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Abstract

A general framework for deriving multi-parameter classes of
methods of any presribed order is presented. In particular,
two classes of cubically and fourth order convergent itera-
tive methods for simple zeros of polynomial equations are
derived. As special cases, the cubically convergent class in-
cludes the one-parameter Hansen-Patricks family and other
well-known Laguerre’s, Halley’s and Ostrowski’s methods.
Additionally, methods of any order which are based on Tay-
lor expansion of certain rational functions are developed.
Modified methods for extracting multiple zeros are briefly
discussed.

1. Introduction

The problem of extracting zeros of polynomials and eigen-
values of matrices play a very important role in many algo-
rithmic developments. This problem is extensively investi-
gated in the literature. Many efficient second order iterative
methods such as the Newton method, and third-order meth-
ods such as Laguerre’s [1], Halley’s [2,3] and Ostrowski’s
methods [4] have been used for computing zeros of polyno-
mials. Many aspects of higher order methods are explored
in [5,6]. In particular, Hansen and Patrick presented a uni-
fied class of methods with cubic convergence. An excellent
outline of the numerical implementation of Laguerre itera-
tion for non symmetric eigenproblems can be found in Par-
lett [7]. It should also stated that analysis and derivation of
Laguerres method can be found in [8] and [9]. Iterations of
order of convergence at least four for simultaneous determi-
nation of all simple zeros of a polynomial were presented in
[6] based on modifications of Laguerres method. In [10] the
Laguerre iteration was derived from Halleys method. It is
also shown that Hansen-Patricks methods are special cases
of Laguerres method.

The purpose of this paper is to extend the work in [5]-[6]
and develop new higher order zero-finding iterative methods
for polynomials and examine their relation to some existing
methods.
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2. Definitions and Basic Concepts

Let p be a polynomial of degree m over the field of com-
plex numbers C with zeros A = {z;}7;. In what follows
a sought zero £ € A will be assumed simple unless other-
wise indicated. Let z be an approximation of &, then the
improved approximation 2 will be written as 2 = z — ®(z)
for some function ® which is a function of p and derivatives
of p. The notation tr(A) denotes the trace of the matrix
A, det(A) denotes the determinant of the matrix A, and
AP = (A™H* provided that A is invertible.

For each positive integer k and each complex number

Z# 21, Zm, define
Sk=§m b k12 (1a)
2 Gmmr "
=

The expression Sy can also be computed for a square matrix
A of size m with characteristic polynomial det(zI — A) so
that for each complex number z that is not an eigenvalue
of A

Sy =tr((z] — A)7"), (1b)
where I is an identity matrix of size m. The expression
Si can be seen as a scalar multiple of the kth logarithmic
derivative of p(z), specifically

(="' d*(log p(=))

(T 2)
Direct calculation of S1,S2 and S3 yields
S1 = p (Z),
p(z
S, — _(P/(Z))/ __p(p"(2) — ' (2)?
p(2) p(2)?
pz) PR D) | e
=- + - + 57,
oo @) T T Y
Sy = l(p'(z) ) = 2p'(2)% = 3p(2)p' (2)p" (2) — p(2)%p" (2)
2" p(z) 2p(z)3
2 )
Here, p/(z) = %’ p//(z) — %’ and pm(z) _
43;,)(;)).
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Many well-known methods can be expressed in terms of
S1, 80,
as £ = z — g, and Halley’s method as 2 = z — — &

1 Sl+s—1
r be any positive integer, a root iteration method of order

1
s,

-. For example, the Newton method can be written
. Let

r is of the form 2 = z —

3. A Family of Third Order Methods

In this section, a two-parameter family of Laguerre-type
methods is derived. Let «, 8 € C such that |a| 4+ |3] # 0.
Let £ € A and for convenience assume that & = z;. The
expression aSa + 857 can be expanded as follows:

aSz+ﬁSf:Z(za+ﬁ +2ﬁ2m

=1 i<j
_a+p 28 z—§ z—=§ ¢
(2 — )2{1+a+ﬁ{2722+2723+m+zfzm}
HE- S - g+ X e

1<j

(4)
Assuming that z is a good approximation of &, the last

expression can be written as
a+ g
(z—-¢)?
+0((z - M)}
The notation O((z —
gree or higher for the term (z — &). The square root of
the expression of (5) can be obtained using the Binomial

