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Abstract: In this paper, the differential/difference represen-
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I. INTRODUCTION

As well known, given a controlled dynamics described by
a forced differential equation and assuming the control con-
stant over time intervals of amplitude 9, the solutions at times
t = ko for k > 0 satisfy a first order difference equation;
such a difference equation defines the sampled equivalent
model. The sampled equivalent model of a continuous-time
linear dynamics is easily computed and maintains linearity so
recovering a discrete-time linear dynamics [2]. The situation
is more difficult in a nonlinear context even in presence of
”’small” nonlinearities ([8],[9]).

The computation of the sampled equivalent model as well
as the study of its properties in relation with those of the
continuous-time dynamics are widely investigated in the
systems and control literature due to their high impact in
digital control ([5],[12],[14],[7]). For dynamics generally
nonlinear, only approximated solutions of the sampled equiv-
alent model can be computed. These solutions correspond to
the truncation of the Taylor-type series expansions describ-
ing the solutions of the differential equations defining the
continuous-time dynamics.

In [11], an alternative to the usual repesentation of nonlin-
ear controlled discrete-time dynamics in the form of maps
was proposed. Such a representation, referred to as the
differential/difference representation (DDR) of discrete-time
dynamics, puts in light a set of vector fields suitable for
characterizing the dynamical behaviour. In this framework,
several classical control properties admit elegant geometric
formulations and the analysis of the effects of sampling is fa-
cilitated. Given a discrete-time dynamics smoothly depend-
ing on the control, the basic idea is to describe the evolution
at each step by means of a difference equation parametrized
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by a fixed control value together with a differential equation
which models the variations with respect to the fixed control
value. It results that the DDR is in fact composed with a set
of differential equations with initial conditions fixed at each
step by the discrete evolution. In this sense, a link can be
established with hybrid systems representation.

Open questions about the DDR remain its practical efficiency
for modeling real phenomena and its existence when starting
from discrete-time dynamics described in the form of maps.
However, when dealing with sampled dynamics, the first
question does not apply and due to the invertibility of the
flow associated with a differential equation, the DDR of
the sampled equivalent model always exists. Moreover, as
detailed in the sequel, because combinatoric expansions de-
scribe the sampled equivalent model, approximated solutions
can easily be defined and computed through formal com-
putational tools. The approach here proposed so provides
efficient tools for explicit computation and, at the same
time, makes easier the understanding of the properties of the
sampled dynamics. The paper treats single-input-affine dy-
namics but the results can be generalized to multi-input and
more general differential dynamics. Interpreating multirate
sampling as a special multi-input case, the results can be used
in multirate digital control [12]. Partial related results can be
found in [10],[11].

The paper is organized as follows. Section 2 is concerned
with the two equivalent representations of a single-input-
affine continuous-time dynamics under sampling. The dif-
ferential/ difference representation is specified in terms of
computable formal series expansions in section 3. Section 4
develops an academic example. Some insights about the gen-
eralization to the multi-input case and to generally nonlinear
dynamics are given in section 5.

Some notations

Throughout the paper x € R",t € R, u € U, a neighbor-
hood of 0 in R. All the objects, maps, vector fields, control
systems are analytic on their domains of definition, that
is infinitely differentiable and admitting convergent Taylor
series expansions. The vector fields are complete, that is the
associated flow is defined at any time and for any initial
condition. Given a generic map on R", its evaluation at a
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point z is denoted either by ”(z)” or | ”. Given a function
A : R" — R and a vector field § on R", the d1fferent1a1
(or Lie denvatlve) operator Lg acts on A as Ly : —9
so expressing the Lie derivative of A along 6. The 1terat1ve

k—1

action of Ly gives for £ > 0, L’g/\ = aLa A@ with
Lt = Lgo---oLg; k—times and LY = 1, the identity
operator. Given another vector field o on X, [0, o] denotes
the Lie bracket of ¢ and o5 Lig, o) = (LooLo — LooLg); we

note ad(o) := o, and for k > 0, ad} ™ (o) := [9 adk (o).

