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Abstract

A general framework for deriving multi-parameter classes of

methods of any presribed order is presented. In particular,

two classes of cubically and fourth order convergent itera-

tive methods for simple zeros of polynomial equations are

derived. As special cases, the cubically convergent class in-

cludes the one-parameter Hansen-Patricks family and other

well-known Laguerre’s, Halley’s and Ostrowski’s methods.

Additionally, methods of any order which are based on Tay-

lor expansion of certain rational functions are developed.

Modified methods for extracting multiple zeros are briefly

discussed.

1. Introduction

The problem of extracting zeros of polynomials and eigen-

values of matrices play a very important role in many algo-

rithmic developments. This problem is extensively investi-

gated in the literature. Many efficient second order iterative

methods such as the Newton method, and third-order meth-

ods such as Laguerre’s [1], Halley’s [2,3] and Ostrowski’s

methods [4] have been used for computing zeros of polyno-

mials. Many aspects of higher order methods are explored

in [5,6]. In particular, Hansen and Patrick presented a uni-

fied class of methods with cubic convergence. An excellent

outline of the numerical implementation of Laguerre itera-

tion for non symmetric eigenproblems can be found in Par-

lett [7]. It should also stated that analysis and derivation of

Laguerres method can be found in [8] and [9]. Iterations of

order of convergence at least four for simultaneous determi-

nation of all simple zeros of a polynomial were presented in

[6] based on modifications of Laguerres method. In [10] the

Laguerre iteration was derived from Halleys method. It is

also shown that Hansen-Patricks methods are special cases

of Laguerres method.

The purpose of this paper is to extend the work in [5]-[6]

and develop new higher order zero-finding iterative methods

for polynomials and examine their relation to some existing

methods.

2. Definitions and Basic Concepts

Let p be a polynomial of degree m over the field of com-

plex numbers C with zeros Λ = {zj}m
j=1. In what follows

a sought zero ξ ∈ Λ will be assumed simple unless other-

wise indicated. Let z be an approximation of ξ, then the

improved approximation ẑ will be written as ẑ = z − Φ(z)

for some function Φ which is a function of p and derivatives

of p. The notation tr(A) denotes the trace of the matrix

A, det(A) denotes the determinant of the matrix A, and

A−k = (A−1)k provided that A is invertible.

For each positive integer k and each complex number

z �= z1, · · · , zm, define

Sk =

m∑
j=1

1

(z − zj)k
, k = 1, 2 · · · . (1a)

The expression Sk can also be computed for a square matrix

A of size m with characteristic polynomial det(zI − A) so

that for each complex number z that is not an eigenvalue

of A

Sk = tr((zI − A)−k), (1b)

where I is an identity matrix of size m. The expression

Sk can be seen as a scalar multiple of the kth logarithmic

derivative of p(z), specifically

Sk =
(−1)k−1

(k − 1)!

dk(log p(z))

dzk
. (2)

Direct calculation of S1, S2 and S3 yields

S1 =
p′(z)

p(z)
,

S2 = −(
p′(z)

p(z)
)′ = −p(z)p′′(z) − p′(z)2

p(z)2

= −p′′(z)

p(z)
+ (

p′(z)

p(z)
)2 = −p′′(z)

p(z)
+ S2

1 ,

S3 =
1

2
(
p′(z)

p(z)
)′′ =

2p′(z)3 − 3p(z)p′(z)p′′(z) − p(z)2p′′′(z)

2p(z)3

(3)

Here, p′(z) = d(p(z))
dz

, p′′(z) = d2(p(z))

dz2 , and p′′′(z) =
d3(p(z))

dz3 .
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Many well-known methods can be expressed in terms of

S1, S2, · · ·. For example, the Newton method can be written

as ẑ = z − 1
S1

, and Halley’s method as ẑ = z − 1

S1+
S2
S1

. Let

r be any positive integer, a root iteration method of order

r is of the form ẑ = z − 1
r√Sr

.

