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Abstract— A globally exponentially convergent adaptive ob-
server is proposed for a class of uniformly observable nonlinear
systems in order to jointly estimate missing states and unknown
constant parameters. The gain of this observer involves a design
function that has to satisfy some mild conditions which are
given. Different expressions of such a function are proposed.
Of particular interest, it is shown that adaptive high gain
like observers and adaptive sliding mode like observers can
be derived by considering particular expressions of the design
function. Simulation results are presented in order to illustrate
the performance of the proposed observer.
Keywords: Nonlinear system, High gain observer, Sliding
mode, Adaptive observer, Persistent excitation.

I. INTRODUCTION

Joint estimation of missing states and unknown constant
parameters using adaptive observers has been widely in-
vestigated and still constitutes the subject of many control
research groups. Early results were related to linear systems
and can be found in [12], [11] while more recent results
are reported in [20], [19]. Since the eighties, many results
on nonlinear systems have became available. For exam-
ple, adaptive observers have been proposed for a class of
nonlinear systems which can be linearized with a change
of coordinates up to output injection in [1], [14], [15],
[13]. More general results on nonlinear systems have been
reported in [16], [4], [2]. The underlying approaches are
however not constructive from the applicability point of view.
In a relatively recent work [18], the authors proposed an
adaptive observer for a class of single output uniformly
observable nonlinear systems. This consists in an extension
of the approach initially proposed in [19] for MIMO linear
time-varying systems. The main advantage of this approach
lies in both design and implementation simplicities.
In this paper, one proposes to extend this approach to a
large class of uniformly observable nonlinear systems. To
this end, one shall firstly consider the same class of systems
as in [10] for which the authors proposed a high gain
observer for the state estimation. Then, one shall combine
the approach adopted in [10] with those proposed in [20]
and [19] in order to design an adaptive nonlinear observer.
The main characteristics of the proposed observer lie in its
simplicity and its capability to give rise to different observers
among which adaptive high gain like observers and adaptive
sliding mode like observers. Indeed, the gain of the state
estimation as well as that of the parameter adaptation involve
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a design function that has to satisfy some mild conditions
which are given. Different expressions of the design function
are proposed and it is shown that adaptive high gain like
observers [3], [9], [10], [7] and adaptive sliding mode like
observers [17], [5], [6], [8] can be derived by considering
particular expressions of the design function. Of particular
interest, the tuning of the observer is achieved through the
choice of a single parameter.
This paper is organized as follows. The next section is
devoted to the problem formulation. In section 3, the observer
design will be detailed and the observer equations are given.
Section 4 is devoted to a full convergence analysis. In section
5, different expressions of the design function are given to
emphasize the versatility of the proposed adaptive observer.
The performances of the adaptive observer are highlight in
section 6 through an illustrative example.

II. PROBLEM FORMULATION

Consider MIMO systems of the form:{
ẋ = f(u, x) + Ψ(u, x)ρ
y = f0(u, x1) (1)

x =

⎛
⎜⎜⎜⎝

x1

x2

...
xq

⎞
⎟⎟⎟⎠ ; f(u, x) =

⎛
⎜⎜⎜⎜⎜⎝

f1(u, x1, x2)
f2(u, x1, x2, x3)

...
fq−1(u, x)
fq(u, x)

⎞
⎟⎟⎟⎟⎟⎠

ρ =

⎛
⎜⎜⎜⎝

ρ1

ρ2

...
ρm

⎞
⎟⎟⎟⎠ ; ΨT (u, x) =

⎛
⎜⎜⎜⎜⎜⎝

ΨT
1 (u, x)

ΨT
2 (u, x)

...

ΨT
m(u, x)

⎞
⎟⎟⎟⎟⎟⎠ ;

Ψj(u, x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Ψ1
j (u, x1)

Ψ2
j (u, x1, x2)

...

