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Abstract— This paper deals with the problem of H∞ and
robust H∞ control, via dynamic output feedback, of continuous
time Active Fault Tolerant Control Systems with Markovian
Parameters (AFTCSMP) subject to structured parameter uncer-
tainties. The above problematic are addressed under a convex
programming approach. Indeed, the fundamental tool in the
analysis is an LMI (Linear Matrix Inequalities) characteriza-
tion of dynamical compensators that stochastically (robustly)
stabilize the closed loop system and ensure H∞ and robust H∞
constraints.

I. INTRODUCTION

Active fault tolerant control systems are feedback con-
trol systems that reconfigure the control law in real time
based on the response from an automatic fault detection
and identification (FDI) scheme. The dynamic behaviour of
active fault tolerant control systems (AFTCS) is governed
by stochastic differential equations (because the failures and
failure detection occur randomly) and can be viewed as a
general hybrid system[16]. A major class of hybrid systems
is jump linear systems (JLS). In JLS, a single jump process is
used to describe the random variations affecting the system
parameters. This process is represented by a finite state
Markov chain and is called the plant regime mode. The
theory of stability, optimal control and H2/H∞ control, as
well as important applications of such systems, can be found
in several papers in the current literature, for instance in [3],
[5], [6], [7], [8], [9].
To deal with AFTCS, another class of hybrid systems was
defined, denoted as active fault tolerant control systems with
Markovian parameters (AFTCSMP), two random processes
are defined: the first random process represents system
components failures and the second random process repre-
sents the FDI process used to reconfigure the control law.
This model was proposed by Srichander and Walker [16].
Necessary and sufficient conditions for stochastic stability of
AFTCSMP were developed for a single component failure
(actuator failures). In [10], the authors proposed a dynamical
model that takes into account multiple failures occurring at
different locations in the system, such as in control actua-
tors and plant components. The authors derived necessary
and sufficient conditions for the stochastic stability in the
mean square sens. The problem of stochastic stability of
AFTCSMP in the presence of noise, parameter uncertainties,
detection errors, detection delays and actuator saturation
limits has also been investigated in [10], [12], [13]. Another
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issue related to the synthesis of fault tolerant control laws
was also addressed by [11], [14], [15]. In [11], the authors
designed an optimal control law for AFTCSMP using the
matrix minimum principle to minimize an equivalent deter-
ministic cost function. The problem of H∞ and robust H∞
control (in the presence of structured parameter uncertainties)
was treated in [14], [15] for both continuous and discret
time AFTCSMP. The authors showed that the state feedback
control problem can be solved in terms of the solutions of a
set of coupled Riccati inequalities.
Convex analysis has shown to be a powerful tool to derive
numerical algorithms for several important control problems.
The first problematic we consider in this paper is the dynamic
output feedback stabilization (robust stabilization) of AFTC-
SMP affected by both plant components and actuator failures
(the same analysis can be done in the additional presence
of sensor failures). It is shown that the necessary and
sufficient conditions for the exponential (robust exponential)
stability in the mean square sense can be written in terms
of an LMI problem. Having obtained this result, we can
move on the control problems and write the dynamic output
feedback H∞ and robust H∞ control problems of continuous
time AFTCSMP in terms of LMI optimization problems.
The convex approach naturally leads to powerful numerical
algorithms to solve these problematic.
This paper is organized as follows: section II describes the
dynamical model of the system with appropriately defined
random processes. A brief summary of basic stochastic
terms, results and definitions are given in section III. Section
IV derives the necessary and sufficient conditions for the
stochastic (robust) exponential stability in the mean square,
and the LMI characterization of the dynamic compensators.
Section V and VI consider, respectively, the H∞ and robust
H∞ control problems for the output feedback system via
LMI optimization problems. Finally, a conclusion is given
in section VII.
Notations. The notations in this paper are quite standard.
The notation X ≥ Y (X > Y , respectively), where X and
Y are symmetric matrices, means that X −Y is positive
semi-definite (positive definite, respectively); I is the identity
matrix; E {·} denotes the expectation operator with respect
to some probability measure P; L2[0,∞) stands for the space
of square-integrable vector functions over the interval [0,∞);
‖ · ‖ refers to either the Euclidean vector norm or the matrix
norm, which is the operator norm induced by the standard
vector norm; ‖ · ‖2 stands for the norm in L2[0,∞); while
‖ · ‖E2 denotes the norm in L2((Ω,F ,P), [0,∞)); (Ω,F ,P)
is a probability space.
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II. DYNAMICAL MODEL OF AFTCSMP WITH

PARAMETER UNCERTAINTIES

The system under normal operation (ϕ) can be described
by:

ϕ :

⎧⎪⎨
⎪⎩

ẋ(t) = (A+∆A(t))x(t)+Bu(t)+Ew(t)
y(t) = C2x(t)+D2w(t)
z∞(t) = C1x(t)+D1u(t)