3. A Family of Third Order Methods

In this section, a two-parameter family of Laguerre-type

methods is derived. Let α, β ∈ C such that |α| + |β| �= 0.

Let ξ ∈ Λ and for convenience assume that ξ = z1. The

expression αS2 + βS2
1 can be expanded as follows:

αS2 + βS2
1 =

m∑
j=1

α + β

(z − zj)2
+ 2β

∑
i<j

1

(z − zi)(z − zj)

=
α + β

(z − ξ)2
{1 +

2β

α + β
{ z − ξ

z − z2
+

z − ξ

z − z3
+ ... +

z − ξ

z − zm
}

+ (z − ξ)2(S2 − 1

(z − ξ)2
) +

∑
i<j

1

(z − zi)(z − zj)
}.

(4)

Assuming that z is a good approximation of ξ, the last

expression can be written as

αS2 + βS2
1 =

α + β

(z − ξ)2
{1 +

2β(z − ξ)

α + β
(S1 − 1

z − ξ
)

+ O((z − ξ)2)}.
(5)

The notation O((z − ξ)2) denotes all terms of second de-

gree or higher for the term (z − ξ). The square root of

the expression of (5) can be obtained using the Binomial

theorem:

{αS2 + βS2
1}

1
2 =

√
α + β

z − ξ
{1 +

β(z − ξ)

α + β
(S1 − 1

z − ξ
)

+ O((z − ξ)2}

=

√
α + β

z − ξ
+

β√
α + β

(S1 − 1

z − ξ
) + O(z − ξ).

(6)

By rearranging terms,

(αS2 +βS2
1)

1
2 − β√

α + β
S1 =

√
α + β − β√

α+β

z − ξ
+ O(z − ξ).

or √
α + β(αS2 + βS2

1)
1
2 − βS1 =

α

z − ξ
+ O(z − ξ) (7)

Therefore, the improved approximation ẑ of ξ can be

obtained by ignoring higher order terms and solving (7) for

ξ:

ẑ = z − α√
α + β(αS2 + βS2

1 )
1
2 − βS1

= z −
α(

√
α + β

√
αS2 + βS2

1 + βS1)

(α + β)(αS2 + βS2
1) − β2S2

1

= z −
√

α + β(αS2 + βS2
1)

1
2 + βS1

(α + β)S2 + βS2
1

.

(8)

Using the relations in (3) we obtain the following family of
third-order iterations:

ẑ = z −
√

α + β{α p′(z)2−p(z)p′′(z)

p(z)2
+ β(

p′(z)
p(z)

)2} 1
2 + β

p′(z)
p(z)

(α + β)(
p′(z)2−p(z)p′′(z)

p(z)2
) + β(

p′(z)
p(z)

)2

= z −
√

α + βp(z){(α + β)p′(z)2 − αp(z)p′′(z)} 1
2 + βp(z)p′(z)

(α + 2β)p′(z)2 − (α + β)p(z)p′′(z)
.

(9)

3.1 Special Cases

1. It can be shown that if α + β �= 0, then Iteration (9)
is at least third order. However, when α + β = 0 and
α �= 0, the method reduces to the standard Newton
method.

2. If α = 0, then (8) reduces to the following iteration:

ẑ = z − 2S1

S2 + S2
1

=
p(z)

p′(z) − p(z)p′′(z)
2p′(z)

. (10)

This corresponds to the rational form of Halley’s
method.

3. If α = (m − 1)m, β = −(m − 1), then α + β = m2 −
2m + 1 and hence (8) simplifies to

ẑ = z − (m − 1)m

(m − 1)S1 ± (m − 1)
√

(m − 1)mS2 − (m − 1)S2
1

= z − m

p′(z)
p(z)

±
√

(m − 1)2(
p′(z)
p(z)

)2 − m(m − 1)
p′′(z)
p(z)

,

(11)

which is known as the Laguerre formula. The choice
of the sign in front of the square root is performed
according to Henrici’s criterion [8, p. 532], so that the
argument of the square root appearing in (13) is to
be chosen to differ from the argument of p′(z) by less
than π/2.

