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Abstract— The paper presents a solution of optimal filtering prob-
lem for stochastic differential systems of random structure with
switches generated by a special class of Markov jump processes. The
equations for both the conditional expectation of some signal process
given a noisy observation, and conditional probability density function
(pdf) are obtained. Numerical methods for solution of corresponding
Fokker-Plank and Zakai equation analogues are given and illustrated
by an example.

I. INTRODUCTION

The optimal estimation problems in systems with random struc-

ture, which can be treated as the Hidden Markov Models (HMM),

on the basis of indirect noisy observations has been researched

extensively over the last twenty years. The interest in the subject

can be easily explained by presence of many practical application

areas for possible investigation results: financial mathematics [7],

[10], [18], [19] and [22], navigation and target tracking [1] and [2],

telecommunications [16], fault detection [21], signal processing

[12], automatic control [14], etc.

Meaningful number of papers related to estimation in HMMs

was devoted to development of the finite-dimensional filters and

extraction of hidden Markov observation systems, for which the

optimal filters would be finite-dimensional ones [4], [9], [16] and

[17]. Another research direction evolved identification methods

for the HMM parameters [9] and [10]. However analysis of

HMMs, involving infinite-dimensional objects, such as probability

distributions or pdfs, was paid less attention [3].

Generally HMM is itself a dynamic system with random

structure, whose transitions are generated by an unobservable

Markov process. Usually this process has finite state space, that

makes HMM too artificial for description of real phenomena. For

example, in the asset price model with jump volatility, obtrusion

for the volatility to have only a finite set of possible values
looks as evident idealization. The same arguments can be used

as critical ones towards mathematical model for description of

round-trip time fluctuation in TCP/IP links. Apparently, utilization

of general Markov jump processes in the HMMs gives a possibility

to achieve higher level in the model adequacy. On the other hand,

engagement of these processes implies multiple complication of

the framework and weakening of possible results. Hence, the

purpose is to propose a wider class of Markov jump processes

still convenient for inferences.

In [5] it was suggested a class of special jump processes, wider

than one of the finite-state Markov processes. Paper [6] introduced

a class of HMMs, driven by jump processes of presented class.

A system of corresponding integro-differential Fokker-Plank type

equations for the transition probability was also derived.

The aim of this paper is to obtain equations of optimal filtering

estimate for the signal process in HMM governed by this special

type of Markov jump processes.
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The structure of the paper is as follows. Section II sets basic

notation and definitions. Section III contains detailed description

of hidden Markov observation system, and formulation of optimal

filtering problem. The main theoretical results are presented in

Section IV. Equations for optimal filtering estimate of some

functional of HMM state (signal process) is derived as well as

one describing evolution of conditional pdf. Analogues of Zakai

equations for corresponding unnormalized expectation and pdf is

also obtained in this section.

Section V is directed to numerical aspects of considered nonlin-

ear filtering problem. A numerical scheme for solution of Fokker-

Plank equation analogue, stated for considered HMMs, is given as

well as one for numerical solution of the Zakai equation analogue

derived in the previous section.

Implementation of the numerical methods is presented in Sec-

tion VI, which contains solution of the optimal filtering problem

for the state of bilinear HMM given noisy observation of cubic

sensor.

II. PRELIMINARIES

The following notation is used in this paper:

(Ω,F ,P,{Ft}), t ∈ [0,T ] is a probability triplet with right

continuous filtration;

θ = {θt}t∈[0,T ] is a Markov process taking values in a finite

state space Sn = {e1, . . . ,en} with an initial distribution p0 and

transition intensity matrix Λ(t) = ‖λi j(t)‖n
i, j=1 having continuous

components,

λ (t) = (λ11(t), . . . ,λnn(t))∗ is the vector collected from the

diagonal elements of Λ(t) (A∗ is the transpose of any vector or

matrix A); Λ(t) = Λ(t)−diagλ (t) is an auxiliary matrix,

Nt is the counting process corresponding to transitions of θt ,

Ti(s, t) = P{Nt −Ns = 0 | θs = ei} = exp

{∫ t

s
λii(u)du

}
,

and T (s, t) = (T1(s, t), . . . ,Tn(s, t))∗ is the distribution vector for

occupation time of each state of θt ;