Ψq−1
j (u, x1, . . . , xq−1)

Ψq
j(u, x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

; (2)

the output y = f0(u, x1) ∈ IRp; the state x ∈ IRn with
xk ∈ IRnk , k = 1, . . . , q and p = n0 ≥ n1 ≥ n2 ≥ . . . ≥ nq ,

q∑
k=1

nk = n; the input u(t) ∈ U the set of bounded absolutely

continuous functions with bounded derivatives from IR+ into
U a compact subset of IRs; f(u, x) ∈ IRn with fk(u, x) ∈
IRnk ; ρ ∈ IRm is a vector of unknown constant parameters,
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ρi ∈ IR, i = 1, . . . , m; Ψ(u, x) is a n × m matrix and each
Ψj(u, x) ∈ IRn, j = 1, . . . , m, denotes its jth column with
Ψk

j (u, x) ∈ IRnk , k = 1, . . . , q. Our objective consists in
designing adaptive observers to simultaneously estimate the
state and the unknown parameters. Such a design requires
some assumptions which will be stated in due courses. At
this step, one assumes the following:
(A1) For 0 ≤ k ≤ q − 1; the function xk+1 �→
fk(u, x1, . . . , xk, xk+1) is one to one from IRnk+1 into IRnk .
Moreover, ∃α, β > 0 such that ∀k ∈ {0, . . . , q−1}, ∀x ∈ IRn

and ∀u ∈ U , one has:

0 < α2Ink+1 ≤
(

∂fk

∂xk+1
(u, x)

)T
∂fk

∂xk+1
(u, x) ≤ β2Ink+1

(A2) The matrix Ψ(u(t), x(t)) is uniformly bounded.

In the case where the vector ρ is known, it has been shown
[10] that system (1) under Assumption (A1) characterizes
a subclass of U -uniformly observable systems. Moreover, a
high gain observer has been proposed for system (1) under
some lipschitz conditions commonly used in the high gain
observer synthesis. In the sequel, one shall combine the ob-
server design approach proposed in [10], with those proposed
in [18] and [20], in order to propose an adaptive observer
for system (1). This observer allows to jointly estimate the
missing states as well as the unknown parameters. A main
characteristic of the proposed observer lies in the structure of
its gain which involves a design function that has to satisfy
some mild conditions given in the sequel. One shall exhibit
many expressions that satisfy these conditions and shall show
that some of these expressions give rise to adaptive versions
of high gain and sliding mode like observers.

III. OBSERVER DESIGN

One shall firstly introduce a state transformation that puts
system (1) under an appropriate form for the observer
synthesis. Then, the equations of the proposed observer will
be derived in the new coordinates before being given in the
original ones.

A. State transformation

Consider the following change of coordinates:
Φ : IRn −→ IRn0q

x =

⎛
⎜⎜⎜⎝

x1

x2

...
xq

⎞
⎟⎟⎟⎠ �→ z =

⎛
⎜⎜⎜⎝

z1

z2

...
zq

⎞
⎟⎟⎟⎠ = Φ(u, x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f0(u, x1)
∂f0

∂x1
(u, x1)f1(u, x1, x2)

∂f0

∂x1
(u, x1)

∂f1

∂x2
(u, x1, x2)f2(u, x1, x2, x3)

...(
q−2∏
k=0

∂fk

∂xk+1
(u, x)

)
fq−1(u, x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where zk ∈ IRn0 , k = 1, . . . , q. According to Assumption
(A1), the map Φ is one to one. Let Φc denote its converse.
Before deriving the dynamics of z, let us introduce the
following notations :
• Λ(u, x) is the diagonal matrix:

Λ(u, x) = diag

(
∂f0

∂x1
(u, x),

∂f0

∂x1
(u, x)

∂f1

∂x2
(u, x), . . . ,

q−1∏
k=0

∂fk

∂xk+1
(u, x)

)
(3)

According to Assumption (A1), Λ(u, x) is left invertible. Let
Λ+(u, x) denotes its left inverse, one can easily check that:

Λ(u, x)f(u, x) = Az + G(u, x) or equivalently

f(u, x) = Λ+(u, x)Az + Λ+(u, x)G(u, x) (4)

where the n0q × n0q square matrix A and G(u, x) ∈ IRn0q

are respectively given by:

A =
[

0 In0q

0 0

]
(5)

and G(u, x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
...
0

(
q−1∏
k=0

∂fk

∂xk+1
(u, x)

)
fq(u, x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The dynamics of z can be derived as follows:

ż(t) =
∂Φ
∂x

(u, x)ẋ(t) +
∂Φ
∂u

(u, x)u̇(t)

=
∂Φ
∂x

(u, x) (f(u, x) + Ψ(u, x)ρ) +
∂Φ
∂u

(u, x)u̇(t)

= Az + G(u, x) + Λ(u, x)Ψ(u, x)ρ

+
(

∂Φ
∂x

(u, x) − Λ(u, x)
)

(
Λ+(u, x)Az + Λ+(u, x)G(u, x) + Ψ(u, x)ρ

)
+

∂Φ
∂u

(u, x)u̇(t) (6)

according to (4).
For sake of clarity, one shall use the following notations in
the sequel:

Θ(u, z) ∆=
(

∂Φ
∂x

(u, x) − Λ(u, x)
)

Λ+(u, x)

Q(u, z) ∆= Λ(u, x)Ψ(u, x)

ϕ(u, z) ∆= Θ(u, z)Az + G(u, x)

ψ(u, u̇, ρ, z) ∆= ϕ(u, z) + Π(u, z)ρ

+
∂Φ
∂u

(u, Φc(z))u̇(t) (7)

From the fact that Θ is diagonal with zeros on its main
diagonal, one can easily show that ϕ(u, z) and each
column of the matrix Π(u, z) have triangular structures with
respect to z. This property is then also valid for ψ(u, u̇, ρ, z).
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Using the adopted notations, system (1) can be written in the
new coordinates z as follows:{

ż = Az + Q(u, z)ρ + ψ(u, u̇, ρ, z)
y = Cz = z1 (8)

where
C = [In0 , 0n0 , . . . , 0n0 ] (9)

is a n0 × n0q matrix.

B. Observer synthesis

Before giving our candidate observer, one introduces the
following notations.
1) let ∆θ be the block diagonal matrix defined by:

∆θ = diag

[
In0 ,

1
θ
In0 , . . . ,

1
θq−1

In0

]
(10)

where θ > 0 is a real number.
2) Let Ωθ be a the following m × m diagonal matrix:

Ωθ = diag

[
1,

1
θν1

, . . . ,
1

θνm−1

]
(11)

where the νk’s, k = 1, . . . , m − 1 are positive inte-
gers which are chosen such that each term of the matrix
∆θQ(u, z)Ω−1

θ
∆= ∆θΛ(u, Φc(z))Ψ(u, Φc(z))Ω−1

θ is a poly-

nomial in
1
θ

(see e.g. [18]).
3) Let S be the unique solution of the algebraic Lyapunov
equation :

S + AT S + SA − CT C = 0 (12)

where A and C are respectively given by equations (5) and
(9). One can show that S is symmetric positive definite and

in particular one has : S−1CT =

⎡
⎢⎢⎢⎣

C1
q In1

C2
q In1

...
Cq

q In1

⎤
⎥⎥⎥⎦.

4) For any ξ ∈ IRn0q , Let Υξ(t) be a n0q ×m matrix satis-
fying the following Ordinary Differential Equation (ODE):

Υ̇ξ(t) = θ
(
(A − S−1CT C)

)
Υξ(t)

+θ∆θQ(u(t), ξ(t))Ω−1
θ (13)

5) Let P (t) be the m × m symmetric matrix governed by
the following differential equation:

Ṗ (t) = −θP (t)ΥT
ẑ (t)CT CΥξ̂(t)P (t) + θP (t) (14)

where P (t0) ∈ IRm × IRm is chosen symmetric positive
definite and the matrix Υξ̂(t) is governed by (13).