4. Let α = 1 + γ and β = −γ, where γ �= −1, then
α + β = 1 and thus Iteration (9) is equivalent to the
Hansen-Patrick family [5] given by

ẑ = z − (1 + γ)p(z)

γp′(z) ±
√

p′2(z) − (1 + γ)p(z)p′′(z)
. (12)

This family of methods are derived in Hansen and
Patrick [5, 6]. It is shown in [10] that this family can be
obtained from the classical form of Laguerres method
by a special choice of a parameter.

5. If β = 0, then (9) reduces to the square root iteration

ẑ = z − p(z)√
p′2(z) − p(z)p′′(z)

. (13)

Generalization of (13) which includes higher order root
iterations are given in [10].

3.2 Multiple Zeros

If α+β �= 0, the methods described in (8) converge cubically
only if the sought zero ξ is simple. If ξ is of multiplicity mj ,
the methods converge only linearly. In general if the zeros
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are not simple, i.e., if p(z) has M distinct zeros so that zj

is of multiplicity mj for j = 1, · · · , M , then
∑M

j=1
mj = m

and

Sk =

M∑
j=1

mj

(z − zj)k
.

For convenience, assume that ξ = z1, then

αS2 + βS2
1 =

M∑
j=1

αmj + βm2
j

(z − zj)2
+

∑
i<j

2βmimj

(z − zi)(z − zj)

=
αm1 + βm2

1

(z − ξ)2
{1 +

2βm1(z − ξ)

αm1 + βm2
1

(S1 − m1

z − ξ
)

+ O(z − ξ)2}.
Taking the square root of both sides, it follows that

√
αS2 + βS2

1 =

√
αm1 + βm2

1

z − ξ
{1 +

βm1(z − ξ)

αm1 + βm2
1

(S1 − m1

z − ξ
)

+ O(z − ξ)2}.
By ignoring higher order terms and solving for ξ we obtain

ẑ = z − αm1√
αm1 + βm2

1

1
βm1√

αm1+βm2
1

S1 +
√

αS2 + βS2
1

.
(14)

Note that if β = 0 and α = 1, we obtain a modified third
order square root iteration:

ẑ = z −
√

m1p(z)√
p′2(z) − p(z)p′′(z)

.

If ξ is of multiplicity mi, then replacing p′(z)
p(z)

with p′(z)
mip(z)

in Halley’s formula (12) yields

ẑ = z − p(z)
1+mi
2mi

p′(z) − p(z)p′′(z)
2p′(z)

. (15)

If the multiplicity of ξ is not known, one can replace
p(z) with p(z)

p′(z)
(whose zeros are all simple) to obtain the

following:

ẑ = z − p(z)√
p′(z)2 − p(z)p′′(z) − p(z)2(

p′′2(z)−p′(z)p′′′(z)

p′(z)2
)

.

(16)

Note that the modified square root iteration (16) converges
cubically to a multiple root, however this is achieved at the
cost of computing the third order derivative p′′′(z). Gener-
ally, if the square root iteration is applied to the function
p(z)
g(z)

, where g(z) is any polynomial which is not a scalar
multiple of p, then

ẑ = z − p(z)√
p′(z)2 − p(z)p′′(z) − p(z)2(

g′2(z)−g(z)g′′(z)

g2(z)
)

.
(17)

Now assume that the zero ξ = z1 has been computed, the
factor (z − ξ)m1 can be removed from p(z). In computing

the next zero, one can apply (14) to p(z)
(z−ξ)m1 in which case

(17) reduces to:

ẑ = z −
√

m2p(z)√
p′(z)2 − p(z)p′′(z) − p(z)2

(z−ξ)2m1

.
(18)

This procedure can be generalized further. Assume the ze-
ros z1, · · · , zj−1 have been computed along with their mul-
tiplicities, then to compute zj one can apply the following

ẑ = z −
√

mjp(z)√
p′(z)2 − p(z)p′′(z) −

∑j−1

i=1

p(z)2

(z−zi)
2mi

.
(19)

Generally, the multiplicity mk of a zero zk is not known.
Practically, mk can be obtained approximately as mk ≈
(z − zk) p′(z)

p(z)
, where z is an approximation of zk.