(1)

where A∈R
n×n, B∈R

n×r, E ∈R
n×m, C1 ∈R

p×n, C2 ∈R
q×n,

D1 ∈ R
p×r, D2 ∈ R

q×m, x(t) ∈ R
n is the system state, u(t) ∈

R
r is the system input, y(t) ∈ R

q is the system measured
output, z∞(t) ∈ R

p is the controlled output, w(t) ∈ R
m is the

disturbance input which belongs to L2[0,∞) and ∆A(t) is
a real, time-varying matrix function representing a norm-
bounded parameter uncertainty. For the synthesis of the
control action u(t), we introduce a dynamical compensator
(ϕc) of the form:

ϕc :

{
v̇(t) = Acv(t)+Bcy(t)
u(t) = Ccv(t)

(2)

where Ac ∈ R
n×n, Bc ∈ R

n×q, Cc ∈ R
r×n.

In this paper, we will consider that the system is subject to
both plant components and actuator failures. The random
changes affecting plant components are represented by a
homogeneous Markov process ξ (t) with the finite state
space Z = {1,2, ...,z}, and the random changes that occur in
actuators are represented by another homogeneous Markov
process η(t) with the finite state space S = {1,2, ...,s}. In
practice, these random variations are not directly measurable
but rather can only be monitored by an FDI scheme. Let
ψ(t) denote the state of the FDI process which monitors the
states ξ (t) and η(t) of the random processes describing the
failures. The process ψ(t) is a finite state stochastic process
whose random behaviour is conditioned on the failures
processes states η(t) and ξ (t). The state space of the FDI
process ψ(t) is also finite and is denoted by R = {1,2, ...,r}.
In AFTCS, we consider that the control law is only a function
of the mesurable FDI process ψ(t). Therefore, the linear
AFTCSMP with parameter uncertainties can be described
as:

ϕ :

⎧⎪⎨
⎪⎩

ẋ(t)=[A(ξ (t))+∆A(ξ (t))]x(t)+B(η(t))u(y(t),ψ(t), t)+E(ξ (t),η(t))w(t)
y(t) = C2x(t)+D2(ξ (t),η(t))w(t)
z∞(t) = C1x(t)+D1(η(t))u(y(t),ψ(t), t)

(3)

ϕc :

{
v̇(t) = Ac(ψ(t))v(t)+Bc(ψ(t))y(t)
u(t) = Cc(ψ(t))v(t)

(4)

where A(ξ (t)), B(η(t)), E(ξ (t),η(t)), D2(ξ (t),η(t)),
D1(η(t)), Ac(ψ(t)), Bc(ψ(t)) and Cc(ψ(t)) are properly
dimensioned matrices which depends on random param-
eters, ∆A(ξ (t)) represents the norm-bounded parameter
uncertainty for each ξ (t) = i ∈ Z and z∞(t) belongs to
L2((Ω,F ,P), [0,∞)) i.e.:

‖ z∞ ‖E2= E

{∫ ∞

0
zT

∞(t)z∞(t)dt

}1/2

< ∞.

The system ϕ coupled with ϕc can be written as follows:⎧⎪⎨
⎪⎩

χ̇(t) = [Λ(ξ (t),η(t),ψ(t))+∆Λ(ξ (t))]χ(t)+ Ē(ξ (t),η(t),ψ(t))w(t)
ȳ(t) = C̄2(ψ(t))χ(t)+ D̄2(ξ (t),η(t))w(t)
z∞(t) = C̄1(η(t),ψ(t))χ(t)

(5)

where: χ(t) = [x(t),v(t)]T , ȳ(t) = [y(t),u(t)]T ,

Λ(ξ (t),η(t),ψ(t)) =
(

A(ξ (t)) B(η(t)Cc(ψ(t))
Bc(ψ(t))C2 Ac(ψ(t))

)
,

∆Λ(ξ (t)) =
(

∆A(ξ (t)) 0
0 0

)
,

Ē(ξ (t),η(t),ψ(t)) =
(

E(ξ (t),η(t))
Bc(ψ(t))D2(ξ (t),η(t))

)
,

C̄2(ψ(t)) =
(

C2 0
0 Cc(ψ(t))

)
,

D̄2(ξ (t),η(t)) =
(

E(ξ (t),η(t))
0

)
,

C̄1(η(t),ψ(t)) = ( C1 D1(η(t))Cc(ψ(t)) )

A. The FDI and the Failure Processes

ξ (t), η(t) and ψ(t) being homogeneous Markov processes
with finite state spaces, we can define the transition proba-
bility of the plant components failure process as [13], [16]:⎧⎨

⎩
pi j(∆t) = πi j∆t +o(∆t) (i �= j)
pii(∆t) = 1− ∑

i�= j
πi j∆t +o(∆t) (i = j) (6)