26(2 = &) 1
P (S1—

oSy + 357 = {1+ )

z—¢&  (5)

€)?) denotes all terms of second de-

theorem:

ﬁ(z_g)(sli 1 )

2 %7@
+0((z =€)} (6)
_Va+g B 1 L
SRy~ (G £ +0(-0)

By rearranging terms,

Va+p—-—>~£
2\% 8 _ VotB _
(82 +BS1)* - Z2==551 = +0(=

or

Vet Bas:+p8HT - psi= S+ 0G-6 ()

Therefore, the improved approximation Z of £ can be
obtained by ignoring higher order terms and solving (7) for
&:

o

Vot BlaSs + BS2)T — BS,
a(y/a+ By/aS2 + B3S7 + 8S1)

~ T T+ B)(ass + 3S2) — 3252 (8)

Vo + B(aSe + BS2)2 + BS1

(a+ B)S2 + 353

Z=z—

Using the relations in (3) we obtain the following family of
third-order iterations:

fo T flat *(1;()2)10 () 4 (2

p (2)2=p(z)p"(2) p'(2)
(a+B)( p(z)z )JF ﬂ( p(2) )?

~ VatBp@){(a+B)p'(2)* - ap(2)p" (=)} + p(2)p (2)

Z2=z—

(a+28)p'(2)* — (e + B)p(2)p" (2)
()

3.1 Special Cases

1. It can be shown that if a + 3 # 0, then Iteration (9)
is at least third order. However, when o + 8 = 0 and
a # 0, the method reduces to the standard Newton

method.
2. If & = 0, then (8) reduces to the following iteration:
. 251 p(z)
Z=z— 5 = - (10)
52+ 857 p(z) - BB

This corresponds to the rational form of Halley’s
method.

3. Ifa=(m—1)m, B=—(m—1), then a+ 3 =m? —
2m + 1 and hence (8) 51mphﬁes to
N (m—1)m
zZ=z—
(m —1)81 £ (m — 1)y/(m — 1)mSs — (m — 1)S?
m

B9 fon - 0BG - mim - 058,
(11)

which is known as the Laguerre formula. The choice
of the sign in front of the square root is performed
according to Henrici’s criterion [8, p. 532], so that the
argument of the square root appearing in (13) is to
be chosen to differ from the argument of p’(2) by less
than 7 /2.

4. Let « = 1+~ and 8 = —v, where v # —1, then
a+ =1 and thus Iteration (9) is equivalent to the
Hansen-Patrick family [5] given by

(1 +9)p(z)
o (12)
'(2) £ /p2(2) — (1 +7)p(2)p" (2)
This family of methods are derived in Hansen and
Patrick [5, 6]. It is shown in [10] that this family can be

obtained from the classical form of Laguerres method
by a special choice of a parameter.

2=

5. If B =0, then (9) reduces to the square root iteration

. p(z)
f=z— . (13)
p?(2) = p(2)p" ()
Generalization of (13) which includes higher order root
iterations are given in [10].

3.2 Multiple Zeros

If a4 # 0, the methods described in (8) converge cubically
only if the sought zero ¢ is simple. If £ is of multiplicity mj,
the methods converge only linearly. In general if the zeros

6574



are not simple, i.e., if p(z) has M distinct zeros so that z;

. . . M
is of multiplicity m; for j = 1,---, M, then ijl m; =m
and
M
.y
Sk = —
Sty
j=1
For convenience, assume that £ = z1, then
2Bm;m;

am; +,@m
S + BS3 = Z d

(2 — 25)? ‘(2 = 2i)(2 — zj)
< g
_ am +ﬁm1 2Bma (z — §) mi
(z—¢)? e ami + Bm? (51 = sz)

+0(z — €2},
Taking the square root of both sides, it follows that

Vami + Bmi Bmi(z =€) my
\asSs + 52 = L+

Ot2+/61 Z—E { am +ﬂ 2( _5)
+0(z — €)2}).