4. A Family of Fourth Order Methods

Let α, β, γ ∈ C and consider the expression

αS3 + βS1S2 + γS3
1 = (α + β + γ)

m∑
j=1

1

(z − zi)3

+
∑
i<j

β + 3γ

(z − zi)2(z − zj)
+

∑
i<j

β + 3γ

(z − zi)(z − zj)2

+
∑

i<j<k

6γ

(z − zi)(z − zj)(z − zk)
.

Assuming that z is a good approximation of ξ, the quantity
αS3 + βS1S2 + γS3

1 can be rewritten as

αS3 + βS1S2 + γS3
1 =

α + β + γ

(z − ξ)3

× {1 +
(β + 3γ)(z − ξ)

α + β + γ
(S1 − 1

z − ξ
)

+ O(z − ξ)2}.
Using the Binomial Theorem, we obtain:

{αS3 + βS1S2 + γS3
1}

1
3 =

(α + β + γ)1/3

z − ξ

+
β + 3γ

3(α + β + γ)2/3
(S1 − 1

z − ξ
) + O(z − ξ).

The last equation can be rewritten as

{αS3 + βS1S2 + γS3
1}

1
3 − β + 3γ

3(α + β + γ)2/3
S1

=
(α + β + γ)1/3 − β+3γ

3(α+β+γ)2/3

z − ξ
+ O(z − ξ).

or equivalently

(α + β + γ)2/3(αS3 + βS1S2 + γS3
1)1/3 − β + 3γ

3
S1

=
α + β + γ − β+3γ

3

z − ξ
+ O(z − ξ) =

α + 2
3
β

z − ξ
+ O(z − ξ).

(20)

An approximation of ξ is obtained by solving (20) for ξ

ẑ = z−
α + 2β

3

(α + β + γ)2/3(αS3 + βS1S2 + γS3
1 )1/3 − β+3γ

3
S1

(21)

Note that if α + β + γ = 0 and α + 2β
3

�= 0, then β+3γ
3

=
β+3(−α−β)

3
= −2β−3α

3
= −(α+2β

3
). Thus (21) reduces to

the Newton Method. In similar fashion, one can show by

using the relations (3) along with the identity p′′′
p

= S3
1 −
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3S1S2 + 2S3, that when β = γ = 0, α �= 0, (21) reduces to
the cube root iteration

ẑ = z − p(z)

3
√

p′(z)3 − 3
2
p(z)p′(z)p′′(z) + 1

2
p(z)2p′′′(z)

, (22)

which is a fourth order method.
One can also verify that the rational iteration

ẑ = z − p(z)

p′(z) − 1
2

p(z)p′′(z)
p′(z)

+ p(z)2{ 1
6

p′′′(z)

p′(z)2
− 1

4
p′′(z)2

p′(z)3
}

(23)

is fourth order. The formula (23) can be derived by ra-
tionalizing (22) using the Binomial Theorem. It should be
stated that additional analysis is needed to examine the
rate of convergence of (21) as a function of α, β, and γ.

It should be stated that this class of fourth order meth-
ods can be modified to deal with multiple zeros by replacing
p with p

p′ as described in Section 3.2.

5. Miscellaneous Methods

The previous analysis can be applied to different linear
combinations of powers of Sk’s to obtain different families
of higher order methods. For example, for any nonzero
α, β, γ, κ ∈ C,

αS4 + βS1S3 + γS2
2 + κS4

1 = (α + β + γ + κ)

m∑
j=1

1

(z − zi)4

+ (β + 4κ)
∑
i<j

1

(z − zi)3(z − zj)
+ · · · =

α + β + γ + κ

(z − ξ)4

× {1 +
(β + 4κ)(z − ξ)

α + β + γ + κ
(S1 − 1

(z − ξ)
) + O((z − ξ)2)}1/4.

