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Abstract— For symmetric systems, the useage of symmetric
controllers is known to be effective. The existence conditions
of the controller have been shown in several studies. They
require the symmetry of the plant as well as the control
specifications. This paper describes the condition by matrix
inequalities and relaxes it to be applicable to the case of
non-symmetric sepcifications for the symmetric H∞ controller
design. Additionally, the optimal symmetric controller design
for mechanical systems is investigated as a special case.

I. INTRODUCTION

Symmetric controller is known to be effective for the sym-
metric plants [1]. This is because it is regarded as superior
to the non-symmetric controller in the robustness and the
control performance when the plant is symmetric. For the
controller synthesis, several schemes have been proposed [2],
[3], [4], [5], [6], [7], including our study on the optimal H∞
controller design for large space structures [8]. The literatures
commonly use the fact that the symmetric controller exists
for the plant having the symmetry with respect to the control
input and measurement output as well as the exogenous
input and controlled output. The controller is optimized
for the generalized plant satisfying the symmetry in both
senses using Riccati equations [3]. However, there exist
some cases that non-symmetric control specifications should
be used even when the plant is symmetric, for example
the usage of the frequency weighting functions [9], which
are generally non-symmetric, is effective in H∞ controller
design. In view of this, our first objective of this paper is to
clarify the existence condition of the symmetric controller
and describe it by matrix inequality conditions for the case
of non-symmetric control specifications. The condition for
the case of symmetric specification is derived from the
result. Then, the discussion is focused to a specific class
of systems for which non-parametric stability is guaranteed
by the symmetric controller [2], for example the collocated
mechanical system and an optimal H∞ controller design
method is derived.

II. PROPERTY OF SYMMETRIC CONTROL
SYSTEM

First, we describe the properties of symmetric control
systems. Let a controllable and observable system described
by the state equation be given as
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G :
{

ẋ = Ax + Bu
y = Cx + Du

(1)

where x ∈ Rp is the state variable, u ∈ Rm is the control
input, and y ∈ Rm is the measurement output. Laplace
transform of G yields the transfer function matrix as

G(s) = D + C(sI −A)−1B. (2)

Additionally, let Σ be a signature matrix which is diagonal
with diagonal elements of +1 or −1. Then, the following
lemmas are known.

Lemma 1 [1] : The following conditions are equivalent.

1) G is symmetric.
2) ΣG(s) = GT (s)Σ, ∀s
3) There exists a non-singular symmetric matrix T such

that

TA = AT T, TB = CT Σ, D = ΣDT Σ. (3)

Lemma 2 [1] : The system G is called internally symmetric
with internal signature T and external signature Σ if T
belongs to the admissible class of signature matrix.

The symmetric property of the control system is gener-
ally defined by the input-output relationship of the system.
Lemma 1 relates the symmetric structure to the state space
realization. The conditions are effectively used in the follow-
ing symmetric controller design.

III. DESIGN OF SYMMETRIC CONTROLLER

For the symmetric controller, several design schemes have
been proposed [3]. They rely on the recognition that the
symmetric controllers always exist when a non-symmetric
controller exists for the plant, if the control specifications of
the closed-loop system as well as the plant are symmetric.
In the H∞ control problem, this statement requires that the
exogenous input and the controlled output must be selected to
satisfy the symmetry. However, the condition constrains the
design flexibility. In view of this, we consider the condition
that the symmetric H∞ controller exists for the symmetric
plant with the non-symmetric control specifications.

For the design of the controller, the following generalized
plant including (1) is considered by setting A = A, B2 = B,
C2 = C and D = 0 in (1).