By ignoring higher order terms and solving for £ we obtain

\/amy +,@m1 \/7514—\/@5’24—,832 (14)

z =

am +Bm

Note that if 3 = 0 and o = 1, we obtain a modified third
order square root iteration:

vmip(z) .
P'2(2) — p(2)p" (2)

p(z) - p'(2)
oo With 2o

Z2=z—

If € is of multiplicity m;, then replacing
in Halley’s formula (12) yields

1+m; 2)p’(z) *
)

Z=z—

If the multiplicity of £ is not known, one can replace
p(z) with 5,((2)) (whose zeros are all simple) to obtain the
following;:

p(2)
_ 2 (PR E) = (2)p (2)
p(2)p" (2) — p(2)2( )2 )

\/ p'(2)?
(16)
Note that the modified square root iteration (16) converges
cubically to a multiple root, however this is achieved at the
cost of computing the third order derivative p"’(z). Gener-
ally, if the square root iteration is applied to the function
2(2)  where g(z) is any polynomial which is not a scalar

9(z)’

multiple of p, then

Z2=z—

p(2) '
VP @2 — P (2) - ple)2 (L))

92(2)

Z2=z-

(17)

Now assume that the zero & = z1 has been computed, the
factor (z — &)™ can be removed from p(z). In computing

the next zero, one can apply (14) to % in which case
(17) reduces to:
Fee = D)
2)2
VPR~ e () - 2

This procedure can be generalized further. Assume the ze-
ros z1,---,2j—1 have been computed along with their mul-
tiplicities, then to compute z; one can apply the following

V5p(2)
1 By .
VPR —ple () - Y

Generally, the multiplicity mj of a zero zx is not known.

Practically, my can be obtained approximately as myj =

(z — zk)p((z) , where z is an approximation of zj.

Z2=z—

(19)

4. A Family of Fourth Order Methods

Let «, 8,7 € C and consider the expression

m

1
a534‘ﬁ51524‘753 (a'+ﬁ'+7) E Z;——zjg
— <1
j=1

B+ 3y B+ 3y
Jrz:(zfz zfz])Jrz:(zfzq;)(zfz]')2
1<jJ

+ Z (z — z) zfz])(zfzk)

i<j<k

Assuming that z is a good approximation of £, the quantity
aSs 4 35182 +S? can be rewritten as

083 + B515; + 483 = LT

(z—-9)
+ 3 — 1
(B+3)(= 5)(517 )
atB+y z—&

+0(: - €2},

Using the Binomial Theorem, we obtain:

x {1+

1/3
{3 + 35152 + 757} = (aff%g)

B+3y 1
Hatbapi ot i TOES

The last equation can be rewritten as
B+3y
Bla+ B+

(a+B8+y)/3 - 5+73w2/3
— 2_53(a+5+"/) JrO(Z*é)

{3 + BS182 +7S3}E —

or equivalently

(a+ B +7)*3(aSs + BS1S2 +vSP)/? —

ﬁJr?wS1
3

ot B4y BB aJr%ﬁ (20)
:T O(z—¢) =

An approximation of £ is obtained by solving (20) for £

+0(z = ¢).

Z2=2z—
o+ % (21)
(a+ B+ 7)%/3(aS3 + 35182 +~vS3)1/3 — ,8-;3“/51

Note that if @ + 3 +v =0 and o + 22 # 0, then 2£2 =

BE3a—f) — _2’3 Jo — (‘”;’2’6). Thus (2 )reduces to
the ﬁewton Method In similar fashion, one can show by

using the relations (3) along with the identity Z T =53 —
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35152 + 253, that when 8 =~ =0, a # 0, (21) reduces to
the cube root iteration

2= p(2) . (22)
\/p 3 — 3p(2)p' (2)p" (2) + 3p(2)%p"(2)
which is a fourth order method.
One can also verify that the rational iteration
f=z— O Blz) e 1 (23)
P(2) = FEEREE + p(2)? {5 2

6p/()> 1 ;D’(Z)3
is fourth order. The formula (23) can be derived by ra-
tionalizing (22) using the Binomial Theorem. It should be
stated that additional analysis is needed to examine the
rate of convergence of (21) as a function of «, 8, and 7.