6) ∀ξ =

⎛
⎜⎝

ξ1

...
ξq

⎞
⎟⎠ ∈ IRn0q with ξk ∈ IRn0 , k = 1, . . . , q,

set ξ̄ = ∆θξ and let K(ξ) ∆= K(ξ1) ∈ IRn0q be a vector of
smooth functions satisfying:

∀ξ ∈ IRn0q : ξ̄T K(ξ) ≥ 1
2
ξT CT Cξ (15)

∃σ > 0;∀ξ ∈ IRn0q : ‖K(ξ1)‖ ≤ σ‖ξ1‖ (16)

where the matrices ∆θ and C are respectively given by (10)
and (9).

The observer synthesis needs the following additional
assumptions :
(A3) The functions Φ(u, Φc(z)), Q(u, z), ϕ(u, z), Π(u, z)

and
∂Φ
∂u

(u, Φc(z)) are globally Lipschitz with respect to z

uniformly in u.

(A4) For any ξ ∈ IRn0q, the matrix CΥξ(t) is persistently
exciting.

Notice that under Assumptions Assumptions (A1) and (A3),
Q(u, ξ) is bounded. Since the matrix (A − S−1CT C) is
Hurwitz and each term of the matrix ∆θQ(u(.), ξ(.))Ω−1

θ

is polynomial in 1/θ, one can conclude that for θ ≥ 1
the matrix Υξ(t) is bounded and corresponding bounds do
not depend on θ. Furthermore, one can show that under
assumption (A4), the matrix P (t) governed by (14) is
symmetric positive definite and that it is bounded from
above and from below and corresponding bounds do not
depend on θ.

A candidate adaptive observer for system (8) is:

˙̂z(t) = Aẑ + Q(u, ẑ)ρ̂(t) + ψ(u, u̇, ρ̂, ẑ)
− θ∆−1

θ

(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1)

− ∂Φ
∂x

(u, Φc(ẑ))(
Λ+(u, Φc(ẑ)) −

(
∂Φ
∂x

(u, Φc(ẑ))
)+

)

θ∆−1
θ

(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1)

˙̂ρ(t) = −θ2Ω−1
θ P (t)ΥT

ẑ (t)K(z̃1) (17)

where ẑ =

⎡
⎢⎢⎢⎣

ẑ1

ẑ2

...
ẑq

⎤
⎥⎥⎥⎦ ∈ IRn with ẑk ∈ IRn0 , k = 1, . . . , q;

z̃ = ẑ − z where z is the unknown trajectory of system

(8); ρ̂ =

⎡
⎢⎢⎢⎣

ρ̂1

ρ̂2

...
ρ̂m

⎤
⎥⎥⎥⎦ ∈ IRm; S, C, ∆θ, Ωθ and Λ(u,Φc(ẑ))

are respectively given by (12), (9), (10), (11) and (3);
the matrices Υẑ(t) and P (t) are respectively governed by
equation (13) (with ξ

∆= ẑ) and equation (14); K(z̃1) is a
rectangular matrix satisfying conditions (15) and (16); u
and y are respectively the input and the output of system
(8) and θ > 0 is a real number.

