
Abstract—In this paper, the singular perturbation approach 
is used to study the diagnosability of linear two-time scale 
systems. Based on a power series expansion of the slow 
manifold around 0=ε , higher order corrected models for both 
slow and fast subsystems are obtained. The diagnosability of 
the decomposed subsystems vary with respect to different 
corrected-order models. It is shown that if the original 
singularly perturbed system is fault diagnosable, a composite 
observer-based residual generator for the original system with 
actuator faults can be synthesized from the observers of the two 
separate subsystems. An example of a liner singularly 
perturbed system is worked out to illustrate the methodology.  

I. INTRODUCTION

ECAUSE of the increasing demand on the reliability 
and high efficiency in most of the industrial processes, 

fault diagnosis has become an important field of research. 
Several model-based approaches for fault detection and 
isolation (FDI) have been investigated, including observer-
based techniques [1], parity relation methods [2, 3], and 
parameter estimation methods [4, 5]. The core element of 
model-based fault diagnosis methods is to generate residual 
as a fault indicating signal. A residual generator uses 
available input and output information of the system and 
generates a residual vectors, which should be normally zero 
or close to zero when no fault is present, but is 
distinguishably different from zero when a fault occurs.  

For a two time-scale system, the slow and fast dynamics 
in the system respond to external stimuli of different 
frequencies. Consequently, for the problem of fault detection 
and isolation, it is necessary to investigate the observability 
of both slow and fast modes. Approximate models of slow 
and fast subsystems can be constructed by either equating 
terms in a power series expansion about ε  or through 
coordinator transformations [6]. Consequently, based on 
singular perturbation theory [7, 8, 10], analysis and design 
problems can be solved for both slow and fast modes in two 
separate time-scales to approximate the original system’s 
behavior. The fault diagnosis problem of linear singularly 
perturbed systems was also investigated in [15] which 
considered the fast subsystem as a modeling error and 
generated residuals by using robust parity space. 

In this paper, the problem of fault diagnosis of the full-
order model is addressed by designing decomposed 
subsystems with utilizing higher order corrected slow and 
fast subsystems. That is, a full-order observer that generates 
residuals for the original system is decomposed based on the 

observers designed separately for the two subsystems. A 
geometric approach [9] is also applied to guarantee the 
residual vector has the required isolability property to 
accomplish fault detection and isolation.  

II. SLOW AND FAST SUBSYSTEMS

We consider a linear singularly perturbed system [6] 
uBxAxAx 12121111 ++= , nRx ∈1  (1) 

uBxAxAx 22221212 ++= ε , 0,,2 >∈∈ εRuRx m  (2) 

2211 xCxCy += . (3) 
An n-dimensional slow manifold εM  may be defined for the 
above system according to [16,17] 

),,(: 12 εφε uxxM =                  
             +++= ),(),(),( 12

2
1110 uxuxux φεεφφ              (4) 

The above manifold satisfies the following condition which 
is determined by differentiating equation (4) and substituting 
it into  (1)-(2), that is 

uBuxAxAuBuxAxA
x 21221211112111
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),,()),,(( ++=++
∂
∂ εφεφφε . (5) 

The uncorrected slow manifold is now obtained at 0=ε ,
),(: 1020 uxxM φ= )()( 2121

1
22 uBxAA +−= − . (6) 

With ),( 10 uxφ  known, we equate the terms of power one 1ε
and obtain 
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2211 uBuBAxAAAuxAux ss  ++−== −− φφ  (7) 
which is now used to define 

),(),(: 111021 uxuxxM εφφ +=  (8) 
The above process can be continued to define higher order 
corrections, ),(2

2 uxφε ,etc. At the nth stage, we obtain  

1
1

22 −
−= nn A φφ . (9) 

and a manifold )( nO ε  closer to the exact manifold εM

compared to the (n-1)th  stage. Equipped with the above 
characterization at 0=ε , the uncorrected slow and fast 
subsystems are obtained as follows 

sssss uBxAx 0000 += , (10) 

ssss uDxCy 000 += , (11) 
and 

ffff
f uBxA

d

dx 000
0

+=
τ

, (12) 