It should be stated that this class of fourth order meth-
ods can be modified to deal with multiple zeros by replacing
p with 5 as described in Section 3.2.

5. Miscellaneous Methods

The previous analysis can be applied to different linear
combinations of powers of Si’s to obtain different families
of higher order methods. For example, for any nonzero
a’ ﬁ? 77 K e C?

m
1
aS4+ﬁSlS3+’YS§+KSi‘:(a+ﬂ+7+ﬁ)2m

j=1
L_atftyts
+(B+4 ;;( — Z7%)+ oo
(B+4r)(z —§) _ 1/4
x{1+a+ﬁﬂ+ﬁ(sl = ))+O( - 9%}

It can be verified that
{aS4 + 35153 + 752 + kSI}1
_(aF By +r)/t

z—¢&
(B + 4k) 1
MarfrytnpA i ¥OETY
Therefore,
Z2=z—

a+ 384y

—BE8 4 (a4 B+ + K)¥/ 4 (aSy + BS153 + 52 + mSH/L

(24)
Note that the last formula reduces to the Newton method
ifa+0+~v+rk=0and §+4rk #0.

5.1 Families Based on First and Second Order
Derivatives

Similar analymb on the exprebblonb aS? —1—651, aS1S2+6S53,
aS?+3538s, aSS+ 351 Sa+~5752 +n52 yields respectively
the following formulas which only require first and second
order derivatives:

2a

. 3
i 25
-5 + (a + B)2/3 (8152 + B53)1/3 =
O o (26)

—BS1 + (o + )34 (aS3 + BST)M/*

28

. 5
T T 38)S1 + (o + B)4/5 (ST + BS3S2)1/5 @)

>

2B8+4v+6K
(]

e — a0 Gy + G(aSP + BS1Ss + ¥S7S3 + KSF)1/6

(28)
where @ = (a + 8 + v + £)%/%. Further analysis is needed
to examine the actual rate of convergence of each of the
families (25)-(28). The conjecture is that these iterations
are at most third order.

6. Power Series Expansion Method

Let w,, be an approximation of a zero of p and consider the
Taylor expansion of m around wy,. Let D be any disk
centered at w, and does not contain any zero of p, then
g(h) = m is analytic in D. Assume that

oo

1

k=0

is the Taylor expansion of g around h = 0. It can be shown
_ _ =o' (wp) — 20 (wn)® —p(wn)p" (wn)

that ao = p(w ) 1= gz 0 ®2 = 2p/ (wn )3 ’

Generally, the a;’s can be recursively determined from the

relation

T

> arp P (wa)jl(r = ) =0, forr=1,2,---. (29

7=0

and aop(wn) = 1 for r = 0. If the poles of g are simple,
then the radius of convergence of the power series (28) is
|ho| where |ho| is the magnitude of the smallest pole of g.
Moreover, g(h) has a pole on the boundary of D. If there
is only one pole (counting multiplicities) of magnitude |hol,
then the sequence ﬁ—l converges to ho as k — oo.

For each positive integer r, a fixed point function ¢-(z)
can be defined as ¢r(z) = z — a' L. It can be shown that ¢
is an (r+1)th order fixed point functlon for any simple zero

of p. For example, r = 1 yields ¢1(z) = z — D=z _pp((;))
which is the Newton iteration, and ¢2(z) = 2 — ¢+ = 2 —
-p'(2)
p(2)? _ 2p(z)p’(2) ; ; ’
W PG = 2 ()2 —p()p" (2 which is the Halley’s
. ?p(Z)3
teration.

6.1 Zeros of Equal Modulus

Let D be the region of convergence of the power series (28)
and let D = DUOD. If the closed disk D contains more than
one pole of g, these poles must be of equal modulus and lie
on the boundary of D. Assume that there are only two poles
on OD, then these poles can be obtained simultaneously as
indicated in the following result.