D = {D1, . . . ,Dn} is a collection of disjoined Borel subsets of

R;

E =
⋃n

i=1 Di and E = B(E) are state space and minimal σ -

algebra, containing all Borel subsets of Di, i = 1, . . . ,n;

ID (x) is the indicator function of the set D ;

Θ = Θ(x) : E → Sn is the special indicator function: Θ(x) =
(ID1

(x), . . . ,IDn(x))
∗,

{πi(A)}n
i=1 is a collection of probability distributions with

supports Di, i = 1, . . . ,n:

πi(Di) = 1 ∀ i = 1, . . . ,n; π(B) = (π1(B), . . . ,πn(B))∗,

Eπi { f (y)} =
∫
Di

f (z)πi(dz),

Eπ { f (y)} = (Eπ1
{ f (y)} , . . . ,Eπn { f (y)})∗,

E f
π = diag

(
Eπ { f (y)})

,
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Z = {Zk}k≥0 is a sequence of i.i.d. random vectors Zk =
(ζ 1

k , . . . ,ζ n
k )∗ with independent components ζ i

k having distributions

πi(·).
Definition 1: The process

yt = Z ∗
Nt

θt (1)

is called the special Markov jump one generated by the process θ
and random sequence Z .

Interconnection of initial probability triplet with filtration de-

fined above, and natural filtrations generated by θ and Z can be

found in [5].

III. PROBLEM STATEMENT

Let us consider the following observation system defined on

(Ω,F ,P,{Ft}), t ∈ [0,T ]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt = x0 +
∫ t

0
a(xs−,ys−,s)ds+

∫ t

0
b(xs−,ys−,s)dws,

yt = y0 +
∫ t

0

[
ys−λ ∗(s)+E∗

π{y}Λ∗(s)
]

Θ(ys−)ds+My
t ,

Ut =
∫ t

0
Asds+

∫ t

0
BsdWs,

ft = f0(x0,y0)+
∫ t

0
αsds+

∫ t

0
βsdws +

∫ t

0
γsdMy

s ,

(2)

where xt ∈ R is an unobservable “switched” diffusion process,

yt ∈ E ⊆ R is corresponding unobservable special Markov jump

process defined by its martingale representation [5]; Ut ∈Rm is an

observation process, and ft ∈ R is a signal process which should

be estimated.

We assume the following conditions for the state zt = (xt ,yt)∗
equations in (2) to be hold:

1) Borel functions a = a(x,y, t) and b = b(x,y, t) : R × E ×
[0,T ] → R are Lipschitz with respect to the pair (x,y):

∃ K, 0 < K < ∞ : ∀ t ∈ [0,T ], ∀ (x1,y1), (x2,y2) ∈ R×E

|a(x1,y1, t)−a(x2,y2, t)|2 � K(|x1 − x2|2 + |y1 − y2|2),
|b(x1,y1, t)−b(x2,y2, t)|2 � K(|x1 − x2|2 + |y1 − y2|2),

2) functions a(x,y, t), a′x(x,y, t), b(x,y, t), b′x(x,y, t) and

b′′xx(x,y, t) are continuous and bounded with respect to (x,y, t) ∈
R×E × [0,T ], and Hölder continuous with coefficient κ (0 < κ <
1) with respect to x uniformly by (y, t):

∃C, 0 < C < ∞ : ∀ (x1,y1, t1), (x2,y2, t2) ∈ R×E × [0,T ]

|a(k)
x (x1,y1, t1)−a(k)

x (x2,y2, t2)| � C|x1 − x2|κ , k = 0,1;

|b(l)
x (x1,y1, t1)−b(l)

x (x2,y2, t2)| � C|x1 − x2|κ , l = 0,1,2,

and, additionally,

|b(x1,y1, t1)−b(x2,y2, t2)| � C(|x1 − x2|κ + |t1 − t2|κ/2),

3) there exist constants 0 < λ � λ < ∞ such that for any

(x,y, t) ∈ R×E × [0,T ] the equality λ � |b(x,y, t)| � λ holds,

4) the distributions πi, i = 1, . . . ,n have pdfs dπi
dµ (y) = φi(y),

φ(y) = (φ1(y), . . . ,φn(y))∗, and there exists a constant 0 < γ < ∞
such that ‖Eπ{|y|2+γ}‖ < ∞,

5) F0-measurable initial condition y0 has the pdf py(y,0) =
p∗0φ(y), where p0 is a distribution of initial value θ0 of the finite-

state Markov process θt ; ς0(x) is the pdf of the F0-measurable

initial condition x0;

6) initial conditions x0 and y0, and Ft -adapted Wiener process

wt are mutually independent.