The transition probability of the actuator failure process is
given by: ⎧⎨

⎩
pkl(∆t) = νkl∆t +o(∆t) (k �= l)
pkk(∆t) = 1− ∑

k �=l
νkl∆t +o(∆t) (k = l) (7)

where πi j is the plant components failure rate, and νkl is
the actuator failure rate. Given that ξ = k and η = l, the
conditional transition probability of the FDI process ψ(t) is:⎧⎨

⎩
pkl

iv(∆t) = λ kl
iv ∆t +o(∆t) (i �= v)

pkl
ii (∆t) = 1− ∑

i�=v
λ kl

iv ∆t +o(∆t) (i = v) (8)

Here, λ kl
iv represents the transition rate from i to v for the

Markov process ψ(t) conditioned on ξ = k ∈ Z and η = l ∈ S.

B. The Model of Parameter Uncertainties

To study the robust stabilization (and the robust H∞
control) of the uncertain AFTCSMP, we will assume in this
work that the admissible structured parameter uncertainties
have a norm bounded uncertainty (NBU) form. This is the
most adopted form in robust stability analysis [13]. In this
form, the admissible structured parameter uncertainties are
modelled as:

∆A(ξ (t)) = H(ξ (t))F(ξ (t))G(ξ (t)) (9)

where H(ξ (t)) ∈ R
n×pu , F(ξ (t)) ∈ R

pu×qu and G(ξ (t)) ∈
R

qu×n. H(ξ (t)), G(ξ (t)) are known constant matrices, and
F(ξ (t)) is a Lipschitz measurable matrix function satisfying
the condition

FT (ξ (t))F(ξ (t)) ≤ Ipu ,∀t ≥ 0,ξ (t) = i ∈ Z (10)

For notational simplicity, we will denote A(ξ (t)) = Ai,
H(ξ (t)) = Hi, F(ξ (t)) = Fi and G(ξ (t)) = Gi when ξ (t) =
i ∈ Z, B(η(t)) = B j and D1(η(t)) = D1 j when η(t) = j ∈ S,
E(ξ (t),η(t)) = Ei j and D2(ξ (t),η(t)) = D2i j when ξ (t) =
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i ∈ Z,η(t) = j ∈ S and Ac(ψ(t)) = Ack, Bc(ψ(t)) = Bck,
Cc(ψ(t)) =Cck when ψ(t) = k ∈ R. We also denote x(t) = xt ,
y(t) = yt , z∞(t) = z∞t , w(t) = wt , ξ (t) = ξt , η(t) = ηt ,
ψ(t) = ψt and the initial conditions x(t0) = x0, ξ (t0) = ξ0,
η(t0) = η0 and ψ(t0) = ψ0.

III. BASIC DEFINITIONS

Under the assumption that the system (ϕ) coupled with
(ϕc) satisfies the global Lipchitz condition, the solution χt de-
termines a family of unique continuous stochastic processes,
one for each choice of the random variable χ0. The joint
process {χt ,ξt ,ηt ,ψt} is a Markov process.
For system (5), when the uncertainties are equal to zero for
all t ≥ 0, we have the following definitions
Definition 1 System (5) is said to be

(i) stochastically stable (SS) if there exists a finite positive
constant K(χ0,ξ0,η0,ψ0) such that the following holds
for any initial conditions (χ0,ξ0,η0,ψ0):

E

{∫ ∞

0
‖ χt ‖2 dt

}
< K(χ0,ξ0,η0,ψ0) (11)

(ii) internally exponentially stable in the mean square sense
if it is exponentially stable in the mean square sense for
wt = 0, i.e. for any ξ0,η0,ψ0 and some γ(ξ0,η0,ψ0),
there exists two numbers a > 0 and b > 0 such that when
‖χ0‖≤ γ(ξ0,η0,ψ0), the following inequality holds ∀t ≥
t0 for all solution of (5) with initial condition χ0:

E
{‖χt‖2}≤ b‖χ0‖2 exp [−a(t − t0)] . (12)

Definition 2 System (5) is said to be

(i) robustly stochastically stable (RSS) if there exists a finite
positive constant K(χ0,ξ0,η0,ψ0) such that the condi-
tion (11) holds for any initial conditions (χ0,ξ0,η0,ψ0)
and for all admissible uncertainties.

(ii) internally robustly exponentially stable in the mean
square sense if it is robustly exponentially stable in the
mean square sense for wt = 0, i.e. for any ξ0,η0,ψ0 and
some γ(ξ0,η0,ψ0), there exists two numbers a > 0 and
b > 0 such that when ‖χ0‖≤ γ(ξ0,η0,ψ0), the condition
(12) holds ∀t ≥ t0 for all solution of (5) with initial
condition χ0 and for all admissible uncertainties.