It can be verified that

{αS4 + βS1S3 + γS2
2 + κS4

1}
1
4

=
(α + β + γ + κ)1/4

z − ξ

+
(β + 4κ)

4(α + β + γ + κ)3/4
(S1 − 1

z − ξ
) + O(z − ξ)

Therefore,

ẑ = z−
α + 3

4
β + γ

−β+4κ
4

S1 + (α + β + γ + κ)3/4(αS4 + βS1S3 + γS2
2 + κS4

1)1/4
.

(24)

Note that the last formula reduces to the Newton method
if α + β + γ + κ = 0 and β + 4κ �= 0.

5.1 Families Based on First and Second Order
Derivatives

Similar analysis on the expressions αS2
2+βS4

1 , αS1S2+βS3
1 ,

αS5
1+βS3

1S2, αS6
1+βS4

1S2+γS2
1S2

2+κS3
2 yields respectively

the following formulas which only require first and second
order derivatives:

ẑ = z −
2α
3

−α+3β
3

S1 + (α + β)2/3(αS1S2 + βS3
1)1/3

(25)

ẑ = z − α

−βS1 + (α + β)3/4(αS2
2 + βS4

1)1/4
(26)

ẑ = z −
2β
5

−(α + 3
5
β)S1 + (α + β)4/5(αS5

1 + βS3
1S2)1/5

(27)

ẑ = z −
2β+4γ+6κ

6

− 6α+4β+2γ
6

S1 + ᾱ(αS6
1 + βS4

1S2 + γS2
1S2

2 + κS3
2)1/6

(28)

where ᾱ = (α + β + γ + κ)5/6. Further analysis is needed
to examine the actual rate of convergence of each of the
families (25)-(28). The conjecture is that these iterations
are at most third order.

6. Power Series Expansion Method

Let wn be an approximation of a zero of p and consider the
Taylor expansion of 1

p(wn+h)
around wn. Let D be any disk

centered at wn and does not contain any zero of p, then
g(h) = 1

p(wn+h)
is analytic in D. Assume that

g(h) =
1

p(wn + h)
=

∞∑
k=0

akhk, (28)

is the Taylor expansion of g around h = 0. It can be shown

that a0 = 1
p(wn)

, a1 = −p′(wn)

p(wn)2
, a2 = 2p′(wn)2−p(wn)p′′(wn)

2p′(wn)3
.

Generally, the ai’s can be recursively determined from the
relation

r∑
j=0

ar−jp
(j)(wn)j!(r − j)! = 0, for r = 1, 2, · · · . (29)

and a0p(wn) = 1 for r = 0. If the poles of g are simple,
then the radius of convergence of the power series (28) is
|h0| where |h0| is the magnitude of the smallest pole of g.
Moreover, g(h) has a pole on the boundary of D. If there
is only one pole (counting multiplicities) of magnitude |h0|,
then the sequence ak

ak+1
converges to h0 as k → ∞.

For each positive integer r, a fixed point function φr(z)
can be defined as φr(z) = z− ar−1

ar
. It can be shown that φ

is an (r+1)th order fixed point function for any simple zero

of p. For example, r = 1 yields φ1(z) = z − a0
a1

= z − −p(z)
p′(z)

which is the Newton iteration, and φ2(z) = z − a1
a2

= z −
−p′(z)
p(z)2

2p′(z)2−p(z)p′′(z)
2p(z)3

= 2p(z)p′(z)

2p′(z)2−p(z)p′′(z)
which is the Halley’s

iteration.