000
fff xCy = , (13) 

where  
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Following the same procedure, the first-order corrected slow 
and fast subsystems are obtained as follows 
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and 
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III. DESIGN OF AND COMPOSITE OBSERVERS

Corresponding to the original system (1)-(3), a full-order 
observer may be constructed as follows 

BuGyxGCAx ++−= ˆ)( ̂ , (18) 
xCy ˆˆ =   (19) 

where 
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where 
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ˆ CGAA −= , 211212
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The state error may be defined by 

xxe −= ˆ  (21) 
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In [11] a composite observer was designed for the original 
system (1)-(3) based on the observers for the uncorrected 
slow and fast models (10)-(13). Let us define 0

sG  and 0
fG  to 

be the gain matrices of the observers for the uncorrected 
slow and fast subsystems (10)-(13) respectively. When the 
full-order observer (18)-(19) is applied to the original system 
(1)-(3) with 

),( 01
222

001
22121 fmsf GACIGGAAG −− −+=  (23) 

0
2 fGG = , (24) 

this composite observer is uniformly stable for any 

0],,0( ** >∈ εεε  if 000
sss CGA −  and 000

fff CGA −  are uniformly 

stable. 
The assumption for the existence of the full-order 

observer designed based on 0
sG  and 0

fG  is that both the 

uncorrected slow and fast models (10)-(13) are observable. 
Therefore, when the uncorrected models are not observable, 
the observability of the higher order corrected models should 
be investigated in order to construct a full-order observer. In 
other words, in this work we further  the results in [11] by 
considering the first-order corrected models of the slow and 
fast subsystems. 

A full-order observer for the first-order-corrected slow 
subsystem (14-15) is given by 

sssssssssss uDGByGxCGAx )(ˆ)(ˆ 1111111111 −++−=
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where 1
sG  is the gain matrix. The state error is defined by 

111 ˆ sss xxe −= , (27) 
which satisfies 

11111 )( sssss eCGAe −= , (28) 
where  

,)()( 0
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ssssssss AAACGACGACGA −−−−=− ε  (29) 

Similarly, for the first-order corrected fast subsystem 
(16)-(17), the observer is given by 

fffffffff uByGxCGAx 11111111 ˆ)()(ˆ ++−=τ , (30) 
111 ˆ)(ˆ fff xCy =τ , (31) 

where 1
fG  is the gain matrix. The state error is defined by 

)()(ˆ)( 111 τττ fff xxe −= , (32) 

which satisfies 
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d
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τ
, (33) 

where 
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010111 −− −+−=− AACGAAACGACGA sfffffff ε . (34) 

In order to design a composite observer based on the 
observers for the slow and fast subsystems, the error 
dynamics (22) is first decomposed into slow and fast 
subsystems by utilizing the coordinate transformation [6],  
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That is, 

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

f

s

E

E
 
 

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡

−−⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡

−−

−

f

s

m

n

m

n

E

E

HLIL
HI

AA
AA

HLIL
HI

ˆˆˆ
ˆ

ˆˆ
ˆˆ

ˆˆˆ
ˆ

2221

1211
1

ε
ε

εε
ε

ε (36)

where )(ˆ εL and )(ˆ εH  satisfy the algebraic equations 

0ˆˆˆˆ),ˆ( 12112221 =−+−= LALALLAALR εεε , (37) 

0)ˆ(ˆˆ)ˆ(),ˆ( 1212221211 =++−−= AALAHHLAAHS εεε .(38) 
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An approximation to L̂ and Ĥ  up to )( 2εo  my be obtained as 
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Now, the first-order corrected model of (36) is given by 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡

+
−−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−

1

1

1221
1

2222

21
1

22121100
1

1

ˆˆˆˆ0
0)ˆˆˆˆ)(ˆˆ(

f

sn

f

s

E
E

AAAA
AAAALHI

E
E

ε
ε

ε  
 

 (43) 
where 
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For the full-order system (1)-(3), let us denote 
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22121 fmsf GACIGGAAG −− −+=  (46) 

1
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Substituting (46)-(47) into (35) we obtain 
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Therefore, from the error dynamics (22) and using (28), (33) 
and (35), we can conclude that 
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Therefore, if 111
sss CGA −  and 111

fff CGA −  are uniformly 

stable for 0],,0( ** >∈ εεε , the observers (18)-(19), (25)-
(26) and (30)-(31) applied to systems (1)-(3), (14)-(15) and 
(16)-(17), respectively, where 
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will guarantee that the error of the full-order system (1)-(3) 
satisfies the equations 
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IV. A GEOMETRIC METHOD FOR FAULT DETECTION 

Consider the linear time-invariant model: 
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where ,ii BL = iB is the ith column of B, and )(tf i
is the fault 

in the ith actuator. When the actuator has failed, then 
)()( tutf ii −=  where )(tui

 is the ith component of  u(t); and 
when there is a bias fault on the same actuator, their )(tf i

 is 
some nonzero constant.  

The geometric approach presented in [9] is applied here 
based on the so-called Beard-Jones approach [12, 13] to 
diagnose the actuator faults in the system (58). A Beard-
Jones detection filter is a full-order observer that can be 
described as: 
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 with K and R in the error dynamics: 
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such that R is a constant matrix and RCe is the projection of 
the residual onto the output space. The observer-based 
residual generator (60) will result in a directional residual 
vector r(t) which lies in a fixed and fault-specified direction 
in the output space. Moreover, to identify the fault, only the 
magnitude of the residual and not its functional behavior is 
used. Therefore, the failure can be identified by finding the 
projection of r(t) onto the output space and comparing the 
magnitude of this projection to a threshold. 

V. NUMERICAL EXAMPLE 

In order to illustrate and demonstrate our proposed 
methodology, we design a detection filter for a system with 
slow and fast modes in the form (1)-(3) [14] with 01.0=ε ,
having the following specifications 
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For the slow subsystem, the uncorrected slow model is 
characterized by  
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We choose 0
sG  as 
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to place the poles of  000
sss CGA −  at { }2,1 −− . Then we design 

a fault detection filter for the system (62) based on the 
observer gain (63) as 0

ss GK = , and choose 49.1=sR . Here, 
the residual is generated by the second output of the system 
model and its observer.   

Fig. 1 shows a simulation result corresponding to the 
following scenario: the actuator 

su  is supposed to provide 
constant step input equal to 1=su . A fault f  on the actuator 
occurs at time t=20 and ends at t=30 [Fig. 1(a)]. Fig. 1(b) 
depicts the output of the residual generator of the 
uncorrected model, which clearly shows the occurrence of 
the fault f  and identification of its actual value.  
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Fig. 1 Detection and identification of the actuator fault in the slow 
subsystem with 01.0=ε : (a) the actuator fault occurred in the slow 
subsystem; (b) the residual of the uncorrected slow model.

For the fast subsystem, the uncorrected model is given by 
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Since [ ]TfB 000 = , system (64) is not diagnosable, therefore 

it is necessary to consider the first-order corrected fast model 
which is given by 
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We choose  
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to place the poles of 111
fff CGA −  at { }3,2 −− . Then a detection 

filter is designed based on the observer gain (66) as 11
ff GK =

and 525−=fR . Fig. 2(a) shows an actuator fault f in the fast 

subsystem whose actuator 
fu  is supposed to provide a 

constant step input equal to 1=fu . Fig. 2(b) is the output of 

the residual generator. 
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Fig. 2 Detection and identification of the actuator fault in the fast 
subsystem with 01.0=ε : (a) the actuator fault occurred in the fast 
subsystem; (b) the residual of the first-order corrected fast model.