Lemma 1 [13] Let G, M, N be real matrices of appropriate
dimensions. Then, for any γ > 0, and for all the functional
matrices satisfying MT (t)M(t) ≤ I, we have

2xT PGM(t)Nx ≤ γxT PGGT Px+(1/γ)xT NT Nx. (13)

IV. STOCHASTIC STABILIZATION

In this section, we will first derive a necessary and
sufficient condition for the internal exponential (robust
exponential) stability in the mean square of the system
(5), and then we will give an LMI characterization of
dynamical compensators (ϕc) that internally stabilize
(robustly stabilize) the closed-loop system in the mean
square sense.
Proposition 1: a necessary and sufficient condition for
internal exponential stability in the mean square of the
system (5) is that there exist symmetric positive-definite

matrices Pi jk, i ∈ Z, j ∈ S and k ∈ R such that

Λ̃T
i jkPi jk +Pi jkΛ̃i jk + ∑

h∈Z
h�=i

πihPh jk + ∑
l∈S
l �= j

ν jlPilk + ∑
v∈R
v�=k

λ i j
kvPi jv < 0 (14)

∀i ∈ Z, j ∈ S and k ∈ R, where

Λ̃i jk = Λi jk −0.5I

⎛
⎜⎜⎝∑

h∈Z
h�=i

πih + ∑
l∈S
l �= j

ν jl + ∑
v∈R
v�=k

λ i j
kv

⎞
⎟⎟⎠ (15)

Proof See [1]. �
Proposition 2 gives a LMI characterization of dynamical
compensators (ϕc) that internally stabilize the closed-loop
system in the mean square sense.
Proposition 2: a necessary and sufficient condition for in-
ternal exponential stability in the mean square of the system
(5) is that the following matrix inequalities[

Ãi jkYi jk +Yi jkÃT
i jk +FT

i jkBT
j +B jFi jk Ri jk(Y )

Ri jk(Y )T Si jk(Y )

]
< 0 (16)

ÃT
i jkXi jk +Xi jkÃi jk +CT

2 HT
i jk +Hi jkC2 + ∑

h∈Z
h�=i

πihXh jk + ∑
l∈S
l �= j

ν jlXilk

+ ∑
v∈R
v�=k

λ i j
kvXi jv < 0 (17)

[
Yi jk I

I Xi jk

]
> 0 (18)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ri jk = [R1i jk,R2i jk,R3i jk]
R1i jk =

[
αi1Yi jk, ...αi(i−1)Yi jk,αi(i+1)Yi jk, ...,αizYi jk

]
R2i jk =

[
β j1Yi jk, ...β j( j−1)Yi jk,β j( j+1)Yi jk, ...,β jsYi jk

]
R3i jk =

[
γk1Yi jk, ...γk(k−1)Yi jk,γk(k+1)Yi jk, ...,γkrYi jk

]
αil =

√
πil ;β jl = √ν jl ;γkl =

√
λ i j

kl

Si jk = −diag[S1i jk,S2i jk,S3i jk]
S1i jk = [Y1 jk, ...,Y(i−1) jk,Y(i+1) jk, ...,Yz jk]
S2i jk = [Yi1k, ...,Yi( j−1)k,Yi( j+1)k, ...,Yisk]
S3i jk = [Yi j1, ...,Yi j(k−1),Yi j(k+1), ...,Yi jr]
Ãi jk = Ai −0.5I ∑

h∈Z
h�=i

πih −0.5I ∑
l∈S
l �= j

ν jl −0.5I ∑
v∈R
v�=k

λ i j
kv

∀i ∈ Z, j ∈ S and k ∈ R.
have feasible solutions Xi jk = XT

i jk, Yi jk = Y T
i jk, Hi jk, and Fi jk.

The corresponding compensator (ϕc) is given by

Aci jk = (Xi jk −Y−1
i jk )−1

[
ÃT

i jk +Xi jkÃi jkYi jk +Xi jkB jFi jk +Hi jkC2Yi jk

+
(

∑
h∈Z
h�=i

πihY−1
h jk + ∑

l∈S
l �= j

ν jlY
−1
ilk + ∑

v∈R
v�=k

λ i j
kvY

−1
i jv

)
Yi jk

]
Y−1

i jk

+0.5I
(

∑
h∈Z
h�=i

πih + ∑
l∈S
l �= j

ν jl + ∑
v∈R
v�=k

λ i j
kv

)
(19)

Bci jk = (Y−1
i jk −Xi jk)−1Hi jk (20)

Cci jk = Fi jkY
−1
i jk (21)

Proof see [1]. �
Remark 1 (Perfect FDI performance assumption) In this
case, the FDI process is assumed to be able to instan-
taneously detect and always correctly identify failures. In
addition if we do not take into account the location and
the nature of the faulty components, then the two failure
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processes and the FDI process will share the same state
space. This situation is similar to the one considered by JLS.
Indeed, in this case, proposition 2 reduces to a result obtained
in [6].
The following proposition gives a necessary and sufficient
condition for internal robust exponential stability in the mean
square sense for the system (5).
Proposition 3: a necessary and sufficient condition for
internal robust exponential stability in the mean square of
the system (5) is that there exist symmetric positive-definite
matrices Pi jk and some positive constants γi, i ∈ Z, j ∈ S and
k ∈ R such that

Λ̃T
i jkPi jk +Pi jkΛ̃i jk + ∑

h∈Z
h�=i

πihPh jk + ∑
l∈S
l �= j

ν jlPilk + ∑
v∈R
v �=k

λ i j
kvPi jv

+ γiPi jkD̄iPi jk +(1/γi)K̄i < 0 (22)

∀i ∈ Z, j ∈ S and k ∈ R.