ẋ = Ax + B1w + B2u
z = C1x + D11w + D12u
y = C2x + D21w

(4)
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It is assumed that A, B2 and C2 satisfy the condition (3) as

TA = AT T, TB2 = CT
2 . (5)

This is the condition of the plant itself being symmetric.
Other matrices B1, C1, D11, D12 and D21 corresponding to
the exogenous input w and the controlled output z are
appropriately defined. When these matrices also satisfy the
condition (3) as

TB1 = CT
1 , D11 = DT

11 D12 = DT
21, (6)

the control specifications are said to be symmetric. For the
generalized plant (4), we use the dynamic output feedback
controller

ẋk = Akxk + Bky
u = Ckxk + Dky

(7)

where xk ∈ Rk is the state variable of the controller, and
Bk and Ck are assumed to have full ranks. By applying (7)
to (4), the closed-loop system becomes

ẋcl = Aclxcl + Bclw
z = Cclxcl + Dclw

(8)

where xcl = [xT xT
k ]T , and

Acl =
[
A + B2DkC2 B2Ck

BkC2 Ak

]

Bcl =
[
B1 + B2DkD21

BkD21

]

Ccl =
[
C1 + D12DkC2 D12Ck

]
Dcl =

[
D11 + D12DkD21

]
(9)

Then, the bounded real lemma in the H∞ control theory is
given as follows.

Lemma 3 [10] : The following statements are equivalent.

1) The matrix Acl is internally stable and the H∞ norm of
the closed-loop system (8) is less than a scalar γ > 0.

2) There exists a matrix Xcl = XT
cl > 0 satisfying

H =
[ H11 H12

HT
12 H22

]
< 0 (10)

where

H11 = XclAcl + AT
clXcl

H12 = [ XclBcl CT
cl ]

H22 =
[−γI DT

cl

Dcl −γI

]
.

(11)

Our objective in this section is to obtain the controller (7)
satisfying (10) and

TkAk = AT
k Tk, TkBk = CT

k , Dk = DT
k (12)

under the conditions (5) or (6). In (12), Tk corresponds to
the non-singular symmetric matrix in Lemma 1. We consider
to use the following lemmas to the problem.

Lemma 4 : For any generalized plant (4), there exists
a positive definite symmetric matrix Xcl and a scalar γ
satisfying (10), if Acl is internally stable.

Proof : When Acl is internally stable, H11 < 0 holds from
the Lyapunov inequality. Then, for sufficiently large γ, there
exists H22 < 0 that satisfies the Schur complement

−H11 + H12H−1
22 HT

12 > 0 (13)

Therefore, there exists Xcl satisfying (10). �

Lemma 5 : There exists a symmetric controller that guar-
antees the internal stability of the closed-loop system (8)
under the conditions (5) and (12), if the inequality H11 < 0
is feasible and its solution Xcl satisfies the following.

X−1
cl = Ycl = T−1

cl XclT
−1
cl (14)

where Tcl = diag[ T Tk ].
Proof : By multiplying T−1

cl to both sides of H11, we
obtain

T−1
cl XclT

−1
cl TclAclT

−1
cl + ∗

= T−1
cl XclT

−1
cl

[
AT + CT

2 DT
k BT

2 CT
2 BT

k

CT
k BT

2 AT
k

]
+ ∗

= YclA
T
cl + AclYcl < 0

(15)

where ∗ denotes the transpose of the first term. Therefore,
the symmetric controller based on Lemma 1 guarantees the
internal stability, if H11 < 0 is feasible and the condition
(14) is satisfied. �

From the lemmas, we can state the following theorem.
Theorem 1 : There exists a symmetric H∞ controller

satisfying (10) under the conditions (5) and (12), if the
closed-loop system (8) is internally stable and the condition
(14) is satisfied.

Proof : It is obvious from Lemmas 4 and 5. �

Theorem 1 states that there exists a bounded scalar γ > 0
satisfying (10) and we can obtain the symmetric H∞ con-
troller even when the control specification is not symmetric if
the closed-loop system is internally stable. However, from the
practical viewpoint, the H∞ performance may be degraded
because of the increase of γ.

For the optimal symmetric H∞ controller design, we can
derive the following corollary from Theorem 1.