Analogously, we note ¢ = e’¢ =14 Y, ., %2 Denoting
by I,, the identity function on R", the following property
holds true 69)\| = ANz)+ > s k,Lk)\( ) = eI, |
Finally, given a family of formal variables (; and a formal
law of composition ”(;, ...(;, " with neutral element 1,
the shuffle product, [15], denoted by ”w”, is defined in a
recursive way on objects of increasing length

lwG = Guwl=G Gu§G=¢Guwd==qG+¢GG
and iteratively

Ci1---<im UJCj1~~~

CGp = Cir(Gig e Cimn WGy -+ Gjp)
+ GGy o Cin W G - Gy )

We note that the shuffle product formally reproduces the rule
of integration by parts.
II. CONTINUOUS-TIME DYNAMICS UNDER SAMPLING

Let us preliminarily recall how the DDR is defined in [11] in
the context of discrete-time dynamics. We have
Proposition 2.1: The first order difference equation

Tpr1 = F(xg, ur) (L

and the two differential/difference equations below

T = F(x) 2
WL sty 0= O

with
F(z) = F(z,0) )
G(F(z,u),u) = W. 5)

describe the same discrete-time dynamics provided the exis-
tence of G(x, u) satisfying (5) is ensured.

Proof: The integration of (3) with respect to u between
0 and u; with initial condition specified by (2), z7(0) =
F(xy,) restitutes (1); i.e.

+ /Ouk Gzt (v),v)dv =

On the other hand, (4) and (5) specify the DDR starting from
(1. ]

In the above proposition, the notation =™ (u) specifies that
xT(u) is a curve in R™ parameterized by u. More precisely,
for a given x € R™, x+(u) is the trajectory in R™, parame-
terized by u, which passes through 27 (0) = 2+ = F(x).

Tht1 = LL‘+( ) F(-Tlcauk:)‘ (6)

Let us now go back to the problem of sampling. Let 3 be a
single-input-affine continuous-time dynamics

f(@(8) + u(t)g(2(t)) )

and assume the control variable u(t) constant over small time
intervals of amplitude § > 0; let uy, be its value over [k6, (k+
1)4[ and let xj be the value of z(t) at time ¢ = kd. The
sampled equivalent dynamics to (7) is defined so that its state
evolution coincides with that of (7) at the sampling instants
for any xg = z(t = 0).

i) =

A. Two equivalent representations

Two representations of the sampled equivalent dynamics can
be given, either in the usual form of a map or as a DDR. The
map corresponds to express the solution to (7) att = (k+1)d
under u(t) = wuyg, with initial condition z(t = k) = xy, so
obtaining

Thy1 = FO(zp, up) = ST, | 3

with FO(,u) = FJ() 4+ X5 % F)(.). The FY’s can
be iteratively computed through Poincaré integro-differential
formulae based on the expansion of the flow associated with
(7). More precisely, integrating the successive kernels of the
Volterra series expansion ([1],[3],[8],[16],[6]) characterizing
over [0,4[ the solution to (7) when v = wy and setting
F{(x) = F°(z), one has for p > 1

8
F(x) :p/o eI L Fy | (z)ds. )

Regarding the DDR, we note that the invertibility of F°(z,u)
in (8) for v € U is a consequence of the the invertibility
of FO(x) = €% (x) for small §; (F°)~'(z) = e %/(x).
The existence of G°(z, ) satisfying (5) is thus guaranteed.
Setting

T = F(x) (10)
+
T @ty o) =t (D
du
with
F‘;(x) = F‘S(CU,O) (12)
5 _ @)
G’(z,u) = v P (13)

(8) and (10-11) are two equivalent representations of (7)
under sampling.

Combinatoric relations between these two representations
stated in [13] in the purely discrete-time context, are herafter
detailed in the sampled context. To do so, expanding G (., )
in (13) in powers of u

Go(u) = G2 + Z Gp+1

p>l

(14)

we define the vector fields Gp+1( ) = %\uzo. The
theorem below details F°(., u) in (8) in terms of the GJ(.).

We have
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Theorem 2.1:

F(S(Jc7 u) = e“gé("“)ln

15
. 15)

where the exponent uG®(.,u) is defined by the Lie series
expansion

uG’(,u) =Y uPBy(GY,...,G)) (16)
p>1
where B, (GY, ..., Gg) stands for an homogeneous Lie poly-

nomial of degree p in its arguments when Gg is by con-
vention of degree p. (16) can be computed according to the
identity

ouG° (., u)
ou

The formal series Z(() is described by its expansion

C _ bp D
Z(¢) ] —Zﬁc (17)
p=>0
with the Bernoulli numbers b; as coefficients: by = 1,

by = —1/2, by = 1/6, b2k+1 =0fork >0,by = —1/30,
bg = 1/42,bs = —1/30.
For the first terms in (16) we have

1 1
Bi = GUiBy =GBy = (G5 +1/2(GY, Ga))
1
By = I(GiJr[G?:Gg])
1
Bs = (G5 +3/2[G5, Gi] + [Gs, Gs] + 1/6[GIGY, G5]] -

1/2[G5[GS, G3]] — 1/6[G3[GS(GS, G5]]))-

From (15) and (16), the Fz‘f ’s in (9) can now be expressed in
terms of the G’s. We have

Proposition 2.2: [11]Setting P{ := Lgs, one has for p > 2

S\ _ pd
F(z) = Py1,

Fo(x)

where the formal operator Pz‘f satisfies the decomposition

p
P;JSZZ Z ar(plvn.«7pl)LG15710...oLGgl
I=1pi+...+pi=p

with 1 < p; < p and real coefficients a(ps, . ..
puted iteratively according to the relation

,pr) com-

P,y o= PP+ (P9)).