Where: D̄i = H̄iH̄T
i , H̄i =

[
Hi

0n×pu

]
,

and: K̄i = ḠT
i Ḡi, Ḡi =

[
Gi 0qu×n

]
.

Proof The proof of this proposition follows essentially the
same lines as in [2]. �
Proposition 4 gives a LMI characterization of of dynami-
cal compensators (ϕc) that internally robustly stabilize the
closed-loop system in the mean square sense.
Proposition 4: a necessary and sufficient condition for
internal robust exponential stability in the mean square of
the system (5) is that the following matrix inequalities⎡

⎣ φi jk Yi jkGT
i Ri jk(Y )

GiYi jk −γiI 0
Ri jk(Y )T 0 Si jk(Y )

⎤
⎦< 0 (23)

[
θi jk Xi jkHi

HT
i Xi jk −(1/γi)I

]
< 0 (24)

[
Yi jk I

I Xi jk

]
> 0 (25)

where⎧⎪⎨
⎪⎩

φi jk = Ãi jkYi jk +Yi jkÃT
i jk +FT

i jkBT
j +B jFi jk + γiHiHT

i

θi jk = ÃT
i jkXi jk +Xi jkÃi jk +CT

2 LT
i jk +Li jkC2

+(1/γi)GT
i Gi ++ ∑

h∈Z
h�=i

πihXh jk + ∑
l∈S
l �= j

ν jlXilk + ∑
v∈R
v�=k

λ i j
kvXi jv

∀i ∈ Z, j ∈ S and k ∈ R.
have feasible solutions Xi jk = XT

i jk, Yi jk = Y T
i jk, Li jk, Fi jk and

γi > 0. The corresponding compensator (ϕc) is given by

Bci jk = (Y−1
i jk −Xi jk)−1Li jk (26)

Cci jk = Fi jkY
−1
i jk (27)

Aci jk = (Xi jk −Y−1
i jk )−1

[
ÃT

i jk +Xi jkÃi jkYi jk +Xi jkB jFi jk +Li jkC2Yi jk

+ γiXi jkHiH
T
i +

(
∑
h∈Z
h�=i

πihY−1
h jk + ∑

l∈S
l �= j

ν jlY
−1
ilk + ∑

v∈R
v�=k

λ i j
kvY

−1
i jv

+(1/γi)GT
i Gi

)
Yi jk

]
Y−1

i jk +0.5I(∑
h∈Z
h�=i

πih + ∑
l∈S
l �= j

ν jl + ∑
v∈R
v �=k

λ i j
kv) (28)

Proof The proof of this proposition follows the same argu-
ments as for the proof of proposition 2. �
Remark 2 It is obvious that the inequality (23) is linear on
Yi jk, Fi jk and γi, while the inequality (24) is linear on Xi jk,

Li jk and (1/γi), but (23) and (24) are not jointly linear on
γi or (1/γi). A possible approach to dealing with the three
LMIs in proposition 4 is to first solve the LMI (23) for Yi jk,
Fi jk and γi, and then use the obtained Yi jk and γi to solve the
LMIs (24)-(25) for Xi jk and Li jk.

V. H∞ CONTROL

In this section, we deal with the design of controllers that
stochastically stabilizes the closed-loop system and guaran-
tees the disturbance rejection, with a certain level µ > 0, in
a convex optimization framework. Mathematically, we are
concerned with the LMI characterization of the dynamical
compensators ϕc that stochastically stabilizes the system (5)
and guarantees the following for all w ∈ L2[0,∞):

‖ z∞ ‖E2 = E

{∫ ∞

0
zT

∞t z∞t dt

}1/2

< µ
[‖ w ‖2

2 +a(χ0,ξ0,η0,ψ0)
]1/2

(29)

where µ > 0 is a prescribed level of disturbance attenuation
to be achieved and a(χ0,ξ0,η0,ψ0) is a constant that
depends on the initial conditions (χ0,ξ0,η0,ψ0).
Proposition 5 If the system (5) is internally exponentially
stable in the mean square sense, then it is stochastically
stable.
Proof Since the system (5) is internally exponentially stable
in the mean square sense, it follows from proposition 1 that
there exist symmetric positive-definite matrices Pi jk, i ∈ Z,
j ∈ S and k ∈ R such that