Conditions 1)–6) guarantee the unique strong solution for two

first equations in (2), and the following form for transition prob-

ability function of the state zt .

Theorem 1: Let HMM (2) satisfy conditions 1)–6). Then the

transition probability function is of the form

Pu,v,s(A,B, t) = P{xt ∈ A,yt ∈ B|xs = u,ys = v} =

= T ∗(s, t)Θ(v)IB(v)
∫

A
qu,v,s(x, t)dx+

∫
A×B

ru,v,s(x,y, t)dxdy, (3)

where the pair of functions (qu,v,s(x, t),ru,v,s(x,y, t)) is a solution

of the system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(qu,v,s)′t(x, t) = L ∗
v qu,v,s(x, t),

(ru,v,s)′t(x,y, t) = L ∗
y ru,v,s(x,y, t)+λ ∗(t)Θ(y)ru,v,s(x,y, t)+

+φ∗(y)Λ∗(t)
[
diag

(
Θ(v)

)
T (s, t)qu,v,s(x, t)+

+
∫

E
Θ(z)ru,v,s(x,z, t)dz

]
,

0 � s < t � T,

qu,v,s(x,s) = δu(x),
ru,v,s(x,y,s) = 0,

(4)

and an operator L ∗
h is as follows

L ∗
h f (x) = −(

a(x,h, t) f (x)
)′

x+
1
2

(
b2(x,h, t) f (x)

)′′
xx. (5)

Proof of Theorem 1 is presented in [6] under more restrictive

conditions than 1)–6).

Under conditions 1)–6) a pdf ψ(x,y, t) of the state zt also exists

and satisfies the system⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ψ ′
t (x,y, t) = L ∗

y ψ(x,y, t)+λ ∗(t)Θ(y)ψ(x,y, t)+

+φ∗(y)Λ∗(t)
∫

E
Θ(z)ψ(x,z, t)dz,

0 < t � T,

ψ(x,y,0) = p∗0φ(y)ς0(x).

(6)

Note, conditions 1)–6) are sufficient for pdf ψ(x,y, t) to satisfy

(6), i.e. under conditions others than 1)–6) correctness of (6) must

be proved for each specific case.

We introduce additional assumptions concerning the observation

Ut and estimated signal process ft :
7) At , αt , βt and γt are Ft -predictable square integrable ran-

dom processes, and it being known that At is some measurable

functional of system state of the form: At = h(xt ,yt , t);
8) Bt is a nonrandom process, and there exists a constant 0 <

µ < ∞ such that BtB∗
t � µIm, where Im is the m×m unit matrix;

9) initial condition f (x0,y0) of the estimated process is a square

integrable random variable: E{ f 2(x0,y0)} < ∞;

10) initial conditions x0 and y0, and Ft -adapted Wiener

processes wt ∈ R and Wt ∈ Rm are mutually independent.

Conditions 7)–10) guarantee for Ut and ft to be processes with

finite moments of the second order, and the noise nondegeneracy

in observation Ut .

We denote a filtration of σ -subalgebras generated by observa-

tion process Ut as Ut = σ{us, 0 � s � t}, and ĝt = E{gt |Ut} is the

optimal in the mean square sense filtering estimate of an arbitrary

random process gt (E{g2
t } < ∞) given observations Ut .

The problem is to find equations describing evolution of optimal

filtering estimate f̂t for the signal ft in (2).
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IV. OPTIMAL FILTERING EQUATIONS

Theorem 2: Let conditions 1)–10) hold for observation system

(2), then

1) the process νt

νt =
∫ t

0
(BsB∗

s )
− 1

2 (dUs − Âsds) (7)

is a standard Ut -adapted Wiener process;

2) the optimal filtering estimate f̂t for the signal ft is a solution

of the equation

f̂t = f̂0 +
∫ t

0
α̂sds+

∫ t

0

(
f̂sA∗

s − f̂sÂ∗
s

)
(BsB∗

s )
− 1

2 dνs, (8)

where f̂0 = E{ f0(x0,y0)}.