Corollary 1 : There exists the symmetric H∞ controller
satisfying (10) under the conditions (5) and (12), if and only
if the matrices X and Y satisfy

N⊥
R

⎡
⎣ XA + AT X XB1 CT

1

BT
1 X −γI DT

11

C1 D11 −γI

⎤
⎦N⊥T

R < 0

N⊥
R

⎡
⎣ AY + Y AT Y CT

1 B1

C1Y −γI D11

BT
1 DT

11 −γI

⎤
⎦N⊥T

R < 0

[
X I
I Y

]
≥ 0, rank

[
X I
I Y

]
≤ n + p

(16)
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where

Xcl =
[

X X2

XT
2 X3

]

Ycl =
[

Y Y2

Y T
2 Y3

]
=

[
T−1XT−1 T−1X2T

−1
k

T−1
k XT

2 T−1 T−1
k X3T

−1
k

] (17)

and the matrices N⊥
R and N⊥

L are the bases of the null spaces
of NR = [ C2 D21 0 ]T and NL = [ BT

2 DT
12 0 ]T ,

respectively.
Proof : It is derived by applying Lemma 5 to the standard

algorithm for H∞ controller design using the LMIs [11]. �

From Corollary 1, the symmetric controller can be de-
signed by the convex optimization in the general H∞ con-
troller design method. In the general case, we might not
be able to obtain the solutions of (16), because the closed-
loop system is not always internally stable under only the
conditions (5), (12) and (14). However, for the limited
class of the symmetric system, the internal stability can be
guaranteed by the property of the symmetric structure as
described in the next section.

On the other hand, if the generalized plant (4) also satisfies
the symmetric control specifications (6), the following well
known fact [3] is derived from Theorem 1.

Corollary 2 : There also exists a symmetric H∞ controller,
if there exists a non-symmetric H∞ controller for (4) under
the conditions (5) and (6).

In order to clarify the relationship of matrix inequality and
Corollary2, its proof is given below.

Proof : Assume that there exists a non-symmetric H∞
controller under the conditions (5) and (6). The matrix
inequality (10) can be described as

H = Qx + CT
e ST BT

e Xe + XeBeSCe < 0 (18)

where

Qx =

⎡
⎣XclAs + AT

s Xcl XclBs CT
s

BT
s Xcl −γI DT

s

Cs Ds −γI

⎤
⎦

Xe = diag[ Xcl I I ], S =
[
Ak Bk

Ck Dk

]

BT
e =

[
BT

e1 0 BT
e2

]
, Ce =

[
Ce1 0 Ce2

]

As =
[
A 0
0 0

]
, Bs =

[
B1

0

]

Cs =
[
C1 0

]
, Ds = D11

Be1 =
[
0 B2

I 0

]
, Be2 =

[
0 D12

]

Ce1 =
[

0 I
C2 0

]
, Ce2 =

[
0

D21

]

(19)

Then, by the congruent transformation, the following matrix
inequality is obtained.

XtHXt = Qy + BeS
T CeYe + YeC

T
e SBT

e < 0 (20)

where

Xt = diag[ TtXclTt I I ], Tt =
[
T−1 0
0 I

]

Ye = diag[ Ys I I ], Ys = TtXclTt = X−1
cl

Qy =

⎡
⎣YsA

T
s + AsYs YsC

T
s Bs

CsYs −γI DT
s

BT
s Ds −γI

⎤
⎦

(21)

By multiplying Y −1
e to both sides of (20), the matrix

inequality

Qx + XeBeS
T Ce + CT

e SBT
e Xe < 0 (22)

is derived. From (18) and (22), we obtain the following
feasible condition.

2Qx + XeBe(S + ST )Ce + CT
e (S + ST )BT

e Xe < 0 (23)

Therefor, there exists a symmetric H∞ controller under the
conditions (5) and (6), if there exists a non-symmetric H∞
controller. �

IV. SYMMETRIC MECHANICAL SYSTEM

In this section, we apply Theorem 1 to the mechanical
system which belongs to the specific class of the symmetric
system. We consider the mechanical systems, described by
the dynamics equation

Mq̈ + Dq̇ + Kq = Lu + Fw (24)

where q ∈ Rn is the displacement vector, u ∈ Rm is the
control input vector, and w ∈ Rl is the disturbance input
vector. Matrices M, D and K ∈ Rn×n denote mass, damping
and stiffness, respectively, and generally satisfy