6.1 Zeros of Equal Modulus

Let D be the region of convergence of the power series (28)
and let D̄ = D∪∂D. If the closed disk D̄ contains more than
one pole of g, these poles must be of equal modulus and lie
on the boundary of D. Assume that there are only two poles
on ∂D, then these poles can be obtained simultaneously as
indicated in the following result.

Theorem 1. Let z be an approximation of a zero of p and
let ai be defined by the expansion of g(h) = 1

p(z+h)
around

h = 0 as in (28). Assume that the radius of convergence
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of the Taylor series (28) is |h0| and that g has exactly two
poles of magnitude |h0|. Then for sufficiently large r, the
sequence [c1r c2r] defined by the equation

[
ar ar+1

ar+1 ar+2

]−1 [
ar+2

ar+3

]
= −

[
c2r

c1r

]
, (30)

exists and the zeros of z2 − c1rz + c2r = 0 converge to a
quadratic factor of the polynomial p(z + h).

The proof of similar results can be found in [11].

The last result can be generalized for the case in which
there are exactly s poles of equal modulus of radius |h0| as
follows. Assume that these poles are h1, · · · , hs, then an sth
order polynomial for these poles can be obtained from the
relation:

⎡
⎢⎣

ar ar+1 · · · ar+s−1

ar+1 ar+2 · · · ar+s

· · · · · · · · · · · ·
ar+s−1 ar+s · · · ar+2s−1

⎤
⎥⎦

−1 ⎡
⎣

ar+s

ar+s+1

...
ar+2s

⎤
⎦ = −

⎡
⎢⎢⎣

csr

cs−1,r

...
c1r

⎤
⎥⎥⎦ ,

(31)
Then z + hj , j = 1, · · · , s are improved approximations of
the zeros of p, where h1, · · · , hs are zeros of the polynomial
zs − c1rz

s−1 + · · · ± cs,r. This polynomial converges to an
sth order factor of p(z + h) as r → ∞.

6.2 Multiple Zeros

It can be shown that the iterations obtained in Section 3
converge only linearly if they converge to a multiple zero.
The framework outlined in Section 6.1 of using power se-
ries expansion can be applied to polynomials with multiple
zeros. However, to apply (31) the multiplicity of the partic-
ular zero should be is known which is not always possible.
Thus, to obtain fixed point iterations which are of specific
order regardless of multiplicities of zeros of p, consider the

Taylor expansion of p′(z+h)
p(z+h)

so that

p′(z + h)

p(z + h)
=

∞∑
i=0

bih
i. (32)

Direct calculations of the bi shows that b0 = p′(z)
p(z)

, b1 =

p(z)p′′(z)−p′(z)2

p(z)2
, b2 = 2p′(z)3−3p(z)p′(z)p′′(z)+p2p′′′(z)

2p′(z)3
. The

bi’s can be recursively computed using the equation

r∑
j=0

br−jp
(j)(z)j!(r − j)! = p(r+1)(z), for r = 1, 2, · · · . (33)

and b0p(z) = p′(z) for r = 0.

It can be shown that ψr(z) = z− ar−1
ar

defines an r order
iteration. For r = 1, we have

b1

b2
=

p(z)p′(z)

p(z)2 − p(z)p′′(z)

and thus ψ1 = z − p(z)p′(z)

p(z)2−p(z)p′′(z)
which is the Newton

method applied to p
p′ . For r = 2, we have

b2

b3
=

p(z)

p′(z) − p(z)p′(z)p′′(z)−p(z)2p′′′(z)

2p′(z)2−2p(z)p′′(z)

=
p(z)

p′(z) − p′(z)p′′(z)−p(z)p′′′(z)

2p′(z)2−2p(z)p′′(z)
p(z)

.

(34)

Therefore, ψ2 = z − p(z)

p′(z)− p′(z)p′′(z)−p(z)p′′′(z)
2p′(z)2−2p(z)p′′(z)

p(z)
, which is

a generalized third order Halley’s method.