Proof of Theorem 2 is quite similar to ones for optimal filtering

estimates brought in [8] and [20].

Let us introduce Girsanov transformant P̃ on the measurable

space (Ω,F ) by the following Radon-Nikodym derivative

dP̃
dP

= MT ,

where

Mt = 1+
∫ t

0
A∗

s (BsB∗
s )

− 1
2 dWs.

The process Φt = Ẽ
{

dP
dP̃

∣∣∣Ft

}
(notation Ẽ{·} means here expec-

tation with respect to measure P̃) is an Ft -adapted martingale in

the probability space (Ω,F , P̃) [8], which can be written as

Φt = exp

{∫ t

0
A∗

s (BsB∗
s )

−1dUs − 1
2

∫ t

0
A∗

s (BsB∗
s )

−1Asds
}

,

and also

Φ̃t = Ẽ{Φt |Ut}=exp

{∫ t

0
Â∗

s (BsB∗
s )

−1dUs− 1
2

∫ t

0
Â∗

s (BsB∗
s )

−1Âsds
}

.

Further, it is easy to verify that unnormalized conditional expec-

tation f̃t = Ẽ{Φt ft |Ut} can be represented as a solution of the

equation

f̃t = f̂0 +
∫ t

0
α̃sds+

∫ t

0
f̃sA∗

s (BsB∗
s )

−1dUs, (9)

and

f̂t =
f̃t

Φ̃t
. (10)

By Girsanov theorem, the process Vt =
∫ t

0(BsB∗
s )

−1/2dUs is

Ft -adapted standard Wiener process in the probability space

(Ω,F , P̃). The measure µV induced by Vt as a Wiener process, and

the one µ f induced by f̂t , are equivalent [13]: µV ∼ µ f . Finally,

from the fact P̃ ∼ P, it follows that under conditions 1)–10) the

state vector zt of system (2) has a conditional pdf corresponding

to the initial probability measure P.

Theorem 3: Let conditions 1)–10) hold for observation system

(2), then

1) normalized conditional pdf ψ̂(x,y, t)
(
(x,y, t) ∈ R × E ×

[0,T ]
)

of state zt given observations Ut is a solution of the

stochastic equation

ψ̂(x,y, t) = p∗0φ(y)ς0(x)+

+
∫ t

0

(
L ∗

y ψ̂(x,y,s)+λ ∗(s)Θ(y)ψ̂(x,y,s)+

+φ∗(y)Λ∗(s)
∫

E
Θ(z)ψ̂(x,z,s)dz

)
ds+

+
∫ t

0
ψ̂(x,y,s)

(
h(x,y,s)− Âs

)∗(BsB∗
s )

− 1
2 dνs,

(11)

where

Ât =
∫

R×E
h(x,y, t)ψ̂(x,y, t)dxdy, (12)

2) unnormalized conditional pdf ψ̃(x,y, t) is a solution of the

stochastic equation

ψ̃(x,y, t) = p∗0φ(y)ς0(x)+

+
∫ t

0

(
L ∗

y ψ̃(x,y,s)+λ ∗(s)Θ(y)ψ̃(x,y,s)+

+φ∗(y)Λ∗(s)
∫

E
Θ(z)ψ̃(x,z,s)dz

)
ds+

+
∫ t

0
ψ̃(x,y,s)h∗(x,y,s)(BsB∗

s )
−1dUs,

(13)

and

ψ̂(x,y, t) =
ψ̃(x,y, t)∫

R×E
ψ̃(u,v, t)dudv

. (14)

Proof: let ξ = ξ (x,y) = f (x)g(y) be an arbitrary function

such that f = f (x) ∈ C2
b(R) has a compact support, and function

g = g(y) : E → R satisfies the conditions ‖Eπ
{

g2(y)
}‖ < ∞ and∫

E |g(y)|dy < ∞. Using the Itô rule, martingale representation for

special Markov jump processes, and the fact [w,My]t ≡ 0 P-a.s.,

we have for all 0 � t � T that

Ξt = ξ (xt ,yt) = ξ (x0,y0)+

+
∫ t

0
f (xs−)

[
g(ys−)λ ∗(s)+E∗

π{g(y)}Λ∗(s)
]

Θ(ys−)ds+

+
∫ t

0
g(ys−)

[
f ′x(xs−)a(xs−,ys−,s)+ f ′′xx(xs−)

2 b2(xs−,ys−,s)
]
ds+

+
∫ t

0
f (xs−)dMg

s +
∫ t

s
f ′x(xs−)g(ys−)b(xs−,ys−,s)dws.

