
Abstract—This work applies Kantorovich’s method to 
construct an iterative algorithm for the solution of the 
Hamilton-Jacobi-Bellman equation. At each step of the 
iteration, a Zubov partial differential equation is solved. 
Convergence properties of the algorithm are developed 
independently of Kantorovich’s theorem. The results are 
illustrated in a numerical example. 

I. INTRODUCTION

HE Hamilton-Jacobi-Bellman equation plays a central 
role in the theory of optimal control [7]. In the pioneer 

work of Al’Brekht [1] and Lukes [8], the Hamilton-Jacobi-
Bellman equation has been studied as the means of 
generating a state feedback law, which is optimal with 
respect to a quadratic performance index over an infinite 
time horizon. A power series solution approach has been 
formulated to generate the positive-definite solution to the 
Hamilton-Jacobi-Bellman PDE, which could potentially be 
used to compute the optimal state feedback law. A variant of 
the Hamilton-Jacobi-Bellman equation arises in nonlinear 
H  control [11] and has been studied in a similar spirit.   

There have been some engineering applications of optimal 
state feedback designed through the Hamilton-Jacobi-
Bellman equation, the most notable one being the work of 
Garrard and Jordan [3] in aircraft control.  The key difficulty 
that prevented the widespread use of the Hamilton-Jacobi-
Bellman equation as a design tool has been the enormous 
computational effort and complexity in implementing 
Lukes’ method.  However, with the explosive increase in 
computing power in recent years, along with the availability 
of user-friendly and powerful symbolic computation 
software such as MAPLE, it is now becoming realistic to use 
the Hamilton-Jacobi-Bellman equation as a design tool for 
nonlinear control applications.

The idea of applying a Newton-Kantorovich iteration for 
the numerical solution of the Hamilton-Jacobi-Bellman 
equation was first proposed in a recent paper [10], using a 
power series algorithm for the solution of the resulting 
Zubov equation at each step of the iteration. The results in 
[10] have indicated significant computational advantages of 
the Newton-Kantorovich iteration over Lukes’ method, and 
this motivates further investigation of the theoretical 
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properties of the iteration.  
The purpose of the present paper is to study the 

convergence properties of the Newton-Kantorovich iteration. 
After giving some brief necessary background in Section II, 
Section III will develop the Newton-Kantorovich iteration 
for the Hamilton-Jacobi-Bellman equation. Section IV will 
provide the main results of the present paper regarding the 
properties of the iteration. Finally, in Section V, the results 
will be illustrated with a numerical example.

II. BACKGROUND

A. The Hamilton-Jacobi-Bellman equation 
Consider a nonlinear system with the following 

representation  

( ) ( )
( )

x f x g x u

y h x
 (1) 

where nx  is the vector of state variables, mu  is the 
vector of input variables, my is the vector of output 

variables, : n nf , 1 2( ) ( ), ( ), , ( )mg x g x g x g x

with : , 1, ,n n
ig i m  and : n mh  are real 

analytic vector functions. Without loss of generality, it can 
be assumed that the origin 0 0x is an equilibrium for 
system (1) corresponding to 0 0u .

Consider now the following quadratic performance index 

0

[ ( )] [ ( )]J h x Q h x u Ru dt  (2) 

where 1 2, , , mQ diag q q q , 1 2, , , mR diag r r r  with 

0iq  and 0ir , 1, ,i m .
Also, consider the optimal control problem of minimizing 

the performance index (2) subject to the dynamics of (1). 
Associated with this optimal control problem, the Hamilton-
Jacobi-Bellman equation is 

11( ) ( ) ( ) ( ) ( ) ( )
4

( ) ( ) 0

V V V
x f x x g x R g x x

x x x

h x Q h x

 (3) 
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Lukes [8] proved that, if (0), (0)f
g

x
 is a stabilizable 

pair and (0), (0)h f
x x

 an observable pair, (3) admits a 

unique locally positive definite solution ( )V x  in a 
neighborhood of the origin. Moreover, the solution is locally 
analytic around the origin. 