Indeed, one states the following :
Theorem 3.1: Assume that system (8) satisfies Assump-

tions (A1) to (A4). Then, system (17) is a globally exponen-
tially convergent adaptive observer for system (8).
The proof of this theorem is detailed in section IV.
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C. Observers equations in the original coordinates

Proceeding as in [7], one can easily show that observer (17)
can be written in the original coordinates as follows:

˙̂x(t) = f(u, x̂) + Ψ(u, x̂)ρ̂(t) − θΛ+(u, x̂)∆−1
θ(

S−1 + Υx̂(t)P (t)ΥT
x̂ (t)

)
K(ỹ)

˙̂ρ(t) = −θ2Ω−1
θ P (t)ΥT

x̂ (t)K(ỹ) (18)

Υ̇x̂(t) = θ(A − S−1CT C)Υx̂(t)
+ θ∆θΛ(u, x̂)Ψ(u, x̂)Ω−1

θ

Ṗ (t) = −θ
(
P (t)ΥT

x̂ (t)CT CΥx̂(t)P (t) − P (t)
)

where x̂ =

⎛
⎜⎜⎜⎝

x̂1

x̂2

...
x̂q

⎞
⎟⎟⎟⎠ ∈ IRn with x̂k ∈ IRnk , k = 1, . . . , q;

ρ̂ =

⎛
⎜⎜⎜⎝

ρ̂1

ρ̂2

...
ρ̂m

⎞
⎟⎟⎟⎠ ∈ IRm with ρ̂i ∈ IR, i = 1, . . . ,m; Υx̂(t) ∆=

Υẑ(t); ỹ = f0(u, x̂1) − f0(u, x) where x is the unknown
trajectory of system (1) and the other variables keep the same
meaning as before.

IV. CONVERGENCE ANALYSIS

Set z̃(t) = ẑ(t) − z(t) and ρ̃(t) = ρ̂(t) − ρ. Then,

˙̃z = Az̃ − θ∆−1
θ

(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1)

+ Q(u, ẑ)ρ̃(t) + (Q(u, ẑ) − Q(u, z))ρ
+ ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z)
− θΓ(u, ẑ)∆−1

θ (S−1 + Υẑ(t)P (t)ΥT
ẑ (t))K(z̃1)

(19)
˙̃ρ = −θ2Ω−1

θ P (t)ΥT
ẑ (t)K(z̃1) (20)

where Γ(u, ẑ) =
∂Φ
∂x

(u, Φc(ẑ))

(
Λ+(u, Φc(ẑ)) −

(
∂Φ
∂x

(u, Φc(ẑ))
)+

)
.

Notice that using Assumption (A1) and (A3), one can
easily deduce that Γ(u, ẑ) is bounded. Furthermore, one can
easily check the following identities: ∆θA∆−1

θ = θA and
C∆θ = C.

Set z̄ = ∆θ z̃ and ρ̄ =
1
θ
Ωθρ̃, one obtains:

˙̄z = θAz̄ − θ
(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1)

+ θ∆θQ(u, ẑ)Ω−1
θ ρ̄(t) + ∆θ(Q(u, ẑ) − Q(u, z))ρ

+ ∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z))
− θ∆θΓ(u, ẑ)∆−1

θ

(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1)

(21)
˙̄ρ(t) = −θP (t)ΥT

ẑ (t)K(z̃1) (22)

Substituting (22) in (21), one obtains:

˙̄z = θAz̄ − θS−1K(z̃1) + Υẑ(t) ˙̄ρ(t)
+ θ∆θQ(u, ẑ)Ω−1

θ ρ̄(t) + ∆θ(Q(u, ẑ) − Q(u, z))ρ
+ ∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z))
− θ∆θΓ(u, ẑ)∆−1

θ(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1) (23)

Now, define : η(t) = z̄(t) − Υẑ(t)ρ̄(t) where the matrix
Υẑ(t) ∈ IRn0q×m is governed by equation (13) with ξ

∆= ẑ.
One can show that:

η̇(t) = θAη + θS−1CT CΥẑ(t)ρ̄ − θS−1K(z̃1)
+ ∆θ(Q(u, ẑ) − Q(u, z))ρ
+ ∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z))
− θ∆θΓ(u, ẑ)∆−1

θ(
S−1 + Υẑ(t)P (t)ΥT

ẑ (t)
)
K(z̃1) (24)