Note, the last two terms in the latter equality are Ft -adapted

martingales. From Theorem 2 and the fact, the number of yt
jumps occurring in the interval [0,T ] is finite a.s., the normalized

conditional expectation Ξ̂t takes the form

Ξ̂t = E{ξ (x0,y0)}+
+

∫ t

0

[
λ ∗(s)η̂1

s +E∗
π{g(y)}Λ∗(s)η̂2

s + η̂3
s + 1

2 η̂4
s

]
ds+

+
∫ t

0

[
Ξ̂sA∗

s − Ξ̂sÂ∗
s

]
(BsB∗

s )
− 1

2 dνs,

(15)

where

η̂1
t = E{Θ(yt)ξ (xt ,yt)|Ut}, η̂2

t = E{Θ(yt) f (xt)|Ut},
η̂3

t = E{a(xt ,yt , t)ξ ′
x(xt ,yt)|Ut},

η̂4
t = E{b2(xt ,yt , t)ξ ′′

xx(xt ,yt)|Ut}.
(16)

On the other hand, for an arbitrary process ρt = ρ(xt ,yt , t) such

that E{|ρt |} < ∞, its conditional expectation is defined as

E{ρt |Ut} = E{ρ(xt ,yt , t)|Ut} =
∫

R×E
ρ(x,y, t)ψ̂(x,y, t)dxdy. (17)

Applying Fubini theorem and integration by parts in (15–17), we

obtain ∫
R×E

ψ̂(x,y, t)ξ (x,y)dxdy =

=
∫

R×E

{∫ t

0

[
L ∗

y ψ̂(x,y,s)+λ ∗(s)Θ(y)ψ̂(x,y,s)+

+φ∗(y)Λ∗(s)
∫

E
Θ(z)ψ̂(x,z,s)dz

]
ds

}
ξ (x,y)dxdy+

+
∫

R×E

{∫ t

0
ψ̂(x,y,s)

(
h(x,y,s)− Âs

)∗(BsB∗
s )

− 1
2 dνs

}
ξ (x,y)dxdy.

The set of functions ξ (x,y) stated above in the proof, is dense in

L1(R×E), hence the last equality is true iff the function ψ̂(x,y, t)
is a solution of (11) P-a.s.
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Equation (13) can be proved similarly, using the fact Ξ̃t =
Ẽ{ΦtΞt |Ut} = Φ̃t Ξ̂t .

V. NUMERICAL METHODS FOR SOLUTION OF

OPTIMAL FILTERING EQUATIONS

This section contains some numerical schemes for solution of

both nonrandom equation (6) and stochastic equation (13).

Note that equation (6) can be rewritten in the form

ψ ′
t (x,y, t) = Q(x,y, t)ψ ′

x(x,y, t)+R(x,y, t)ψ ′′
xx(x,y, t)+

+S(x,y, t)ψ(x,y, t)+φ∗(y)Λ∗(t)
∫

E
Θ(z)ψ(x,z, t)dz, (18)

where

Q(x,y, t) = −a(x,y, t)+2b(x,y, t)b′x(x,y, t),
R(x,y, t) = 1

2 b2(x,y, t),
S(x,y, t) = −a′x(x,y, t)+(b′x(x,y, t))2 +b′′xx(x,y, t)+λ ∗(t)Θ(y).

To define a numerical scheme properly the following assump-

tions are made:

1) all the support sets Di are intervals [ai,bi], i = 1, . . . ,n;

2) domain in variable x is bounded by interval [x,x];

3) on the whole domain [x,x]×
n⋃

i=1

[ai,bi]× [0,T ] an analytical

grid G is defined with increments δx, δy and δt ;

4) the value of numerical solution for (18) at the grid point

(xi,yi, tk) is denoted by ψk
i j; Qk

i j, Rk
i j, Sk

i j, φ∗
j , Λk

and Θ j
denote corresponding functions values at the grid points.