Once the positive definite solution of (3) is computed, the 
optimal state feedback control law is obtained from 

11( ) [ ( )] ( )
2

V
u x R g x x

x
 (4) 

B. The Newton-Kantorovich iteration 
Consider a nonlinear operator equation  

( ) 0vN  (5) 

The Newton-Kantorovich iteration [4] is a generalization 
of the Newton-Raphson iteration, which is commonly used 
for the numerical solution of nonlinear algebraic equations, 
to general nonlinear operator equations, where the operator 
N  maps a Banach space to another. At the N-th step of the 
Newton-Kantorovich iteration, the following linear operator 
is solved for 1Nv

1( ) ( ) ( )N N N Nv v v vN N  (6) 

where Nv  is the result of the (N–1)-th step and ( )v vN  is 
the Fréchet differential of the operator N .

Kantorovich’s theorem [4]: Let : X YN , where X, Y
are Banach spaces. Assume that 

i) N  is twice Fréchet differentiable for all v .
ii) there is a 0v  such that 0( )vN  is invertible with 
bounded inverse and 

1 1
0 0 0 0 0( ) , ( ) ( )v v vN N N

iii) ( )v KN  for all v  such that 0 02v v

iv) 0 0
1
2

h K

Then the sequence 

1
1 ( ) ( ), 0,1, 2,N N N Nv v v v NN N

is well-defined  for all 0,1,2,N  and converges to a 

solution v  of the equation ( ) 0vN .
Moreover, 

2

0
1 1 2

2

N

N N

h
v v

h

Kantorovich’s theorem essentially states that if the 
iteration (6) is initialized at 0v  sufficiently close to a root v

of (5), the iteration (6) converges to v  and convergence is 
quadratic. 

III. NEWTON-KANTOROVICH ITERATION FOR THE SOLUTION
OF THE HAMILTON-JACOBI-BELLMAN EQUATION

Let 0C ( )  denote the space of continuous functions 

defined on an open set n  with values in . Endowed 
with the norm, 0C ( )  is a Banach space. Also, let 

1C ( )  denote the space of continuously differentiable 

functions from n  with values in . Endowed with 
the norm 

1

max , , ,
n

v v
v v

x x
,

1C ( )  is a Banach space. 

Consider now the nonlinear operator 1 0: ( ) ( )C CN
defined by 

11( ) ( ) ( ) ( ) ( ) [ ( )] ( )
4

[ ( )] ( )

V V V
v x f x x g x R g x x

x x x

h x Q h x

N
(7) 

The operator N  is Fréchet differentiable at every 
1( )v C . Its Fréchet derivative 1 0( ) ( ), ( )v C CN

assigns to each 1( )v C  the element 0( ) ( )v v CN
given by 

1( ) 1( ) ( ) [ ( )] ( )
2

v v
v f x g x R g x x

x x
N  (8) 

Thus, the Newton-Kantorovich iteration (6) takes the form 

11

1

( ) 1( ) ( ) ( ) [ ( )] ( )
2

1( ) ( ) ( ) ( ) [ ( )] ( )
4

[ ( )] ( )

N N N

N N N

v v v
x f x g x R g x x

x x

v v v
x f x x g x R g x x

x x x

h x Qh x

or equivalently 
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11

1 1

1( ) ( ) ( ) [ ( )] ( )
2

1 1[ ( )] ( ) [ ( )] ( )
2 2

N N

N N

v v
x f x g x R g x x

x x

v v
R g x x R R g x x

x x

[ ( )] ( )h x Qh x  (9) 

The above is a Zubov equation of the form 

1 ( ) ( ) ( )N
N N

v
x F x Q x

x
 (10) 

where 

11( ) ( ) ( ) [ ( )] ( )
2

N
N

v
F x f x g x R g x x

x
 (11) 

1 1

( ) [ ( )] ( )

1 1[ ( )] ( ) [ ( )] ( )
2 2

N

N N

Q x h x Qh x

v v
R g x x R R g x x

x x

 (12) 

Thus, at each step of the iteration, the Zubov equation 
(10) must be solved, whose right hand side is a negative 
definite function.  

    The reader is reminded that the Zubov partial 
differential equation  

( ) ( ) ( )v
x F x Q x

x
  (13) 

where ( )Q x  a positive definite function, has been studied 
extensively in the literature, primarily as the means of 
generating Lyapunov functions [6]. It is known ([9],[12]) 

that if (0)F
x

is Hurwitz, the Zubov equation (13) admits a 

unique solution ( )v x  in a neighborhood of the origin and 
that the solution is locally positive definite. Moreover, the 

solution ( )v x  can be represented as 
0

( ) ( , )Fv x Q t x dt ,

where ( , )F t x  is the flow of ( )F x .
 We see, therefore, that the inverse of the Fréchet 

derivative operator 1( )NvN  involved in the Newton-
Kantorovich iteration is implicitly defined through the 
solution of Zubov equation (10). As long as this inverse is 
well-defined and bounded at the initial condition of the 
iteration, and the initial condition is sufficiently close to the 
true solution, Kantorovich’s theorem guarantees 
convergence of the iteration.    