Remark: More higher order fixed point iterations for the
zeros of p can be obtained from the Taylor expansion of√

p′(z+h)

p(z+h)
so that

√
p′(z + h)

p(z + h)
=

∞∑
i=0

cih
i (35)

then c0 =

√
p′(z)

p(z)
, c1 = p(z)p′′(z)−2p′(z)2

2p(z)2
√

p′(z)
,

c2 = −1

4
(p′(z))

−3
2

p2p′′ + 8pp′2p′′ − 2p2p′p′′′ − 4p′4

p3
.

The ci’s can be recursively computed by differentiating
both sides of the equation

p′(z + h) = p(z + h)2(

∞∑
i=0

cih
i)2

Fixed point functions can be developed using ratios of
ci’s, i.e.,

ξr(z) = z − ar−1

ar

defines an (r + 2)th order iteration for simple zeros of p.
Hence,

ξ1(z) = z − c0

c1
= z − 2pp′

2p′2 − pp′′ (36)

and

ξ2(z) = z − c1

c2

= z − 2pp′ p(z)p′′(z) − 2p′(z)2

p2p′′ + 8pp′2p′′ − 2p2p′p′′′ − 4p′4

(37)

Note that the function ξr is an improvement over φr and
ψr in that it generates higher order iteration for a given r
provided zeros are simple.

7. Relation Between Third Order Methods

In [8], the Laguerre iteration function for solving p(z) = 0
is given by

g(z) = z− νp(z)

p′(z) + {(ν − 1)2[p′(z)]2 − ν(ν − 1)p(z)p′′(z)} 1
2

,

(39a)
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where the argument of the root is to be chosen to differ by
less than π

2
from the argument of (ν − 1)p′(z) and ν �= 0, 1.

By inspection one can form the following iteration function

φ(z) = z − p(z)

(1 − a)p′(z) ±
√

a2p′(z)2 − ap(z)p′′(z)
. (39b)

This is a second order iteration for any a ∈ C and it is third
order for any a �= 0. Laguerre iteration can be modified so
that fourth order convergence can be obtained by choosing

ν = 4
3

and adding the term p′p′′′
6p′3 , so that

g(z) = z − p(z)
3
4
p′(z) + 1

4
{p′(z)2 − 4p(z)p′′(z)} 1

2 + p′p′′′
6p′3 p2

.

(40)

Remark: Using the binomial theorem it follows that this
iteration can be expressed as

Φ(z) = z − p(z)

p′(z) + p1(z)p(z) + O(p2)
, (41)

where p1 = −p′′
2p′ and thus the iteration is at least third

order. Clearly (41) reduces to Halley’s method if we ignore
the term O(p2).

We also remark that every higher order method can be
expressed in the form given in Equation (41). For example,
the one-parameter Hansen-Patricks family (12), Laguerre’s,
Halley’s and the square root or Ostrowski’s method, can all

be expressed as in (41) where p1 = −p′′
2p′ . These methods

differ only in the O(p(z)2) term. If p1 �= −p′′
2p′ , then Φ is

only a second order iteration.

One can also show that fourth order methods can be
expressed as

Φ(z) = z − p(z)

p′(z) + p1(z)p(z) + p2(z)p(z)2 + O(p(z)3)
,

(42)

where p1 = −p′′
2p′ , and p2 = 1

6
p′′′(z)

p′(z)2
− 1

4
p′′(z)2

p′(z)3
.

8. Conclusion

We propose several approaches for generating families of
third, fourth, and higher-order iterations. These include
well known methods such as the Newton, Laguerre and
Halley methods as special cases. Although these meth-
ods are derived for polynomials, they are also applicable
to entire functions and arbitrary transcendental equations
including analytic and rational functions. There remain
many issues regarding the proposed methods. For example,
third-order and fourth order families require the computa-
tion of a square root and a cubic root, respectively. The
question here is which root should be chosen. Additionally,
numerical stability and relative complexity of the methods
need to be examined. These issues among others will be
reported in a forthcoming paper.
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