The following splitting numerical scheme is used to solve (18):

ψk+1/3
i j −ψk

i j

δt
= L1(αψk+1/3

i j +βψk
i j),

ψk+2/3
i j −ψk+1/3

i j

δt
= L2(αψk+2/3

i j +βψk+1/3
i j ),

ψk+1
i j −ψk+2/3

i j

δt
= L3(αψk+1

i j +βψk+2/3
i j ),

(19)

where α, β � 0 are parameters: α +β = 1, and

L1ψk
i j =

Qk
i j

2δx
(ψk

i+1 j −ψk
i−1 j),

L2ψk
i j =

Rk
i j

δ 2
x

(ψk
i+1 j −2ψk

i j +ψk
i−1 j),

L3ψk
i j = Sk

i jψ
k
i j +φ∗

j (Λ
k)∗δy ∑

m
Θmψk

im

are difference approximations of operators Q(x,y, t) ∂
∂x (·),

R(x,y, t) ∂ 2

∂x2 (·) and S(x,y, t)(·) + φ∗(y)Λ∗(t)
∫

E Θ(z)(·)dz respec-

tively.

It is easy to see the local discretization error of numerical

scheme (19) is of order O(δt +δ 2
x +δy).

Let us consider equation (13) rewritten in the form

ψ̃ ′
t (x,y, t)dt = Q(x,y, t)ψ̃ ′

x(x,y, t)dt+
+[R(x,y, t)ψ̃ ′′

xx(x,y, t)+S(x,y, t)ψ̃(x,y, t)]dt+

+φ∗(y)Λ∗(t)
∫

E
Θ(z)ψ̃(x,z, t)dzdt+

+ψ̃(x,y, t)h∗(x,y,s)(BtB∗
t )−1/2dVt ,

ψ̃(x,y,0) = p∗0φ(y)ς0(x),

(20)

where the functions Q, R and S are stated above, and Vt is a stan-

dard Wiener process defined on the probability space (Ω,F , P̃).

The following splitting numerical scheme is used to solve this

equation:

ψ̃k+1/4
i j − ψ̃k

i j

δt
= L1(αψ̃k+1/4

i j +βψ̃k
i j),

ψ̃k+2/4
i j − ψ̃k+1/4

i j

δt
= L2(αψ̃k+2/4

i j +βψ̃k+1/4
i j ),

ψ̃k+3/4
i j − ψ̃k+2/4

i j

δt
= L3(αψ̃k+3/4

i j +βψ̃k+2/4
i j ),

ψ̃k+1
i j = L4ψ̃k+3/4

i j ,

(21)

where difference approximations L1, L2 and L3 are defined above,

and

L4ψ̃k
i j = ψ̃k

i j exp

{
(hk

i j)
∗(BkB∗

k)
−1

[
Uk+1 −Uk − δt

2
hk

i j

]}
.

Using definition of approximation accuracy for SDE [11] it can

be shown than local discretization error of numerical scheme (21)

is of order O(δ 1/2
t +δ 2

x +δy).
Both of schemes (19) and (21) are used in the next section with

parameters α = β = 1/2.

VI. COMPUTATIONAL EXAMPLE

This section demonstrates applicability of proposed numerical

methods for solution both of deterministic and stochastic partial

integro-differential equations (6) and (13). As an example of

system (2) we consider the following observation system on the

interval [0,100]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt = x0 +
∫ t

0

(
ys−xs− + c(ys−)

)
ds+

∫ t

0
b(ys−)dws,

b(y) =
(
b1

1ID1
(y)+b1

2ID2
(y)

)
y+b0

1ID1
(y)+b0

2ID2
(y),

c(y) =
(
c1

1ID1
(y)+ c1

2ID2
(y)

)
y+ c0

1ID1
(y)+ c0

2ID2
(y),

yt = y0 +
∫ t

0

[
ys−λ ∗(s)+E∗

π{y}Λ∗(s)
]

Θ(ys−)ds+My
t ,

Ut =
∫ t

0
x3

s ds+ εWt ,

(22)

where b1
1 = −0.5, b1

2 = −1, b0
1 = 0, b0

2 = 0, c1
1 = 2, c1

2 =
1, c0

1 = −10, c0
2 = 10, D1 = [−7,−5], D2 = [−2,−1], Λ =[ −0.01 0.01

0.02 −0.02

]
, p0 =

[
0.5
0.5

]
, ε = 0.1.