Theorem 1. Let z be an approximation of a zero of p and
let a; be defined by the expansion of g(h) = m around
h = 0 as in (28). Assume that the radius of convergence
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of the Taylor series (28) is |ho| and that g has exactly two
poles of magnitude |ho|. Then for sufficiently large r, the
sequence [c1r car] defined by the equation

-1
Qr Ar41 QAr42 — _ Cor (30)
Ar41 Ar4-2 Ar43 Cir ’
exists and the zeros of 22 — c1y2 + car = 0 converge to a
quadratic factor of the polynomial p(z + h).

The proof of similar results can be found in [11].

The last result can be generalized for the case in which
there are exactly s poles of equal modulus of radius |ho| as
follows. Assume that these poles are hi, - -, hs, then an sth
order polynomial for these poles can be obtained from the
relation:

ar Qry1 args—1 ]! Qry s Cor
Ar41 Ar4-2 e Ar4s . _ Ca—l,r
Qr4s+1- |
Ar4+s—1 Qr+s Ar42s—1 Ar+2s i
(31)

Then z + h;, j = 1,---,s are improved approximations of
the zeros of p, where hi,-- -, hs are zeros of the polynomial
2 — e 4 ¢s,r. This polynomial converges to an
sth order factor of p(z + h) as r — oo.

6.2 Multiple Zeros

It can be shown that the iterations obtained in Section 3
converge only linearly if they converge to a multiple zero.
The framework outlined in Section 6.1 of using power se-
ries expansion can be applied to polynomials with multiple
zeros. However, to apply (31) the multiplicity of the partic-
ular zero should be is known which is not always possible.
Thus, to obtain fixed point iterations which are of specific
order regardless of multiplicitieb of zeros of p, consider the

Taylor expansion of p (ZHL so that

(z+h)
oo
+h) = ;bh (32)
Direct calculations of the b; shows that by = 3: ((;))7 by =
p()p"(2)=p'(2)? b = 20" ()3 =3p()p" ()" (N +0°p"(5) e

p(2)? ; 2p/(2)? .
bi’s can be recurswely computed using the equation

T

S b

Jj=0

— )N =p" M (2), forr=1,2,---. (33)

and bop(z) = p'(z) for r = 0.
It can be shown that ¥, (z) = z —
iteration. For r = 1, we have

22=1 defines an r order

b p()p(2)

b2 p(2)? —p(2)p"(2)

. p(2)p’(2) il
and thus 1 = 2 2P which is the Newton

method applied to Z. For r = 2, we have

p
by p(z2)
by p(y) — PR ()P (2)—p(=)2p""(2)
s p(z) 20/ (2)7—2p(2)p" (=)
(34)
p(z)

= OO TR
P'(2) = St et P?)

Therefore, 12 = z — p(z)

1P (2P () —p()p"(2)
P = S o a0 (2)

a generalized third order Halley’s method.

, which is
z)

Remark: More higher order fixed point iterations for the
zeros of p can be obtained from the Taylor expansion of

Vrizth) so that

p(z+h)

VPl iczhz (35)

p(z+h)
= VP e ()= (5)?
then ¢p = p(z) - 2p(2)2/p' (2)
1 3 p2p// + 8pp/2 11 2p2 I 4p/4

I
The ¢;’s can be recursively computed by differentiating
both sides of the equation

oo

P(z+h) =plz+ 0> ')’

=0

Fixed point functions can be developed using ratios of
ci's, ie.,
&r(z) =2 — ==
T
defines an (r 4+ 2)th order iteration for simple zeros of p.
Hence,

_ o _ 2
51 (Z) ==z c1 =z 2p12 7pp// (36)
and
§a(2) =2 — Z—;
37
gy W) - W) 4

p2pu + 8pp/2pu _ 2p2p/p/// _ 4p/4

Note that the function &, is an improvement over ¢, and
1, in that it generates higher order iteration for a given r
provided zeros are simple.

