
Abstract— Sufficient conditions for oscillatority in the sense 
of Yakubovich of a class of time delay nonlinear systems are 
proposed. Under proposed conditions upper and lower bounds 
for oscillation amplitude are given. Examples illustrating ana-
lytical results by computer simulation are presented for a 
model of testosterone dynamics and circadian oscillations. 

I. INTRODUCTION

OST works on analysis or synthesis of nonlinear sys-
tems are devoted to studying stability-like behavior. 

Their typical results show that the motions of a system are 
close to a certain limit motion (limit mode) that either may 
exist in the system or may be created by a controller. Evalu-
ating deflection of the system trajectory from a limit mode, 
one may obtain quantitative information about system be-
havior [9], [14]. 

During recent years an interest in studying more complex 
behavior of the systems related to oscillatory and chaotic 
modes has grown significantly [3], [5], [6], [10], [12]. An 
important and useful concept for studying irregular oscilla-
tions is that of "oscillatority" introduced by V.A.Yakubovich 
in 1973 [15]. Frequency domain conditions for oscillatority 
were obtained for Lurie systems, composed of linear and 
nonlinear parts [10], [15], [16]. However, when studying 
physical systems in many cases it is more natural to decom-
pose the system description into two nonlinear parts. Exten-
sion of analysis and design methods for oscillations in such 
a class of systems was proposed in [3]. However, the pres-
ence of time delays in a system often leads to rise of oscilla-
tion [8], [13]. 

In this paper the proposed in [3] conditions of oscillatority 
are extended to nonlinear systems with time delay. Section 2 
contains some useful auxiliary statements and definitions. 
Main definitions and oscillations existence conditions are 
presented in Section 3. Section 4 deals with examples of 
analytical calculations with computer simulations of pro-
posed solutions for a model of testosterone dynamics and 
circadian oscillations. 

II. PRELIMINARIES

As usual, continuous function RR:
( 0:RR ) is said to belong to class K  if it is 
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strictly increasing and 00 . It is said to belong to class 
K  if it is additionally radially unbounded.  

We will denote by ]0[nC , 0  the Banach space of 

continuous functions nR]0,[: with the norm 
|)(|sup|||| 0 , where ||  is the standard Euclid-

ean norm. We will denote as mRM  the set of all Lebesgue 

measurable functions mRR:u  with property 
|||| u , where 

),0[|||||||| uu ,

}),[|,)(|{sup|||| 0),[ 0
TtttessTt uu .

Let model of system be described by functional differen-
tial equation: 

))(),(,()( tttdttd uxfx , 0t  (1) 

where nRx  is state vector, ]0[nCx ; mRMu  is 

input vector; nmn RRCR ]0[:f  is continuous 
with respect to the first argument and locally Lipschitz con-
tinuous function with respect to the rest ones, 0)0,0,(f .
We will assume that all solutions of the system satisfy initial 
conditions 

]0[)0( 0
nCxx .

It is well known by the fundamental theory of functional 
differential equations [2], that system (1) has a unique solu-
tion ),,( 0 tuxx  satisfying initial condition 0x , which is 
defined on some finite interval T,0 . If T  for every 
initial state 0x  and mRMu , then system is called forward 
complete. 

L e m m a  1 [2]. Let there exist functional

RCRV n ]0,[: , continuous with respect to the 
first argument and locally Lipschitz continuous with respect 
to the second one, and functions Ki , 4,1i , such, 
that 

,)|)(|(

)|)(|())(,()|)(|(

43

21

d

tttVt
t

t
x

xxx

MtttVtV )|)(|()0),(,( 4 xxfx

for all 0t and ]0[0
nCx , 0M . Then all solu-

tions ),0,( 0 txx  of system (1) are uniformly bounded, i.e. 
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})(,||max{ 1
40 MB x , and uniformly asymptotically 

bounded ( )())(( 3
1

42
1

1 MMR ):
Rt

t
|),0,(|lim 0xx .

III. OSCILLATORITY CONDITIONS

At first, extending the result of [3] we give a precise defi-
nition of the term "oscillatority" for time delay systems.  

D e f i n i t i o n  1 . Solution ),0,( 0 txx  with 

]0[0
nCx  of system (1) is called ],[ -

oscillation with respect to output )( x (where

RRn: is a continuous function) if system (1) is for-
ward complete and 

)(lim t
t

; )(lim t
t

; .

Solution ),0,( 0 txx  is called oscillating, if there exist 

some output and constants ,  such, that 

),0,( 0 txx  is ],[ -oscillation with respect to the out-

put . System (1) with 0)( tu , 0t  is called oscilla-

tory, if for almost all ]0[0
nCx  the solutions of the 

system ),0,( 0 txx  are oscillating.
Note that term “almost all solutions” is used to emphasize 

that generically system (1) has nonempty set of equilibrium 
points, thus, there exists a set of  initial conditions with zero 
Lebesgue measure such, that the corresponding solutions are 
not oscillation.  