M = MT > 0, D = DT ≥ 0, K = KT ≥ 0. (25)

Positive semi-definiteness implies that the system has rigid
body modes corresponding to the zero eigenvalues of D and
K . The matrices L ∈ Rn×m and F ∈ Rn×l are defined
by the locations of actuators and the directions of actuator
control forces and the points of application and directions of
disturbance forces. It is assumed that sensors and actuators
are collocated and displacements are measured at the actuator
locations. In this case, the measurement output y ∈ Rm is
described as

y = LT p + Nw. (26)

In addition, we assume that

rank
[
D L

]
= n, rank

[
K L

]
= n . (27)

This is the requirement for the rigid body modes of (24)
being controllable and observable [3]. The type of the system
includes the linearized large flexible spacecrft or multi-body
mechanical system, for which many robust control method
have been investigated.
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First, we show that the system satisfies Lemma 1. For the
purpose, (24) and (26) are described by the following state
equation when w = 0.

ẋ = Ax + B2u
y = C2x

(28)

where x = [ qT q̇T ]T is the state variable and matrices
A,B2 and C2 are as follows.

A =
[

0 I
−M−1K −M−1D

]
, B2 =

[
0

M−1L

]

C2 =
[
LT 0

] (29)

This state equation satisfies Lemma 1 when we select

TA = AT T, TB2 = CT
2 Σ

Σ = I, T =
[
D M
M 0

]
.

(30)

By applying the symmetric controller (7) to (28), the closed-
loop system becomes

ẋcl = Aclxcl (31)

where xcl = [ xT xT
k ]T and

Acl =
[
A + B2DkC2 B2Ck

BkC2 Ak

]

=

⎡
⎣ 0 I 0
−M−1(K + LDkLT ) −M−1D M−1LCk

BkLT 0 Ak

⎤
⎦

(32)

It satisfies the following salient stability property.
Theorem 2 : The system (31) is stable if the following

condition is satisfied.

Tk > 0,

[
TkAk TkBk

Ck Dk

]
= S = ST < 0 (33)

Proof : Let a matrix

V =

⎡
⎣−D −M 0

M 0 0
0 0 −Tk

⎤
⎦ , (34)

the following relationship is derived under the conditions
(25), (27) and (33).

V Acl =

⎡
⎣K − LDkLT 0 −LCk

0 M 0
−TkBkLT 0 −TkAk

⎤
⎦

=

⎡
⎣K − LDkLT 0 −LCk

0 M 0
−CT

k LT 0 −TkAk

⎤
⎦ = AT

clV
T > 0

(35)

Therefore, by defining the positive definite symmetric matrix

Xcl = V T (V Acl)−1V = XT
cl > 0, (36)

we obtain the following Lyapunov inequality.

XclAcl + AT
clXcl

= V T + V = −W = −diag[ 2D 0 2Tk ] ≤ 0.
(37)

Then, from the conditions (25), (27) and

rank

[
Acl

W

]
= rank(K + LDkLT )

+rankM + rankAk = dim xcl,
(38)

the pair (W,Acl) is observable. Therefore, the system (31)
is stable under the condition (33). �

Theorem 2 means that the symmetric controller satisfying
(33) guarantees the closed-loop stability based only on the
symmetric structure of the mechanical system (31) and the
controller (7). This is effective to satisfy the internal stability
condition in Theorem 1. Therefore, by applying Theorem
1 to the generalized plant (4) including (24) and (26), we
can obtain the optimal symmetric H∞ controller satisfying
suitable control specification under the condition (33).

V. CONCLUSION

We have derived some conditions on the symmetric H∞
controller design in the form of matrix inequalities. Addition-
ally, its applications to collocated mechanical systems have
been investigated. The motivation of our study is to improve
the design flexibility of the symmetric controller, especially
by relaxing the symmetry constraint of the control specifica-
tion. For the design purposes, the obtained conditions have
been described by LMIs.

To extend our scheme for the frequency shaping method
in the H∞ control theory is currently under study. The result
is going to be applied to the attitude control orbit experiment
of a large flexible spacecraft.
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