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Abstract— Sufficient conditions for oscillatority in the sense
of Yakubovich of a class of time delay nonlinear systems are
proposed. Under proposed conditions upper and lower bounds
for oscillation amplitude are given. Examples illustrating ana-
Iytical results by computer simulation are presented for a
model of testosterone dynamics and circadian oscillations.

I. INTRODUCTION

OST works on analysis or synthesis of nonlinear sys-

tems are devoted to studying stability-like behavior.
Their typical results show that the motions of a system are
close to a certain limit motion (limit mode) that either may
exist in the system or may be created by a controller. Evalu-
ating deflection of the system trajectory from a limit mode,
one may obtain quantitative information about system be-
havior [9], [14].

During recent years an interest in studying more complex
behavior of the systems related to oscillatory and chaotic
modes has grown significantly [3], [5], [6], [10], [12]. An
important and useful concept for studying irregular oscilla-
tions is that of "oscillatority" introduced by V.A.Yakubovich
in 1973 [15]. Frequency domain conditions for oscillatority
were obtained for Lurie systems, composed of linear and
nonlinear parts [10], [15], [16]. However, when studying
physical systems in many cases it is more natural to decom-
pose the system description into two nonlinear parts. Exten-
sion of analysis and design methods for oscillations in such
a class of systems was proposed in [3]. However, the pres-
ence of time delays in a system often leads to rise of oscilla-
tion [8], [13].

In this paper the proposed in [3] conditions of oscillatority
are extended to nonlinear systems with time delay. Section 2
contains some useful auxiliary statements and definitions.
Main definitions and oscillations existence conditions are
presented in Section 3. Section 4 deals with examples of
analytical calculations with computer simulations of pro-
posed solutions for a model of testosterone dynamics and
circadian oscillations.

II. PRELIMINARIES

As  usual, continuous function

(R, ={teR:t>0}) is said to belong to class K if it is

c:R, >R,
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strictly increasing and G( 0) =0. It is said to belong to class
K,, if it is additionally radially unbounded.

We will denote by C"[—1,0], ©> 0 the Banach space of
¢:[-1,0]=>R"
| @Il =sup_r<c<o [ 9(c) |, where || is the standard Euclid-

continuous functions with the norm

ean norm. We will denote as M, the set of all Lebesgue

measurable  functions w:R, - R™  with property

|[u]|< +00, where
ull=llullfo+c0) »
llull,,ry=esssup{lu(t) |, €19, T)}.

Let model of system be described by functional differen-
tial equation:
dx(t)/dt =1(1x.().u(1)) , 120 (1)

where x € R" is state vector, x; € C"[-1,0]; ue M. is

input vector; f:R, xC"[-1,0]xR™ — R" is continuous
with respect to the first argument and locally Lipschitz con-
tinuous function with respect to the rest ones, f(-,0,0)=0.

We will assume that all solutions of the system satisfy initial
conditions

x.(0)=xyeC"[-1,0].
It is well known by the fundamental theory of functional
differential equations [2], that system (1) has a unique solu-
tion X(Xxg,u,t) satisfying initial condition x, which is
defined on some finite interval [0,7 ). If T = +co for every
initial state x and u € M, , then system is called forward

complete.

Lemma 1[2]. Let there exist functional
V:R, xC"[-1,0]—> R,, continuous with respect to the
first argument and locally Lipschitz continuous with respect
to the second one, and functions o; € K, i :1,_4, such,
that

oy (|X() ) SV (6,%:(1)) € oa (| X(1) ) +
+a3( ?a4<|x<g>|)dg],
-1

oV ]ot+0V]ox, £(1,x.(1),0) <—o4(|x(2))+M
for all t>0 and x5 € C"[-1,0], M >0. Then all solu-
tions X(X¢,0,t) of system (1) are uniformly bounded, i.e.

1x(x0,0,6) | < a7 (ay(B)+asz(tas(B))), 20,
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B =max{| xg |,0LZI(M)}, and uniformly asymptotically
bounded (R = afl(a2(a;1(M))+a3(rM) )):

lim |x(x(,0,¢)|<R. o
t—>+0

III. OSCILLATORITY CONDITIONS

At first, extending the result of [3] we give a precise defi-
nition of the term "oscillatority" for time delay systems.
Definition 1.  Solution x(x,0,¢)

xo € C"[-1,0] of system (1) is called [n ,m"]-
v =n(x) (where

with

oscillation with respect to output

N:R" = R is a continuous function) if system (1) is for-
ward complete and

lim y(t)=n"; lim y(t)=n"; —o<n <n" <+ow.
t:oo [—>+0

Solution X(Xx(,0,t) is called oscillating, if there exist

some output y and constants w , T such, that

x(x¢,0,¢) is [n~,n" ]-oscillation with respect to the out-

put . System (1) with u(¢)=0, t>0 is called oscilla-

tory, if for almost all xy € C"[—1,0] the solutions of the
system X(X¢,0,t) are oscillating. o

Note that term “almost all solutions” is used to emphasize
that generically system (1) has nonempty set of equilibrium
points, thus, there exists a set of initial conditions with zero
Lebesgue measure such, that the corresponding solutions are
not oscillation.