The oscillatority property introduced in Definition 1 is de-
fined for zero input and any initial conditions of system (1). 
The following property is a closely related characterization 
of the system behavior, extending the proposed above prop-
erty to the case of non zero input and specific initial condi-
tions [3], [6]. 

D e f i n i t i o n  2 . Let mRMu  and ]0[0
nCx  be 

given such, that ),,( 0 tuxx  is defined for all 0t . The 

functions )(
0,x , )(

0,x  defined for 0  are 

called a l o w e r  a n d  u p p e r  e x c i t a t i o n  i n d i c e s  
o f  s y s t e m  ( 1 )  i n  p o i n t  0x  w i t h  r e s p e c t  t o  

o u t p u t  )( x  (where RRn:  is a continuous 
function), if 

ab
ba )(),(

,, suparg)(),(
00

E
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0
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L o w e r  a n d  u p p e r  e x c i t a t i o n  i n d i c e s  

w i t h  r e s p e c t  t o  o u t p u t   for forward complete 
system (1) are defined as follows 

)(inf)(
0

0
,

]0[
x

x nC
,

)(sup)(
0

0
,

]0[
x

x nC
.

Excitation indices characterize abilities of system (1) to 
perform forced or controllable oscillations caused by 
bounded inputs. It is clear that relations )0(  and 

)0(  are satisfied. For non zero inputs indices char-

acterize maximum (over specified set of inputs |||| u )

asymptotic amplitudes )()(  of .

The sufficient conditions for oscillatority of system (1) 
are formulated in the following theorem. 

T h e o r e m  1 . Let system (1) have Lyapunov functional 

RCRV n ]0,[:  obeying inequalities from Lemma 
1 and the origin of the system be locally unstable with re-
gion of repulsion r||x , Rr0 . Then system (1) is 

oscillatory, provided that set Rr ||: xx does not 

contain equilibrium points of system (1) for 0)( tu ,
0t .

P r o o f . By Lemma 1 all solutions of system (1) with 
0)( tu , 0t  are bounded and asymptotically converge 

to region where R|| x . But inside the above set there ex-
ists a repulsive subset containing the origin, therefore set 
is the global attractor in this case. 

As it was supposed,  does not contain equilibrium 
points of the system. Then for almost all ]0[0

nCx
there exists an index i , ni1  such, that the solution is 

],[ -oscillation with respect to output || ix  with 

R0 . Suppose that there is no such an output. It 
means that for all ni1  for every output || ix  the equal-

ity  holds. However, the latter could be true only in 
equilibrium points, which are excluded from the set  by 
the theorem conditions. Therefore, for almost all initial con-
ditions solutions have such oscillating outputs and system 
(1) is oscillatory by Definition 1. Note, that for different 

]0[0
nCx  oscillations of the outputs || ix  are possible 

for different i , ni1 .
Conditions of the above theorem are rather general and 

define the class of systems, which oscillatory behavior can 
be investigated by the approach. The systems should have 
attracting compact set in state space, which contains oscilla-
tory movements of the systems. For such systems Theorem 1 
provides useful tool for testing oscillating behavior and ob-
taining estimates of oscillations amplitude. 

The Poincaré-Bendixson Theorem [11] provides another 
method to detect more stronger oscillating behavior in the 

6246



system, like presence of limit cycles. However, Poincaré-
Bendixson Theorem imposes additional restrictions on struc-
ture properties of system (1) and does not allow to investi-
gate behavior of chaotic systems. 

R e m a r k  1 .  Note, that set  determines lower bound 
for value of  and upper bound for values of  and 

rRn .
R e m a r k  2 . Like in [16] one can use linearization near 

the origin of system (1) to prove local instability of the sys-
tem solutions. Instead of existence of Lyapunov functional 
V  one can require just boundedness of the system solution 

)( tx  with known upper bound obtained using an other ap-
proach not dealing with time derivative of Lyapunov func-
tional analysis. 

Let us show a link between oscillatority and excitation in-
dices.

C o r o l l a r y  1 . Let for almost all initial conditions 

]0[0
nCx  solutions )),(,( 0 txkxx  of the system (1) 

with control )( xku , 0)0(k  be ],[ -oscillations

with respect to output )( x :

)||()()||( 21 xxx , nRx , K21, .
Then oscillation amplitude of system (1) adnits inequality 

)()( ,

for * , where |)(|sup*
~

xk
x

,

})(||)(:{~ 1
1

1
2 xx .