7. Relation Between Third Order Methods

In [8], the Laguerre iteration function for solving p(z) = 0
is given by

vp(Z)
1D2[p'(2)]* -

g(z) = 2~—

P(z) +{(v -
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where the argument of the root is to be chosen to differ by
less than Z from the argument of (v —1)p’(z) and v # 0, 1.
By inspection one can form the following iteration function

e p e p(z) - (39
@ (1 —a)p'(2) £ \/a?p'(2)? — ap(2)p" (=) (390)

This is a second order iteration for any a € C and it is third
order for any a # 0. Laguerre iteration can be modified so
that fourth order convergence can be obtained by choosing

V= % and adding the term %, so that
p(z
g(Z) =z — 5 T - ( ) p T 5
10 (2) + 3{p'(2)? — 4p(2)p"(2)}2 + Elzp
(40)

Remark: Using the binomial theorem it follows that this
iteration can be expressed as

L p(2)
RS s oo w5 s o AR

where p1 = _21’:/ and thus the iteration is at least third
order. Clearly (41) reduces to Halley’s method if we ignore
the term O(p?).

We also remark that every higher order method can be
expressed in the form given in Equation (41). For example,
the one-parameter Hansen-Patricks family (12), Laguerre’s,
Halley’s and the square root or Ostrowski’s method, can all

be expressed as in (41) where p1 = %. These methods
differ only in the O(p(2)?) term. If p1 # %, then @ is
only a second order iteration.

One can also show that fourth order methods can be
expressed as

B(z) = 2 — p(2)
p'(2) + p1(2)p(2) + p2(2)p(2)? + O(p(2)3)’
(42)
1p(z) _ 10" ()2

1
_ -p —1 _
where p1 = 37 and p2 = 3 P a S

8. Conclusion

We propose several approaches for generating families of
third, fourth, and higher-order iterations. These include
well known methods such as the Newton, Laguerre and
Halley methods as special cases. Although these meth-
ods are derived for polynomials, they are also applicable
to entire functions and arbitrary transcendental equations
including analytic and rational functions. There remain
many issues regarding the proposed methods. For example,
third-order and fourth order families require the computa-
tion of a square root and a cubic root, respectively. The
question here is which root should be chosen. Additionally,
numerical stability and relative complexity of the methods
need to be examined. These issues among others will be
reported in a forthcoming paper.

References

[1] Foster LX., Generalizations of Laguerre’s method:
Higher order methods, STAM J. Numer. Anal., 18 (1981),
pp. 1004-1018.

[2] Davies, M., Dawson, B., On the global convergence
of Halley’s iteration formula. Numer. Math., 24 (1975),
133135.

[3] Bateman H., Halley’s method for solving equations,
Amer. Math. Monthly, 45 (1938), pp. 11-17.

[4] Ostrowski, A. M., Solution of equations in Euclidean
and Banach space. New York: Academic Press, 1973.

[6] Hansen, E., Patrick, M., A family of root finding
method. Numer. Math., 27 (1977), 257-269.

[6] Hansen, E., Patrick, M., Rusnak, J., Some modifica-
tions of Laguerre’s method. BIT 17 (1977), 409-417.

[7] Parlett B., Laguerre’s method applied to the matrix
eigenvalue problem, Math. Comp., 18 (1964), pp. 464-
485.

[8] Henrici, P., Applied and computational complex analy-
sis, Vol. I, New York: John Wiley and Sons Inc., 1974.

[9] Ljiljana D. Petkovic, Miodrag S. Petkovic, Dragan
.Zivkovic, "THANSENPATRICKS FAMILY IS OF LA-
GUERRES TYPE,” Novi Sad J. Math., Vol. 33, No. 1,
2003, 109-115.

[10] Root Iterations and the Computation of Minimum and
Maximum Zeros of Polynomials Hasan, M.A.; Circuits
and Systems, 2005. ISCAS 2005. IEEE International
Symposium on 23-26 May 2005 Page(s):2259 - 2262

[11] M. A. Hasan and A. A. Hasan, Hankel matrices of finite
rank with applications to signal processing and polyno-
mials, J. Math. Anal. Appls., vol. 208, pp. 218242, 1997.

6578



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




