we can only measure e1(t) given
x(t) and xd(t). Motivated by the result in [2], an esti-

mate ê (t) = ê1 (t) ê2 (t) ·· ên+1
T Rm(n+1)

for the auxiliary error signals ei(t) Rm i =

1, 2, · · ·, n+1 can be obtained via the following HGO
·
ê1= ê2 ê1 +

1
(e1 ê1)

·
ê2= ê3 ê2 ê1 +

2

2
(e1 ê1)

...
·
ên= ên+1 ên ên 1 +

n

n
(e1 ê1)

·
ên+1=

n+1

n+1
(e1 ê1)

(30)

where i Rm×m i = 1, 2, · · ·, n+ 1 are yet to be
designed gain matrices, and is a positive scalar. To

make for facile analysis in the singularly perturbed

form, we further define scaled observer errors i(t)
Rm i = 1, 2, · · ·, n+ 1 as follows

i(t) =
1

n+1 i
(ei êi). (31)

After di erentiating (31) and taking advantage of the

definition of (11) and the design of (30), we obtain
the following dynamic observer error system:

˙1 = 1 1 + 2 1

˙ i = i 1 + i+1
2
i 1 i

˙n+1 = n+1 1 + ėn+1

(32)

where i = 1, 2, · · ·, n. By defining (t) =
T
1 (t)

T
2 (t) ·· T

n+1(t)
T Rm(n+1), we can

write a more compact form of (32) as follows

˙(t) = A0 (t) + g (33)

where

g = 1 1 + 2 ·· n 1 + n ėn+1
T
.

and i i = 1, 2, · · ·, n+ 1 are chosen such that

A0

1 Im 0m 0m
· · · ·
n 0m 0m Im

n+1 0m 0m 0m

is Hurwitz1. The boundary-layer system
d ( )

d
=

A0 ( ) (obtained by applying a change of variable
= t/ and then setting = 0) induces a Lyapunov

function W ( ) = TP0 that satisfies the following
properties

min(P0)
2

W ( ) max(P0)
2
,

Ẇ = W ˙ w
2
, 0 < w 1 ,

W 2 P0 , P0 max(P0) .

(34)

1The notation Ix and 0x denotes, respectively, x×x identity
and null matrices for any positive integer x.
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In the above equation, P0 Rm(n+1)×m(n+1) is a p.d.
matrix that satisfies P0A0+AT0 P0 = Im(n+1). From

(34), it is clear that (t) = 0 is a globally exponen-
tially stable equilibrium of the boundary-layer system.

From (32), it is clear that the solution of (t) contains
terms like 1e t/ for some > 0 (i.e., the amplitude
of (t) is O(1)). This so-called peaking phenomenon
can possibly drive an output feedback controller (that

is based on a naive application of the separation prin-

ciple) out of its region of attraction, thereby causing

instability. To suppress the amplitude peaking of (t),
the full-state control design of (13) is modified to an
output feedback saturated control as follows [2]

u(t) =
t

t0
sat{(K + Im)(ên+1( ) + ên( ))}d

+
t

t0
f̂( )d .

(35)

where the time derivative of (35) is saturated in the

variables ên (t) and ên+1 (t) outside a compact set
Dc {z(t) Rm(n+1) | V (t) c} of the region of
attractionDz (See Appendix A) for the full-state feed-
back system. After combining (20), (23), (28), (33)

and (35), we obtain the following closed-loop error

dynamics for (3)

ż(t) = ˆ(z(t), (t)),
˙(t) = A0 (t) + ĝ(z(t), (t))

(36)

where ˆ(z(t), (t)) and ĝ(z(t), (t)) are defined as fol-
lows

ˆ(·) = e2 e1 e3 e2 e1 ··
·· en+1 en en 1 (z, )

T

ĝ (·) = 1 1 + 2 ·· n 1 + n

(z, ) + en+1 en en 1
T

(·) M 1 1
2Ṁr en+1 f̂

sat{(K + Im)(ên+1 + ên)}
T̄ (sat{(K + Im)(ên+1 + ên)}+ f̂)
+Nd + Ñ .

(37)

From the global boundedness of f̂ (t), the global satu-
ration of the estimated states, and the boundedness of

z (t) inside Dc, it is easy to see that ˆ(z(t), (t))

k1 z (t) Dc and (t) Rm(n+1). Here, k1 is a
positive constant independent of .

4.1 OFB Stability Results

To directly construct a Lyapunov function to prove

the stability of (36) is non-trivial owing to the aug-

mented set of dynamics as well as saturation intro-

duced in the OFB design. Instead, the proof is split

into multiple steps (as similarly done in [2]) to reduce

the complexity at each step. First, we prove the exis-

tence of a positively invariant set for the solutions of

(36). In the second step, we regain the boundedness of

solutions of (36) provided the trajectory (z (t) , ê (t))
starts inside a compact subset of Dz × Rm(n+1). We
are then able to show that the HGO constant can

be chosen small enough to ensure that any trajectory

(z (t) , ê (t)) starting in the aforementioned compact
subset results in (t) entering the invariant set (from
step 1) before z (t) can escape. In the third step, we
recover semiglobal ultimate boundedness for (36).

We define Z to be any compact set in the interior

of Dz such that Z Dc Dz. We further define
H to be any compact set in the interior of Rm(n+1).
Let D { (t) Rm(n+1) | W( (t)) 2} be a
compact set where W (t) was defined in (34), is a

positive constant that is yet to be selected, while

is the HGO constant. In our analysis of the stability

of (36), we will consider trajectories for closed-loop

solutions (z (t) , ê (t)) that start inside Z ×H. With
these definitions, we present the stability analysis for
the system of (36) via the following theorems:

Theorem 3 (Invariant Set Theorem) Given

Dc × D , there exists an ¯1 > 0 such that
(0, ¯1], is a positively invariant set for the trajec-

tory (z(t), (t)). (See Appendix B for proof)

Theorem 4 (Boundedness Theorem) There ex-

ists an ¯2 ¯1 such that (0,¯2], any trajectory
(z(t), ê(t)) that starts inside Z ×H is bounded for all

time. (See Appendix D for proof)

Theorem 5 (Ultimately Boundedness Theo-

rem) Given any solution (z(t), ê(t)) that starts in

Z ×H and given any small > 2 1
3 0, there ex-

ists an 0 < ¯3( ) ¯2 and a T1( ) > 0 such that
z (t) and ê (t) 2 t T1 and (0, ¯3].
(See Appendix E for proof)

5 Simulation

See Appendix F.
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