Λ̃T
i jkPi jk +Pi jkΛ̃i jk + ∑

h∈Z
h�=i

πihPh jk + ∑
l∈S
l �= j

ν jlPilk + ∑
v∈R
v�=k

λ i j
kvPi jv = Ξi jk < 0 (30)

∀i ∈ Z, j ∈ S and k ∈ R.
It is easy to show that there exists α > 0, such that

Ξi jk +αP2
i jk < 0. (31)

∀i ∈ Z, j ∈ S and k ∈ R.
Let us consider the quadratic stochastic Lyapunov function

ϑ(χt ,ξt ,ηt ,ψt) = χT
t P(ξt ,ηt ,ψt)χt (32)

Then
L ϑ(χt ,ξt ,ηt ,ψt) = χT

t {Ξ(ξt ,ηt ,ψt)}χt +2χT
t P(ξt ,ηt ,ψt)Ē(ξt ,ηt ,ψt)wt .

(33)
Using lemma 1, it follows from (33) that

L ϑ(χt ,ξt ,ηt ,ψt) ≤−χT
t Γ(ξt ,ηt ,ψt)χt

+α−1wT
t Ē(ξt ,ηt ,ψt)T Ē(ξt ,ηt ,ψt)wt

(34)

where
Γ(ξt ,ηt ,ψt) = −Ξ(ξt ,ηt ,ψt)−αP2(ξt ,ηt ,ψt) (35)

From Dynkin’s formula, we have
E {ϑ(χT ,ξT ,ηT ,ψT )}−ϑ(χ0,ξ0,η0,ψ0)

= E

{∫ T

0
L ϑ(χτ ,ξτ ,ητ ,ψτ )dτ

}

≤−E

{∫ T

0
χT

τ Γ(ξτ ,ητ ,ψτ )χτ dτ
}

+α−1E

{∫ T

0
wT

τ Ē(ξτ ,ητ ,ψτ )T Ē(ξτ ,ητ ,ψτ )wτ dτ
}

≤−E

{∫ T

0
λminΓ(ξτ ,ητ ,ψτ )χT

τ χτ dτ
}

+α−1E

{∫ T

0
λmax(Ē(ξτ ,ητ ,ψτ )T Ē(ξτ ,ητ ,ψτ ))wT

τ wτ dτ
}

(36)
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From (36), we get

lim
T→∞

{
E
{

χT
T P(ξT ,ηT ,ψT )χT

}
+min

i, j,k
{λminΓ(i, j,k)}E

[∫ T

0
χT

τ χτ dτ
]}

≤ {
χT

0 P(ξ0,η0,ψ0)χ0
}

+α−1max
i, j,k

{
λmaxĒT (i, j,k)Ē(i, j,k)

}
E

[∫ ∞

0
wT

τ wτ dτ
]

(37)

From (37), and knowing that E
[
χT

t P(ξt ,ηt ,ψt)χt
]≥ 0 and

w(·) ∈ L2[0,∞), then the system (5) is stochastically stable.
�
Proposition 6 If there exist symmetric positive-definite ma-
trices Pi jk, i ∈ Z, j ∈ S and k ∈ R such that

Λ̃T
i jkPi jk +Pi jkΛ̃i jk + ¯C1 jk

T ¯C1 jk + µ−2Pi jk ¯Ei jk ¯Ei jk
T Pi jk

+ ∑
h∈Z
h�=i

πihPh jk + ∑
l∈S
l �= j

ν jlPilk + ∑
v∈R
v �=k

λ i j
kvPi jv = Πi jk < 0 (38)

∀i ∈ Z, j ∈ S and k ∈ R.
then the system (5) (when the uncertainties are equal to zero)
is stochastically stable and satisfies

‖ z∞ ‖E2 <
[
µ2 ‖ w ‖2

2 +χT
0 P(ξ0,η0,ψ0)χ0

]1/2
. (39)

Proof Since ¯C1 jk
T ¯C1 jk + µ−2Pi jk ¯Ei jk ¯Ei jk

T Pi jk ≥ 0, it follows
from (38) and proposition 1, that the system (5) is internally
exponentially stable in the mean square sense. Using propo-
sition 5, it follows that (5) is stochastically stable.
Let us know prove that (39) is verified. We begin by defining
the following function

JT = E

{∫ T

0

[
zT

∞t z∞t −µ2wT
t wt

]
dt

}
(40)

Then, to prove (39), it suffices to establish that

J∞ ≤ χT
0 P(ξ0,η0,ψ0)χ0

Let a quadratic stochastic Lyapunov function as defined in
(32), then:

L ϑ(χt ,ξt ,ηt ,ψt) = χT
t {Ξ(ξt ,ηt ,ψt)}χt +2χT

t P(ξt ,ηt ,ψt)Ē(ξt ,ηt ,ψt)wt .
(41)

adding and subtracting E
{∫ T

0 L ϑ(χt ,ξt ,ηt ,ψt)dt
}

to (40),
we get

JT = E
{∫ T

0
χT

t

[
Ξ(ξt ,ηt ,ψt)+C̄1(ηt ,ψt)TC̄1(ηt ,ψt)

]
χt

+ µ−2χT
t P(ξt ,ηt ,ψt)Ē(ξt ,ηt ,ψt)Ē(ξt ,ηt ,ψt)T P(ξt ,ηt ,ψt)χt

−µ2(wt −µ−2Ē(ξt ,ηt ,ψt)T P(ξt ,ηt ,ψt)χt)T

(wt −µ−2Ē(ξt ,ηt ,ψt)T P(ξt ,ηt ,ψt)χt)dt
}
−E

{∫ T

0
L ϑ(χt ,ξt ,ηt ,ψt)dt

}
= E

{∫ T

0
χT

t

[
Π(ξt ,ηt ,ψt)

]
χt −µ2(wt −µ−2Ē(ξt ,ηt ,ψt)T P(ξt ,ηt ,ψt)χt)T

(wt −µ−2Ē(ξt ,ηt ,ψt)T P(ξt ,ηt ,ψt)χt)dt
}
−E

{∫ T

0
L ϑ(χt ,ξt ,ηt ,ψt)dt

}
(42)

From Dynkin’s formula, we have

E {ϑ(χT ,ξT ,ηT ,ψT )}−ϑ(χ0,ξ0,η0,ψ0) = E

{∫ T

0
L ϑ(ξt ,ηt ,ψt)dt

}
(43)

Since Π(ξt ,ηt ,ψt) < 0 and E {ϑ(χT ,ξT ,ηT ,ψT )} ≥ 0, it
follows from (42) and (43) that

JT ≤ ϑ(χ0,ξ0,η0,ψ0)

Which yields J∞ ≤ χT
0 P(ξ0,η0,ψ0)χ0. Hence the proof is

complete. �

The H∞ constraints (39) can be rephrased in LMI form.
This is illustrated by proposition 7, which gives a LMI
characterization of output feedback dynamical compensators
(ϕc) that stochastically stabilize the AFTCSMP and ensures
(39).
Proposition 7 The H∞ constraints (38) are equivalent to
(42)-(46)⎡

⎣ φ̄i jk (C1Yi jk +D1 jFi jk)T Ri jk(Y )
(C1Yi jk +D1 jFi jk) −I 0

Ri jk(Y )T 0 Si jk(Y )

⎤
⎦< 0 (44)

[
θ̄i jk (Xi jkEi j +Li jkD2i j)

(Xi jkEi j +Li jkD2i j)T −µ2I

]
< 0 (45)

[
Yi jk I

I Xi jk

]
> 0 (46)

where⎧⎪⎨
⎪⎩

φ̄i jk = Ãi jkYi jk +Yi jkÃT
i jk +FT

i jkBT
j +B jFi jk + µ−2Ei jET

i j

θ̄i jk = ÃT
i jkXi jk +Xi jkÃi jk +CT

2 LT
i jk +Li jkC2

+CT
1 C1 + ∑

h∈Z
h�=i

πihXh jk + ∑
l∈S
l �= j

ν jlXilk + ∑
v∈R
v�=k

λ i j
kvXi jv

∀i ∈ Z, j ∈ S and k ∈ R.
The corresponding compensator (ϕc) is given by

Bci jk = (Y−1
i jk −Xi jk)−1Li jk (47)

Cci jk = Fi jkY
−1
i jk (48)

Aci jk = (Xi jk −Y−1
i jk )−1

[
ÃT

i jk +Xi jkÃi jkYi jk +Xi jkB jFi jk +Li jkC2Yi jk

+CT
1 (C1Yi jk +D1 jFi jk)+ µ−2(Xi jkEi j +Li jkD2i j)

+
(

∑
h∈Z
h�=i

πihY−1
h jk + ∑

l∈S
l �= j

ν jlY
−1
ilk + ∑

v∈R
v�=k

λ i j
kvY

−1
i jv

)
Yi jk

]
Y−1

i jk

+0.5I(∑
h∈Z
h�=i

πih + ∑
l∈S
l �= j

ν jl + ∑
v∈R
v�=k

λ i j
kv) (49)

Proof The proof of this proposition follows essentially the
same lines as for the proof of Proposition 2. �
Remark 3 As for the internal stochastic stabilization prob-
lematic, if we make the assumption of perfect FDI perfor-
mance and if we do not take into account the location and
the nature of the faulty components (this situation is similar
to the one considered by JLS) then proposition 7 reduces to
result obtained in [6].