The formal rule (.)(*+) which formally reproduces the rule of
derivation of a composition of non commuting operators, is
defined below setting L(Go‘)(Jr) = LGaH and

P P

l
+
(LGglo . OLGgl)( ) — ZLGglo - oL(Ggq>(+)o . oLGgl .
q=1

For the first terms one has

F(z) = LgsIn|ps ()
F(x) = (LgsoLas + Ligsy) Inl o)
F(z) = (Lgs +2LgsoLay + LaseLag + Las)Inlps (a)-

III. THE DIFFERENTIAL/DIFFERENCE REPRESENTATION

In this section we further specify G°(.,u) in (13). To do so,
let us now consider the expansion of the Gf, in (14) in powers
of 6, so defining the vector fields G, ;; i.e.

51’
5. )
Goi=> G
i>1
and set by definition X; := (—1)*ad}(g).
Two characterizations can be given, the first one, more
combinatoric, makes reference to the formal series Z again,

while the second one is integro-differential.
Taking into account that the formal inverse of Z(() in (17),
satifies the formal series expansion

1
¢ i

—1 o sC 76—17 C
Z (C)—/@ dS— C —1+E>1m

the next Theorem sets some equalities at the basis of the two
proposed solutions.

(18)

19)

Theorem 3.1: G°(.,u) satisfies both the series expansion

s o
—sa —1)istt
Gé(wu) = / e df+uggds = 59 + Z ((7:)_’_71)!@ f+ugd
0 i>1
= Z Y(—adsfts5ug)dg (20)
and the integro-differential formula
G (., u) 0 AG(.,u)
— = ——2 G°(,u)ds. (21
ou /0 [ 0Os (»u)ds. 2D

Proof: As far as (20) is concerned, we note that from
(9) we compute

AF%(.,u)

5
6—s u s u
L :/0 (=D u0) p s o

and thus

e,(;(erug)ané(., ’LL)

6
o - /0 e U Lo T I, ds

é
= / ei'sa’df+’uggd8
0

which gives (20) because of (19).

As far as (21) is concerned, we deduce from the def-

inition of GY(.,u) the equality of formal operators,
7‘955(;:“9) esU+u9) Lo,y and thus 7‘9672?“9) =
—Lg:(upoe *Y+u9) It is now a matter of computations
to recover (21) when applying these formal equalities to

) _ % _—s(f+ug) s(f+ug) s 0G°(Lu)
G(,u) = [y e st oLgoe Ids with =5 2% =

e 5Urtusg = e=s(JHug) [ es(SHug) [ . [ ]
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A. The combinatoric solution

The combinatoric solution is deduced from (20).

Proposition 3.1: G in (14) is given by

)

—sa _ 5t
Gyi/ewww:z%ﬂmﬂ@:Ejﬁxq(n)
9 i>1
and the G,41;’s can be recursively computed. For p > 1
and i > p + 1, we have
—adpr+17i (23)

Gp+1,i+1 = - padng,i

with Gp+1’igp+1 = 0 and Gp+1,p+2 = (—l)pp!adl))(OXl.
Proof: Setting u = 0 in (20), we get (22). The recurrent
relation (23) is deduced from the shuffle product definition.
|

It is now possible from these results to define and com-
pute approximated DDR through truncations of the series
solutions at a fixed power in u and §. More precisely, the
Gg’s can be computed from the continuous-time dynamics
accordingly to the next proposition.

Proposition 3.2: We have for p > 1

14+ p (71. v5t adi- _ e—&adf
Gg+1 — p' Zz_l z(!ip+1 f UJadgg
ady
(D i
izp+1
5 s1 Sp
= (=1)Pp! e Tds wadhgdrds...dsp.

0 0 0
Proof: (24) is obtained performing successive deriva-
tives with respect to u of G(.,u) in (20). Setting for-

mally ¢; + u(z = —dady — uéadg, we get (24) be-
cause 7@1“@) = (7 'wée and 7,55??(2) = (p—
1)1ci P+ e .