Based on the observer gains (63) and (66) designed for the 
slow and fast subsystems, we construct a composite observer 
for the full-order system (61) by following the equations 
(54)-(55) that are obtained as 
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which places the poles of A-GC at ,99.1,1{ −− }29.282,51.211 −− .
For the purpose of fault diagnosis, we chose GKc =  and 

6.22=cR . For comparison, we also design an observer 
directly for the full-order system (61) as 
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which places the poles of  A-KC at {-1,-2,-211,-282}, and 
for the purpose of fault diagnosis we choose 4.10=R .

Fig. 3(a) simulates an actuator fault that has occurred in 
the full-order system (61) with 01.0=ε . Fig. 3(b) shows the 
output of the residual generator designed based on the 
composite observer, whereas Fig. 3(c) depicts the residual 
generated based on the observer directly designed for the 
full-order system. By comparing the error between the fault 
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and the residual in Fig. 3(b) and between the fault and the 
residual in Fig. 3(c), we can observe from Fig. 3(d) that the 
detection filter based on the composite observer has better 
capability in fault diagnosis. 
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Fig. 3 Detection and identification of the actuator fault in the full-order 
system with 01.0=ε : (a) the actuator fault occurred in the original 
system; (b) the residual generated based on the composite observer; (c) 
the residual generated based on the observer directly designed for the 
full-order system; (d) solid line is the error between the fault and the 
residual in (b), dashed line is the error between the fault and the residual 
in (c). 

To investigate the impact of ε  on fault diagnosis of 
the full-order system (61), we set 5.0=ε  and repeat our 
proposed design procedures. When 5.0=ε , the 
uncorrected slow model is the same as (62), and we 
choose the same observer '0

sG  as in (63). For the fast 
subsystem, the first-order corrected model is now given 
by 
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We choose  

,
8578.60
1003.20'1
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⎦

⎤
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⎡
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to place the poles of '1'1'1
fff CGA −  at { }3,2 −− . In order to 

identify the fault, we chose 49.1' =sR  and 5.7' −=fR . Fig. 

(4a) shows the simulation results for an actuator fault that 
has occurred in the slow and fast subsystem with 5.0=ε ,
Fig. (4b) and Fig. (4c) depict the output of the residual 
generators based on the observers '0

sG and '1
fG ,

respectively. 
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Fig. 4 Detection and identification of the actuator fault in the slow and 
fast subsystem with 5.0=ε : (a) the actuator fault has occurred in the 
slow and fast subsystems; (b) the residual of the uncorrected slow 
subsystem; (c) the residual of the first-order corrected fast subsystem. 

 Based on the observer gains '0
sG and '1

fG , we designed 

a composite observer for the original system at 5.0=ε  as 
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which places the poles of at CGA '− {-1, -1.27, 
i34.43 ±− }. For fault diagnosis, we choose '' GKc =  and 

7.16, =cR . We also designed an observer directly for the 
full-order system (61) as 
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which places the poles of  CKA '− at {-1,-1.2,-3,-3}, and 
for the purpose of fault diagnosis we choose 35.2' =R .
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Fig. 5 Detection and identification of the actuator fault in the original 
system with 5.0=ε : (a) the actuator fault occurred in the full-order 
system; (b) the residual generated based on the composite observer; (c) 
the residual generated based on the observer directly designed for the 
full-order system; (d) solid line is the error between the fault and the 
residual in (b), dashed line is the error between the fault and the 
residual in (c). 

Fig. 5(a) shows the simulations for an actuator fault 

that has occurred in the full-order system (61) with 
5.0=ε . Fig. 5(b) is the output of the residual generator 

designed based on the composite observer, while Fig. 
5(c) is the residual generated based on the observer 
directly designed for the full-order system. By comparing 
the errors between the fault and the residual in Fig. 5(b) 
and between the fault and the residual in Fig. 5(c), we 
can observe from Fig. 5(d) that the detection filter based 
on the composite observer has better capability in fault 
diagnosis. 
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