VI. ROBUST H∞ CONTROL

In this section, we investigate the robust H∞ control
of AFTCSMP subject to structured parameter uncertainties
((NBU) uncertainties). It is shown that the above problematic
can be recast as a convex optimization problem characterized
by LMI, providing thus a characterization of output feedback
dynamic compensators that robustly stochastically stabilize
the AFTCSMP and ensures (39) for all admissible uncertain-
ties.
Proposition 8 If the system (5) is internally robustly expo-
nentially stable in the mean square sense, then it is robustly
stochastically stable.
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Proof The proof of this proposition follows the same argu-
ments as for the proof of Proposition 5. �
Proposition 9 gives sufficient conditions for the robust H∞
control problem.
Proposition 9 If there exist symmetric positive-definite ma-
trices Pi jk and some positive constants γi, i ∈ Z, j ∈ S and
k ∈ R such that

Λ̃T
i jkPi jk +Pi jkΛ̃i jk + ¯C1 jk

T ¯C1 jk + µ−2Pi jk ¯Ei jk ¯Ei jk
T Pi jk + γiPi jkD̄iPi jk

+ γ−1
i K̄i + ∑

h∈Z
h�=i

πihPh jk + ∑
l∈S
l �= j

ν jlPilk + ∑
v∈R
v�=k

λ i j
kvPi jv < 0 (50)

∀i ∈ Z, j ∈ S and k ∈ R.
then the system (5) is robustly stochastically stable and
satisfies

‖ z∞ ‖E2 <
[
µ2 ‖ w ‖2

2 +χT
0 P(ξ0,η0,ψ0)χ0

]1/2
. (51)

for all admissible uncertainties.
Proof The proof of this proposition follows the same lines
as for the proof of Proposition 6. �
We will now give a LMI characterization of output feedback
dynamical compensators (ϕc) that robustly stochastically
stabilize the AFTCSMP and ensures (51) for all admissible
uncertainties.
Proposition 10 The constraints (50) are equivalent to (52)-
(54)⎡
⎢⎣

ϒi jk (C1Yi jk +D1 jFi jk)T Yi jkGT
i Ri jk(Y )

(C1Yi jk +D1 jFi jk) −I 0 0
GiYi jk 0 −γiI 0

Ri jk(Y ) 0 0 Si jk(Y )

⎤
⎥⎦< 0

(52)⎡
⎣ Ωi jk (Xi jkEi j +Li jkD2i j) Xi jkHi

(Xi jkEi j +Li jkD2i j)T −µ2I 0
HT

i Xi jk 0 −(1/γi)I

⎤
⎦< 0 (53)

[
Yi jk I

I Xi jk

]
> 0 (54)

where⎧⎪⎨
⎪⎩

ϒi jk = Ãi jkYi jk +Yi jkÃT
i jk +FT

i jkBT
j +B jFi jk + µ−2Ei jET

i j + γiHiHT
i

Ωi jk = ÃT
i jkXi jk +Xi jkÃi jk +CT

2 LT
i jk +Li jkC2

+CT
1 C1 +(1/γi)GT

i Gi + ∑
h∈Z
h�=i

πihXh jk + ∑
l∈S
l �= j

ν jlXilk + ∑
v∈R
v �=k

λ i j
kvXi jv

∀i ∈ Z, j ∈ S and k ∈ R.
The corresponding compensator (ϕc) is given by

Bci jk = (Y−1
i jk −Xi jk)−1Li jk (55)

Cci jk = Fi jkY
−1
i jk (56)

Aci jk = (Xi jk −Y−1
i jk )−1

[
ÃT

i jk +Xi jkÃi jkYi jk +Xi jkB jFi jk +Li jkC2Yi jk

+ γiXi jkHiH
T
i +CT

1 (C1Yi jk +D1 jFi jk)+ µ−2(Xi jkEi j +Li jkD2i j)

+
(

∑
h∈Z
h�=i

πihY−1
h jk + ∑

l∈S
l �= j

ν jlY
−1
ilk + ∑

v∈R
v �=k

λ i j
kvY

−1
i jv +(1/γi)GT

i Gi

)
Yi jk

]
Y−1

i jk

+0.5I(∑
h∈Z
h�=i

πih + ∑
l∈S
l �= j

ν jl + ∑
v∈R
v�=k

λ i j
kv) (57)

Proof The proof of this proposition follows the same
arguments as for the proof of Proposition 2. �

VII. CONCLUSION

This paper has introduced an LMI approach to the H∞
and robust H∞ control for linear uncertain continuous time
AFTCSMP under a dynamic output feedback control. We
have derived some linear matrix inequalities whose solutions
indicate the achievability of the desired control problems;
i.e. we have shown that the H∞ and robust H∞ control
problematic can be recast as a convex optimization problem
under constraints of LMIs which can be solved effectively
using the recently developed LMI tool. Then, based on these
LMIs, we have given a simple procedure to construct the
required output feedback stabilizing controllers.
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