System (22) contains bilinear equation for state component xt ,

and its noised cubic observation Ut . Note that conditions 1)–6) are

not valid for this system, nevertheless assertions of Theorems 1 and

2 are true, and equations (6) and (13) are correct for description

of pdfs ψ(x,y, t) and ψ̂(x,y, t). This fact can be proved, basing on

the known solution of Fokker-Plank equation for linear stochastic

differential systems, and the formula of total probability related to

the process yt jumps.

The problem is to obtain an optimal filtering estimate both of

the state zt and generating process θt = Θ(yt).
Calculation was implemented with the following coordinates

and time increments δx = 0.1, δy = 0.05, δt = 0.1.

Fig. 1 contains 3D-plot illustrating time evolution of marginal

pdf ψx(x, t) =
∫

E ψ(x,y, t)dy based on the solution ψ(x,y, t) of

(6), and Fig. 2 contains corresponding conditional marginal pdf

ψ̂x(x, t) based on the solution ψ̂(x,y, t) of (13), t ∈ [0,10]. Fig. 3

contains conditional marginal pdf ψ̂y(y, t). Fig. 4 presents both

the results of component xt optimal filtering, and its conditional

accuracy characteristic σ x
t =

√
E{‖xt − x̂t‖2|Ut}, t ∈ [0,100]. Cor-

responding plots related to filtering of component yt is drawn

at Fig. 5, meanwhile the conditional probability θ̂ 1
t = P{yt ∈
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D1|Ut} = P{Θ(yt)∗e1 = 1|Ut} in comparison with its true value

θ∗
t e1 is demonstrated at Fig. 6. Conditional probability θ̂ 2

t =
P{yt ∈ D2|Ut} = P{Θ(yt)∗e2 = 1|Ut} can be easily calculated

using normalization condition: θ̂ 2
t = 1− θ̂ 1

t .

As can be seen at Figs. 4 and 6, the quality of estimates x̂t and

θ̂ 1
t is high by contrast with one of ŷt which is rather mediocre

(see Fig. 5). Apparently the reason for this feature is related in

some way with identifiability of the state zt .

VII. CONCLUSIONS

The main results of this paper are equations (11) and (13)

for the conditional pdf of HMM state governed by the special

Markov jump process. Numerical schemes for the solution of

both the deterministic equation (6) and stochastic ones (11) and

Fig. 1. Evolution of marginal pdf ψx(x, t)

Fig. 2. Evolution of conditional marginal pdf ψ̂x(x, t)

Fig. 3. Evolution of conditional marginal pdf ψ̂y(y, t)

Fig. 4. Filtering diffusion state estimate x̂t vs its exact value xt , filtering
error ∆x

t and conditional MS deviation σ x
t

Fig. 5. Filtering jump state estimate ŷt vs its exact value yt , filtering error
∆y

t and conditional MS deviation σ y
t

Fig. 6. Filtering generating process estimate θ̂ 1
t vs its exact value θ ∗

t e1,

filtering error ∆θ 1

t and conditional MS deviation σθ 1

t
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(13) is also presented. Nevertheless, there are several interesting

problems that deserve further investigation. First, one can see the

assumptions 1)–6) needed to make equations (6), (11) and (13)

meaningful are substantionally stronger than those that ensure the

existence both the state process zt and its conditional expectation.

Obviously, relaxation of these conditions, e.g. in the same way as

in [15] would be highly appreciable. Second, as was mentioned

in the previous section, mathematical framework for preliminary

identifiability analysis in system (2) state might be very useful.

Third, utilization of rather simple fractional step method for

solution of (6), (11) and (13) is intended to demonstration of the

ability to solve them in principle. At the same time, development

of corresponding numerical schemes based on particle method or

differential geometry approach looks more prospective and effec-

tive. All these problems can be objects of subsequent research.
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