Set V1(η(t)) = ηT (t)Sη(t), V2(ρ̄(t)) = ρ̄T (t)P−1(t)ρ̄(t)
where P (t) is given by (14) and let V (η(t), ρ̄(t)) =
V1(η(t))+V2(ρ̄(t)) be the Lyapunov candidate function. One
has:

V̇1(t) = 2θηT SAη + 2θηT CT CΥẑ ρ̄ − 2θηT K(z̃1)
+ 2ηT S∆θ(Q(u, ẑ) − Q(u, z))ρ
+ 2ηT S∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z))
− 2ηT S∆θΓ(u, ẑ)∆−1

θ(
θS−1CT Cz̄ + Υẑ(t)P (t)ΥT

ẑ (t)K(z̃1)
)

(25)

According to (15), one obtains:

ηT K(z̃1) = (η + Υẑ ρ̄)T K(z̃1) − (Υẑ ρ̄)T K(z̃1)
= (∆θ z̃)T K(z̃1) − (Υẑ ρ̄)T K(z̃1)

≥ 1
2
z̃T CT Cz̃ − (Υẑ ρ̄)T K(z̃1)

≥ 1
2
z̄T CT Cz̄ − (Υẑ ρ̄)T K(z̃1)

≥ 1
2

(
ηT CT Cη + (Υẑ ρ̄)T

CT CΥẑ ρ̄
)

+ ηT CT CΥẑ ρ̄ − (Υẑ ρ̄)T K(z̃1) (26)

Using (12) and (26), inequation (25) becomes:

V̇1(t) = −θV1 − θ (Υẑ ρ̄)T
CT CΥẑ ρ̄ + 2θ (Υẑ ρ̄)T

K(z̃1)
+ 2‖η‖‖S‖ (‖∆θ(Q(u, ẑ) − Q(u, z))ρ‖
+ ‖∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z)‖))
+ 2‖η‖‖S‖‖θ∆θΓ(u, ẑ)∆−1

θ ‖(‖S−1‖ + ‖Υẑ(t)P (t)ΥT
ẑ (t)‖) ‖K(z̃1)‖

(27)

As the matrix Γ(u, ẑ) is lower triangular with zeros on the
main diagonal and is bounded, one can easily show that
θ∆θΓ(u, ẑ)∆−1

θ is bounded for θ ≥ 1 and the corresponding
upper bound does not depend on θ. Similarly, it is obvious
that Υẑ(t)P (t)ΥT

ẑ (t) is bounded since Υ(t) and P (t) are so.
According to the Lipschitz condition on Q(u, z) and since
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each term of this matrix has a triangular structure, one can
easily show that:

‖∆θ(Q(u, ẑ) − Q(u, z))ρ‖ ≤ k1‖ρ‖‖z̄‖ ≤ c1‖η‖ + c2‖ρ̄‖
(28)

for some constants k1, c1 and c2 which do not de-
pend on θ. Let us now examine the boundedness of
‖∆θ (ψ(u, u̇, ρ̂, ẑ) − ψ(u, u̇, ρ, z)) ‖. To this end, one shall
consider all the terms which intervene in the expression of
(7). Indeed, according to the triangular structures of ϕ and
∂Φ
∂u

and to the Lipschitz condition on these functions, one
has:

‖∆θ(ϕ(u, ẑ) − ϕ(u, z))ρ‖ ≤ k2‖z̄‖ ≤ γ3‖η‖ + γ4‖ρ̄‖
(29)

‖∆θ

(
∂Φ
∂u

(u, Φc(ẑ)) − ∂Φ
∂u

(u, Φc(ẑ))
)

u̇(t)‖ ≤
k3‖u̇(t)‖‖z̄‖ ≤ γ5‖η‖ + γ6‖ρ̄‖ (30)

where k2, k3, γi, i = 2 . . . , 6 are positive constants which
do not depend on θ. Furthermore, one has:

‖∆θ(Π(u, ẑ)ρ̂ − Π(u, z)ρ)‖ =
‖∆θΠ(u, ẑ)ρ̃ + ∆θ(Π(u, ẑ) − Π(u, z))ρ‖

≤ ‖θ∆θΠ(u, ẑ)Ω−1
θ ρ̄‖ + ‖∆θ(Π(u, ẑ) − Π(u, z))ρ‖

≤ ‖θ∆θΠ(u, ẑ)Ω−1
θ ρ̄‖ + k4z̄ (31)

for some positive real k4 > 0, according to the lipschitz
assumption on Π. Moreover, one has:

θ∆θΠ(u, ẑ)Ω−1
θ = θ∆θΘ(u, ẑ)Q(u, ẑ)Ω−1

θ

=
(
θ∆θΘ(u, ẑ)∆−1

θ

) (
∆θQ(u, ẑ)Ω−1

θ

)
On one hand, the matrix Θ(u, ẑ) is lower triangular with
zeros on its main diagonal and it is bounded. On the other
hand, each term of the matrix ∆θQ(u, ẑ)Ω−1

θ is a polynomial
in 1/θ. It follows that the matrices θ∆θΘ(u, ẑ)∆−1

θ and
∆θQ(u, ẑ)Ω−1

θ are bounded and corresponding bounds do
not depend on θ for θ ≥ 1. As a result, inequality (31)
becomes:

‖∆θ(Π(u, ẑ)ρ̂ − Π(u, z)ρ)‖ ≤ k5‖ρ̄‖ + k4z̄

≤ γ7‖η‖ + γ8‖ρ̄‖ (32)

for some reals k4, k5, γ7, γ8 > 0 which do not depend on θ.
Finally, it is obvious that ‖z̄‖ ≤ ‖η‖ + ‖Υ(t)‖‖ρ̄‖.

According to the previous developments, inequality (27) can
be written as follows:

V̇1(t) ≤ −θV1 − θ (Υẑ ρ̄)T
CT CΥẑ ρ̄ + 2θ (Υẑ ρ̄)T

K(z̃1)
+ c1‖η‖2 + c2‖η‖‖ρ̄‖
≤ −θV1 − θ (Υẑ ρ̄)T

CT CΥẑ ρ̄ + 2θ (Υẑ ρ̄)T
K(z̃1)

+ k1V1 + k2

√
V 1

√
V 2 (33)

for some constant real number c1, c2, k1, k2 > 0 which do
not depend on θ.
Otherwise, one can show that:

V̇2(t) = −θV2 − 2θρ̄T ΥT
ẑ K(z̃1) + θρ̄T ΥT

ẑ (t)CT CΥẑ(t)ρ̄

Hence, V̇ (t) ≤ −(θ − k1)V1 − θV2 + k2

√
V 1

√
V 2.

Finally, set V �
1 = (θ − k1)V1 and V �

2 = θV2, one has

V̇ (t) ≤ −(V �
1 + V �

2 ) +
k2√

θ(θ − k1)
(V �

1 + V �
2 )

= −(1 − k2√
θ(θ − k1)

)(V �
1 + V �

2 ) (34)

Now, choose θ such that (1 − k2√
θ(θ − k1)

) > 0, one can

show that: V̇ (t) ≤ −(θ − k1 − k2√
θ
)V (t). This ends the

proof.

V. SOME PARTICULAR OBSERVERS

Some particular expressions of the vector K(x̃1) that satisfy
conditions (15) and (16) shall be given and discussed in
this section. These expressions will be given in the new
coordinates z in order to easily check conditions (15) and
(16) as well as in the original coordinates x in order to easily
recognize the structure of the resulting observers.