P r o o f . From oscillatority property with respect to out-
put  solutions of the closed by feedback k  system (1) are 

bounded for all ]0[0
nCx  (almost all solutions are 

oscillating, while others are equilibriums):  
Pt )(x , 0P , 0t .

Therefore input )( xku  is upper bounded by  
|)(|sup

||
xk

x P

and )()( . Here P  is some positive 

constant calculated along solutions of closed loop system. 
Also solutions asymptotically converge to set ~  (that as-
sumed to be non empty), where norm of control k  is upper 
bounded by * . Therefore, the statement follows from defi-
nitions 1 and 2 (excitation indices are not decreasing func-
tions of ).

Hence, to compute estimates of excitation indices it is 
enough to find some control k  for system (1), which en-
sures oscillations existence in closed loop system. 

IV. APPLICATIONS

A. Delayed model of testosterone dynamics 
Let us consider the following model of testosterone dy-

namics [13]: 

,)(

;

;)(

322

21

11

TbtLgT

LbRgL

RbtTfR

where L is luteinising hormone concentration; R is luteinis-
ing hormone releasing hormone concentration; T is concen-
tration of testosterone in the blood; 1b , 2b , 3b , 1g  and 2g

are from R ; RRf :  is differentiable, bounded from 
above and monotone decreasing (during computer simula-
tion we will use )/()( 2TKATf ); 1  and 2  are non 
negative time delays. It is assumed, that the presence of R in 
the blood induces the secretion of L, which induces testos-
terone to be secreted in the testes. The testosterone in turn 
causes a negative feedback effect on the secretion of R. As it 
was proposed in [13] the presence of delay in this stable 
model leads to oscillations arising, see also [4] for additional 
results in this field. Let us apply proposed approach to the 
above system. 

This model for monotone decreasing positive f  has one 
unique equilibrium ),,( 000 TLR  being the solution of equa-
tions:

0
21

321
0 )( T

gg
bbb

Tf ; 0
21

32
0 T

gg
bb

R ; 0
2

3
0 T

g
b

L .

The instability property can be established based on lineari-
zation of testosterone model near the equilibrium: 

,)(

;

;)(

322

21

110

TbtLgT

LbRgL

RbtTTfR

where R , L  and T  are deviations of  R, L and T from 
the equilibrium respectively, f  derivative of f . The char-
acteristic polynomial has form 

0)()()()( )(
021321 21 seTfggbsbsbs .

For chosen during simulation parameters 
10A , 2K , 1321 bbb , 101g , 502g

the computation shows that for 
556.121

characteristic polynomial has roots with positive real parts. 
Thus, to apply Theorem 1 for the model we should find a 
Lyapunov functional satisfying Lemma 1, like this one: 

,)(5.0)(5.0

5.0)(5.0

2

22
2

1
3

22
2

1
3

1
2

222
1

2
2

1
3

2
2

1
1

t

t
L

LR

dssLgbLgbab

TRggbababV

where Ra , 0La . Its time derivative for testosterone 
model admits upper estimate: 

MLaTbRaV LR
22

3
2 5.05.05.0 ,
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Fig. 1. Trajectories of testosterone model. 

where 2
max

2
1

2
2

1
3

2
2

2
1 )(5.0 fggbababM LR  and 

)(max Tff , RT . Therefore, system is oscillatory. It 
is worth to stress, that testosterone model with two time de-
lays does not satisfy conditions of Poincaré-Bendixson 
Theorem [11]. The value of M  serves as estimate on up-
per bounds of oscillation amplitude for state vector 

TTLR ][x  (for 1LR aa , 1768M ). The corre-
sponding trajectory for 121  is presented in Fig. 1.

B. Circadian oscillations model 
Let us consider circadian model from [1], [7] with time 

delays:

,

;)(
)()(

;)()(
)()(

;)()()(

;)())((
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22221

242413132

24241313

121201011

1212010120

1

NN

ddN

s

mm
n

Nnns

PkPkP

PkPvPkPk

PKPVPKPVP

PKPVPKPV

PKPVPKPVP

PKPVPKPVtMkP

MkMvtPKKvM

where iP , 2,0i  are concentration degree of phosphoryla-
tion of PER protein; NP  indicates concentration of PER in 
nucleus; M  is concentration of per mRNA; 1  and 2  are 
non negative time delays. The following values of all other 
parameters were chosen [1]:  

2.31V , 58.12V , 53V , 5.24V , 9.11k ,
3.12k , 5.0mk , 2.0dk , 38.0sk , 55.0sv ,

95.0dv , 65.0mv , 4n , 1IK ,
24321 KKKK .