Detailing the computations for the first terms, we have

1 — dady — e %%

G =
adfc

_ (*l)iéhLl
- Z: -

!
& G + 1)!

8 s1
= —// e 7Y ad,gdrds
0o Jo

21 —dady + gadfc — e %ady

3
adf

B (71)i5i+1
R R

§ s1 s2
= 2/ / / e_Tad'fmadingdsldSQ.
o Jo Jo

wadgg

adj}_ ' adyg

madgg

adjz_2 W adz g

B. The integro-differential approach

An alternative solution can be obtained arguing as follows.
Each Gg for p > 2 can be expressed in terms of the X,’s and
their Lie brackets applying the integro-differential formula
(21). More precisely, we have

Proposition 3.3: G is given by

5z+1 i-l

Gy = Z ,Zc’“[xk, k1]

where CF := Wlk)' and the G, 11,541’ can be recursively
computed as follows forp > 2and¢ > p+1

(25)

Gpiv,it1 = (Gpiy1)™ (26)
with G ;41 = Z_o CﬂGLkH,Gl,i—k]- ,
Proof: Computing (21) at v = 6G =

[a(%l ,G4] from which we deduce (25). To prove (26), we
note that the law (.)(+) formally reproduces the operation of
derivation and that G}, 41 ;41 is deduced from G, ;1 through

derivation with respect to u at u = 0. |
Computing the first terms, we get

53 264
Gy = —5[Xo, Xa] = S [Xo, X
36° 55
- —[Xo, X3] — [X17X2] +.

Similarly, from (26), we compute

G341 = (G2,i+1)(+>; i>3
i-1

= Zcf([GLHl,Gl,FkD(H
k=0

i—1

= Z Cf([GQ,k-H, G1,i—k] + [G1,6+1, G2,i—k])
k=0
Gait1 = (G3,i+1)(+);
i—1

= Z CF([Ga ki1, Grik) + 2[Gors1, Goik)
k=0

+[G1,k41, G3,i—k))

i>4

The following comments further specify the Gg.
o From Proposition 3.2, it is a matter of computation to verify

GS = j{:

Comparing (27) with (25) we get the equality of formal
series below which, more in general, specifies the action of
the operator adp over any Lie bracket of the type [Xo, X;];
we have

6Z+1 1—2

p+1 P .
’L—|—1 ' adf |:X0,X27p71:|.

27

il i—2
Zczk |:Xk7Xi—k—1i| = Z(fl)kJrlad]; |:X07Xi—k—1];i > 2.
k=0 k=0
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For the first terms, we have

[XQ,XQ] + adf[Xo,Xl] =0
2[Xo, X3] + 2[X1, Xa] + ads[Xo, X2] — ad?[Xo, X1] = 0
3[X0,X4] + 5[X1,X3] —|—adf[Xo,X3]

- adf‘[XO»XQ] +ad?c[X0,X1] =0;...

e Working out (26) and successive substitutions, we can
express each G, p > 3, as an homogeneous Lie polynomial

of degree p — 1 in the X;. We obtain G} =

i—1i—k—1

5z+1 .
ZZ+1,ZZ (CF=C MO [ X[ X1, Ximi—2]]
i k=0 1=0
254 66° 256°
= —r [XolXo, Xa]] + - [Xo[Xo, Xa]] + —- [X1[Xo, Xa]]...

C. The canonical set of vector fields

In both discrete-time and sampled contexts, the transport of
the vector fields Gg along the drift term F?, denoted by
F2GY play a fundamental role [11]. Let us recall that by
definition they satisfy the equality

OF° (x)

S ICHO

Yal) § 1
FIG) = — G(F(x)).

Identlcally, the transport of G5 along F% ¢-times is defined
as FY° G5 because F° o ... 0 F5 (Fo)1 = 9o,
Proposition 3.4: The relations below hold for ¢ > 1

(g+1)8
F2 (L u)G (., u) :/ e S +ug g (28)
qé
FOLu)Go(u) = GUHD( ) —GP( u). (29
Proof: Due to the invertibility of F°, F2° (., u)G?(., u)

can be rewritten as e~ 9% +us GO(. u) with GO(.,u) =
f06 e~%%i+ug gds. Thanks to an elementary change of vari-
ables, we get (28) and (29). |

Setting v = 0 in (28-29), we get (30) and (31) and then, by
definition of the transport, we get (32) below.