A. Adaptive high gain observers

Consider the following expression of K(z̃1):

KHG(z̃1) = kCT Cz̃ = kCT z̃1 = kCT ỹ

= kCT (f0(u, x̂1) − f0(u, x1)) (35)

where k ≥ 1
2

is a real number. One can easily check that
expression (35) satisfies conditions (15) and (16). Notice that
when no parameter needs to be estimate, it is easy to see that
the so obtained observer is of the high gain variety (see e.g.
[9], [10], [7]). More specifically, the proposed observer with
K(z̃1) specialized as in (35) is in fact an adaptive version
of the well known high gain state observer.

B. Adaptive sliding mode like observers

At first glance, the following vector seems to be a potential
candidate for the expression of K(z̃1):

K(z̃1) = kCT Csign(z̃) = kCT sign(z̃1)
= kCT sign(f0(u, x̂1) − f0(u, x1)) (36)

where k > 0 is a real number and ’sign’ is the usual
sign function. Indeed, condition (15) is trivially satisfied by
(36). Similarly, for bounded input bounded output systems,
condition (16) is also satisfied for relatively high values
of k. However, expression (36) cannot be used due the
discontinuity of sign function. Indeed, such discontinuity
hampers the applicability of the Lyapunov approach used
throughout the proof. In order to overcome this difficulty, one
shall use continuous functions which have similar properties
that those of the sign function. Of practical importance, these
functions are widely used when implementing sliding mode
observers. Indeed, consider the following function:

KTanh(z̃) = kCT Tanh(f0(u, x̂1) − f0(u, x1)) (37)

where Tanh denotes the hyperbolic tangent function and
k > 0 is a real number. It is easy to see that conditions (15)
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and (16) are satisfied for relatively high values of k.

Similarly to the hyperbolic tangent function, one can easily
check that the inverse tangent function KArcTan(ỹ), the
hyperbolic sine function KSinh(ỹ), etc., also constitute valid
expressions for K(z̃1). Besides, one can consider new valid
expressions for K(z̃1), for example by adding KTanh(z̃) to
KHG(z̃).

VI. EXAMPLE

Les us consider an academic example with

x =
(

x1

x2

)
∈ IR2 and the functions f and Ψ

are given by: f(u, x) =
(

x2(1 + x2
2) − x3

1

−0.02x3
2

)
and

Ψ(u, x) =

⎛
⎝ 3sin(19t) 0

0 5
sin(15t)
1 + 3x2

2

⎞
⎠. The output

y =
(

y1 = (0.5 − sin(5t))
y2 = sin(5t)

)
. Our objective consists in

estimating three unknown parameters ρi, i = 1, 2 as well
as the states x1 and x2. Many observers under form (18)
have been synthesized by considering different expressions
of the function K(ỹ) such as KTanh(ỹ), KArcTan(ỹ),
KTSinh(ỹ), etc. The obtained results were very similar
and one only presents here those obtained with KHG(ỹ).
A jump has been simulated for each parameter at time
equal to 20. Simulation was carried out under the following
initial conditions: x1 = 30; x2 = 20; x̂1 = 25; x̂2 = 25.
The initial parameter estimates have been arbitrarily set to
zero. The value of the design parameter θ was set to 10.
The obtained results are given in figures 1 and 2. They
clearly show the adaptation alertness as well as exponential
convergence of the proposed adaptive observer.
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Fig. 1. Comparison of the parameter estimates with their true values

VII. CONCLUSION

A canonical form for a class of uniformly observable nonlin-
ear systems has been investigated from the adaptive observer
design point of view. A globally exponentially convergent
adaptive observer has then been proposed for this class
of systems. The gain of the parameter adaptation of the
proposed observer involves a design function satisfying some
mild conditions that have been given. Of fundamental im-
portance, the global exponential convergence of the observer
was shown to be guaranteed under the well known persistent

0 10 20 30 40
−5

0

5
ESTIMATION ERROR ON x

1

0 10 20 30 40
−5

0

5
ESTIMATION ERROR ON x

2

Fig. 2. Estimation errors on x1 and x2

excitation condition. Simulation results have been reported
to emphasize the performance of the proposed observer.
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