The description of functionality of above model can be 
found in [1] and [7]. In paper [1] it was mentioned without 
proof, that for 5.0sv  and for bigger values system with 
delays exhibits oscillations. Also it was proven in the paper 
[1] that this system has bounded solution (even with time 
delays) and unique equilibrium under some mild restrictions 
on values of model parameters (like chosen for computer 
simulation): 

758.10M , 95.00
0P , 595.00

1P ,

474.00
2P , 693.00

NP .
As it was mentioned in Remark 2, to establish global bound-
edness of the system trajectories it is possible to use any 
other approaches not dealing with Lyapunov functions 
analysis. For example, Proposition 3.1 and Theorem 1 from 
[1] help to establish global boundedness of the system tra-
jectories here. So, to establish oscillatority property of the 
system we should investigate stability property of equilib-
rium. For linearized circadian model near the equilibrium  
the characteristic polynomial has form 

.0294.0062.0

463.1226.9484.15559.7
)(

2345

21 se

sssss

Computations show, that the equilibrium is unstable and 
oscillations exist for 

44.321 .
For 221  the circadian system trajectory is shown in 
Fig. 2. 

Note that the estimate 44.321  is better than the es-
timate 10021  obtained by simulation in [1]. 
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Fig. 2. Circadian model oscillations. 
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V. CONCLUSION

The paper presents definitions of oscillatority in the sense 
of Yakubovich and excitation indices for nonlinear dynami-
cal systems with time delay (which models are described by 
functional differential equations). The sufficient conditions 
of oscillatority also are given as extension of result [3]. The 
good potentiality of proposed approach for detecting of os-
cillations arising and amplitudes bounds obtaining is demon-
strated through examples of analytical design and computer 
simulation. 

REFERENCES

[1] Angeli D., Sontag E.D., “An analysis of circadian model using the 
small-gain approach to monotone systems”. Proc. the 43nd IEEE 
Conf. on Decision and Control, Nassau, Bahamas, 2004, pp. 575 – 
580.

[2] Burton T.A. Stability and Periodic Solutions of Ordinary and Func-
tional Differential Equations. Academic Press, 1985. 

[3] Efimov D.V., Fradkov A.L. “Excitation of Oscillations in Nonlinear 
Systems under Static Feedback”. Proc. the 43nd IEEE Conf. on Deci-
sion and Control, Nassau, Bahamas, 2004, pp. 2521 – 2526. 

[4] Enciso, G., and Sontag, E.D. “On the stability of a model of testoster-
one dynamics”, J. Math. Biol., to appear 

[5] Fradkov A.L. “Feedback resonance in nonlinear oscillators”. Proc 5th 
European Control Conference, ECC'99, Karlsruhe, 1999. 

[6] Fradkov A.L. “Physics and control: exploring physical systems by 
feedback. In: Nonlinear control systems 2001”. Proc. 5th IFAC Symp.,
Eds. A.B. Kurzhanski, A.L. Fradkov, Elsevier, 2002, pp. 1421–1427. 

[7] Goldbeter, A. “A model for circadian oscillations in the Drosophila 
period protein (PER)”. Proc. Royal Soc. Lond. B. 261, 1995, pp. 319 – 
324.

[8] Goldbeter, A. Biochemical Oscillations and Cellular Rhythms. Cam-
bridge Univ. Press, Cambridge, 1996. 

[9] Jiang Z.-P., Teel A., Praly L. “Small – gain theorem for ISS systems 
and applications”. Math. Control Signal Systems, 1994, 7, pp. 95 – 
120.

[10] Leonov G.A., Burkin I.M., Shepelyavyi A.I. Frequency Methods in 
Oscillation Theory. Kluwer, Dordrecht, 1995. (in Russian: 1992) 

[11] Mallet-Paret, J. and G.R. Sell, “The Poincaré-Bendixson Theorem for 
monotone cyclic feedback systems with delay”. J. Differential Equa-
tions, 125, 1996, pp. 441 – 489. 

[12] Martinez S., Cortes J., Bullo F. “Analysis and design of oscillatory 
control systems”. IEEE Trans. Aut. Contr., 2003, 48, 7, pp. 1164 – 
1177.

[13] Murray J.D. Mathematical Biology, I: An introduction. New York, 
Springer, 2002. 

[14] Sepulchre R., Jankovi  M., Kokotovi  P.V. Constructive Nonlinear 
Control.  Springer-Verlag, New York, 1996. 

[15] Yakubovich V.A. “Frequency oscillations conditions in nonlinear 
systems with stationary single nonlinearity”. Siberian math journal,
1973, 14,  2.

[16] Yakubovich V.A. “Oscillations in systems with discontinuous and 
hysteresis nonlinearities”. Automation and Remote Control, 1975, 12.

6249


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