IV. SPECIFIC CONVERGENCE PROPERTIES

Consider the Newton-Kantorovich iteration for the 
Hamilton-Jacobi-Bellman equation, developed in the 
previous section. In a more compact form, it can be written 
as follows: 

1 ( ) ( ) ( )

( ) ( ) ( ) ( ) , 1,2,

N
N

N N

v
f x g x k x

x

h x Q h x k x R k x N
 (14) 

where 

11( ) ( ) ( )
2

N
N

v
k x R g x x

x
 (15) 

Convergence of the algorithm is guaranteed by 
Kantorovich’s theorem as long as the iteration is 
appropriately initialized, so that 

i) the initial condition 1( )v x  is such that the 
Zubov equation (14) is solvable 

ii) the initial condition 1( )v x  is sufficiently close 
to the solution ( )V x  of (3) 

In the present section, we will prove some stronger 
properties that characterize the progress of the Newton-
Kantorovich iteration for the Hamilton-Jacobi-Bellman 
equation. These will lead to a proof of convergence of the 
Newton-Kantorovich iteration, which will be pointwise in x,
as opposed to norm-convergence guaranteed by 
Kantorovich’s theorem.  

A standing assumption will be made in this section 
regarding the initialization of the iteration (14)-(15): 

1 1
1

1( ) ( ) ( )
2

v
k x R g x x

x
  is such that the 

dynamics 1( ) ( ) ( )x f x g x k x  is locally asymptotically 
stable. 

Property 1:

i) The dynamics ( ) ( ) ( )Nx f x g x k x  is locally 
asymptotically stable N

ii) 1( )Nv x  is locally positive definite N

Proof: Assuming property holds for N , we will show that it 
holds for 1N .

Define 1 1
1

1( ) ( ) ( )
2

N
N

v
k x R g x x

x
, where 1( )Nv x

is the solution of 

3515



1N
N N

v
f gk h Q h k R k

x

Since ( ) ( ) ( )Nx f x g x k x  has been assumed to be 
locally asymptotically stable, the solution 1( )Nv x  to the 
above Zubov equation is locally positive definite.  

Now we form 

1 1 1
1 1

1
1

1 1 1 1

1
1

2

N N N
N N N N

N
N N N N

N N N N N N N

N
N N

v v v
f gk f gk g k k

x x x
v

h Qh k Rk g k k
x

h Qh k k R k k k R k k

v
g k k

x

Since 11 1
1 1

1 2
2

N N
N N

v v
k gR k R g

x x
 it follows 

that 

1
1

1 1 1 1

N
N

N N N N N N

v
f gk

x

h Qh k Rk k k R k k
    

                        (negative definite) 

which proves that the locally positive definite function 
1( )Nv x  is a Lyapunov function for the dynamics 

1( ) ( ) ( )Nx f x g x k x .   

Property 2: 1( ) ( )N Nv x v x  is locally positive definite, for 

2,3,N

Proof: The equation    

1 1 1
N

N N N

v
f gk h Qh k Rk

x

upon rearrangement, can be written as  

1

1 1

2N N
N N N N

N N N N N N

v v
f gk g k R k k

x x

h Qh k Rk k k R k k

But 1N
N N N

v
f gk h Qh k Rk

x
 and 

11
2

N
N

v
k gR

x
Thus

1
1 1

N N
N N N N N N

v v
f gk f gk k k R k k

x x
or 

1 1 1N N N N N N Nv v f gk k k R k k
x

Since, by Property 1, ( ) ( ) ( )Nx f x g x k x  is locally 

asymptotically stable, the solution 1( ) ( )N Nv x v x  to the 

above Zubov PDE is locally positive definite.   

Property 3: Let ( )V x  be the positive definite solution of the 
Hamilton-Jacobi-Bellman equation (3). Then 

1( ) ( )Nv x V x  is locally positive definite N .

Proof: Setting 11( ) ( ) ( )
2

V
k x R g x x

x
, equation 

(3) is rearranged to 

V
f gk h Qh k Rk

x
.