Proposition 3.5: In terms of the X, we have

L (a4 D)0 P17 (at1)s
FOGS = G(q+1)5 G? (31)
and forp > 2
FPG(.) = e 9 G (32)

IV. AN EXAMPLE

Let us consider the single input-affine continuous-time dy-
namics

. 2 . .
T =22+ axz; Ty =1T3; T3 =1U

with f = (22 + az3, z3,0)7; Xo=g=(0,0,1)7;

X1 = —adyg = (2ax3,1,0)"; X2 = ad}g = (1,0,0)"; X;>3 = 0.
The sampled equivalent dynamics is described either by the

nonlinear difference equations

zi(k+1) = z1(k) + 6(z2(k) + azi(k))
2 55
+ gy (@s(k) + 2azs(k)u(k)) + 5 (u(k) + 2au* (k))
52
z2(k+1) = z2(k) + dzs3(k) + Eu(k)
z3(k+1) = x3(k)+ du(k)
or its DDR
2
xf = x1+0(z2+ a:rg) + §x3
xg' = X2+ dx3; xg' = 1x3
9z (u) 2+ &
5 = daz3 (u) + — 3l (1 —2ua)
ouf(w) _ 0 oxf(w) _,
ou oar ou
One easily verifies that
52 53
F'(z) = (1+0L;+ Slit T = LI
e = ooxe+ Txia Ox
1(z) = o+ oIt + 32
53
Gax) = —5Xo. X1l Gizs(z) =0
52 75°
FGi(z) = 6Xo+ 37)(1 + 5% = GP() - Glw)
5
F(z) = / O™ Lo F* (z)ds :/ LyoF*(z)ds
0 0
= G (@)
B 5
F(z) = 2/ e~ LyoFi (z)ds = 2/ LgoF; (z)ds
0 0

= (ch‘ + LG{ Och)In

eéf(z).

The sampled equivalent models are of finite degree both in
u and 6.

V. ABOUT SOME EXTENSIONS

A. The multi-input case

Consider the m-input dynamics
fla() +ut)g(z(t))
+ Z ui(t)gi(x(t))

a(t) =

(33)
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Under piecewice constant controls, the sampled equivalent

is described either by the mapping z — F°(z,u) =

eS+u9) 1 | orits DDR. Setting, for each u;

OF%(z,u)

iG6 . = =

we can define the DDR as previously, making reference to
partial differential equations with respect to each w;; i.e.

34
e=F~(z,u) G

et = Fl(z); a2t (0)=at (35)
dzt (u) P W A
“ou. GO (w),u); i=(1,...,m) (36)

with F? := /I, and ;G’(.,u) described by (34). The
results set in Theorem 3.1 can easily be generalized so
getting

Proposition 5.1: ;G°(.,u) satisfies for i = (1, ...,m)
5
ist(.’g) = / efsad(f”rgy)gids
0
5l+1 l
= (ng +Z l+ 1)' (f+uq)gz
1>1
= Z7 ' (~ads(j1ug)09i
and
0:G%(., u) 0:G°(,u)
=/ = —_ = ds.
Ou, o { Os G ()| ds

In this multi-input case, we deduce from Proposition 5.1
the equality (37) below which corresponds to the so-called
compatibility conditions guaranteeing the integrability of the
partial-derivatives equations (34). Under these conditions,
directly satisfied under sampling, a discrete-time dynamics
can always be represented as a DDR.

Corollary 5.1:

S
iG‘S(.,g),jG‘S(.,y)} = 8’%15_’@) O G&E u) .(37)
Proof: The proof works out b}j/ equating the second

. . . 2.0(f+ug) 2.0(f+ug)
order partial derivatives &-¢——"" and 2°¢ |
Buiauj Oujaul

B. The general case

Let a generally nonlinear continuous-time dynamics

i) = 0+ )

i>1

[ (2(t) =

where u'(t) indicates the control variable at power 4. Its
sampled equivalent is described either by a mapping * —

Fo(z,u) = e‘sfuln‘ or its DDR
et = Fi(z); zt(0)==z"
dxt
T @t ), w)
with F(z) = e%fo], ‘ (GO (x,u) = 7‘165(;:1

x=e— 8" (at)
The results in Theorem 3.1 can still be generalized.

Proposition 5.2:
§
cadou dfe B dfe
GO(.,u) :/0 e~ sads %Inds =Z 1(—ad5fu)5({—u
and
dGé —sadju d2fu()

/ 2 G5 wyjast / L0,

VI. CONCLUSION

In this work, the differential/difference representation of a
continuous-time input-affine dynamics under sampling has
been characterized in terms of combinatoric series. Formal
expansions of these series solutions provide algorithmic
techniques for computing approximated solutions more effi-
cient in practice. It is shown that multi-input and generally
nonlinear dynamics can be investigated according to the
same lines.
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