Moreover, we know that 

1N
N N N

v
f gk h Qh k Rk

x

The above two PDEs can be rearranged as follows: 

N N
V V

f gk g k k h Qh k Rk
x x

1

2

N
N

N N N

v
f gk

x

h Qh k Rk k k R k k k R k k

Substituting the above by sides, we obtain 

1

2

N
N N

N N N

v V V
f gk g k k

x x x

k k R k k k R k k

and since 11
2

V
k gR

x
, we obtain finally 

1N N N Nv V f gk k k R k k
x

Since, by Property 1, ( ) ( ) ( )Nx f x g x k x  is locally 
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asymptotically stable, the solution 1Nv V  to the above 

Zubov PDE is locally positive definite.   

Corollary from Properties 2 and 3:

1 2( ) ( ) ( ) ( )N NV x v x v x v x   for every x ,

in a neighborhood of the origin.

Property 4:  The sequence ( )Nv x  is convergent pointwise 
in x , in a neighborhood of the origin.

Proof: By the above corollary, the sequence ( )Nv x  is 
monotonic and bounded for every x . Therefore, it is 
convergent pointwise in x .   

Finally, denote by ( )v x  the limit of the sequence ( )Nv x ,
i.e. the limit of the recursion 

11

1

1
2

1
4

N N

N N

v v
f gR g

x x

v v
h Qh gR g

x x

As long as ( )v x is continuously differentiable, it follows 
that it will satisfy  

1

1

1
2

1
4

v v
f gR g

x x

v v
h Qh gR g

x x

or 

11 0
4

v v v
f gR g h Qh

x x x

i.e. it will be a solution of the Hamilton-Jacobi-Bellman 
equation (3).  

V. ILLUSTRATIVE EXAMPLE
Consider the dynamic system 

2 21 1
1 2 22 2

1 2

2
1

1

11
2 1

dx x
x x x u

dt x x

dx
x

dt
y x

 (16) 

and the performance index 

2 2
1

0

J x u dt  (17) 

The associated Hamilton-Jacobi-Bellman equation (3) for 
this problem is 

2 21
1 2 1 2 22 2

1 1 2

2
2

1 2 1 1 2 1
2 1

1( , ) 1
2 1

1( , ) ( , ) 0
4

xV
x x x x x

x x x

V V
x x x x x x

x x

 (18) 

The positive definite solution to the above equation can be 
expressed in closed form. It is 

22 2 2 2
1 2 1 2 1 2

1( , )
2

V x x x x x x  (19) 

The Newton-Kantorovich iteration developed in the 
previous section will now be applied to solve the above 
equation and the results will be compared to the exact 
solution. 

Equations (14)-(15) take the form: 

2 21 1
1 2 1 2 2 1 22 2

1 1 2

221
1 2 1 1 1 2

2

1( , ) 1 ( , )
2 1

( , ) ( , )

N
N

N
N

v x
x x x x x k x x

x x x

v
x x x x k x x

x
 (20) 

where 

1 2 1 2
1

1( , ) ( , )
2

N
N

v
k x x x x

x
 (21) 

The Newton-Kantorovich iteration is initialized at 
2 2

1 1 2 1 2( , )v x x x x , 1 1 2 1( , )k x x x .
At each step of the iteration, the Zubov equation is solved 
via the power series algorithm of [5] up to 25th order. 

 Figure 1 depicts 2 1 2( , )v x x , 3 1 2( , )v x x , 4 1 2( , )v x x together 
with the exact solution 1 2( , )V x x of (18) over the rectangle 

1 20.5 0.5, 0.5 0.5x x . Table I provides 
their point values over a rectangular grid of mesh 0.25. From 
Table I, one can observe the sandwich property (Corollary 
from Properties 2 and 3) and also that 4 1 2( , )v x x  essentially 
coincides with 1 2( , )V x x , which indicates that convergence 
has been achieved after the 3rd iteration. 

3517



Fig. 1: Solution for 1 2,Nv x x  for different iteration numbers N = 2, 3, 4 

together with the exact solution V .

TABLE I
REPRESENTATIVE VALUES OF VN, N=1,2,3,4 AND THE EXACT SOLUTION V

Table II compares the 1C ( )  norms 1 2 1 2( , ) ( , )Nv x x V x x
for N = 1,2,3,4. The results indicate fast convergence of 

1 2( , )Nv x x  to the exact solution 1 2( , )V x x .

TABLE II
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