The oscillatority property introduced in Definition 1 is de-
fined for zero input and any initial conditions of system (1).
The following property is a closely related characterization
of the system behavior, extending the proposed above prop-
erty to the case of non zero input and specific initial condi-
tions [3], [6].

Definition 2.Let we My, and xo € C"[-1,0] be

given such, that X(xg,u,t) is defined for all t2>0. The
functions X\_V,XO(Y)’ X$’X0(y) defined for 0 <y <+ are

called alower and upper excitation indices
of system (1) in point Xy with respect to

output y=n(x) (where n:R" - R is a continuous

function), if
(x;,xo(v),xfu,xo(v)F arg sup {b—a |

(a,b)eE(y)
a= 11_1'1'1 n(X(X07u7[))’
>+
E(y)=1(a,b): —
b= lim n(x(xo,u,t))
t—+©
[[uf|<y
Lower and wupper excitation indices

with respect to output y for forward complete
system (1) are defined as follows

o = inf o s

Xy (V) xoec"[-f,mx"”"om

ty(D = sup gy (7). O
x,eC"[-1,0]

Excitation indices characterize abilities of system (1) to
perform forced or controllable oscillations caused by

bounded inputs. It is clear that relations n~ =7y, (0) and

= x:r,,(O) are satisfied. For non zero inputs indices char-

acterize maximum (over specified set of inputs [[ul|[<y)

asymptotic amplitudes X:T/ (V) =%y (v) of y.

The sufficient conditions for oscillatority of system (1)
are formulated in the following theorem.

Theorem 1. Let system (1) have Lyapunov functional

V:R, xC"[-1,0] > R, obeying inequalities from Lemma
1 and the origin of the system be locally unstable with re-
gion of repulsion |x|<r, 0<r<R. Then system (1) is
oscillatory, provided that set Q = {X :r<|x|<R } does not
contain equilibrium points of system (1) for u(t)=0,
t>0.

Proof. By Lemma 1 all solutions of system (1) with
u(t)=0, t>0 are bounded and asymptotically converge

to region where | x |< R . But inside the above set there ex-

ists a repulsive subset containing the origin, therefore set
is the global attractor in this case.
As it was supposed, 2 does not contain equilibrium

points of the system. Then for almost all xy, € C"[-1,0]

there exists an index i, 1<i<n such, that the solution is
[n,n" ]-oscillation with respect to output |x;| with

0<m~ <m" <R.Suppose that there is no such an output. It
means that for all 1<i<n for every output | x; | the equal-

ity n~ =" holds. However, the latter could be true only in
equilibrium points, which are excluded from the set Q by
the theorem conditions. Therefore, for almost all initial con-
ditions solutions have such oscillating outputs and system
(1) is oscillatory by Definition 1. Note, that for different

Xy € C"[—1,0] oscillations of the outputs | x; | are possible

for different i, 1<i<n. ]

Conditions of the above theorem are rather general and
define the class of systems, which oscillatory behavior can
be investigated by the approach. The systems should have
attracting compact set in state space, which contains oscilla-
tory movements of the systems. For such systems Theorem 1
provides useful tool for testing oscillating behavior and ob-
taining estimates of oscillations amplitude.

The Poincaré-Bendixson Theorem [11] provides another
method to detect more stronger oscillating behavior in the
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system, like presence of limit cycles. However, Poincaré-
Bendixson Theorem imposes additional restrictions on struc-
ture properties of system (1) and does not allow to investi-
gate behavior of chaotic systems.

Remark 1. Note, that set Q determines lower bound

for value of n~ and upper bound for values of n* and

nt—-n" <nR-r. ]
Remark 2. Like in [16] one can use linearization near
the origin of system (1) to prove local instability of the sys-

tem solutions. Instead of existence of Lyapunov functional
V' one can require just boundedness of the system solution

x(¢) with known upper bound obtained using an other ap-

proach not dealing with time derivative of Lyapunov func-
tional analysis. i

Let us show a link between oscillatority and excitation in-
dices.

Corollary 1. Let for almost all initial conditions

xo € C"[—1,0] solutions x(xg,k(x),t) of the system (I)
with control u =k(x), k(0)=0 be [n~,n" ]-oscillations
with respect to output y = n(x) :
([ xDEn(x) k(I x|), xe R, kx5 €K,y
Then oscillation amplitude of system (1) adnits inequality
- <xy (V) =%y (1)
for y>vy*, where y* =sup|k(x)]|,
xeQ)
Q={x:k;'(n ) <|x|<x N (n")}.

Proof. From oscillatority property with respect to out-
put y solutions of the closed by feedback k system (1) are
bounded for all x, € C"[-1,0] (almost all solutions are
oscillating, while others are equilibriums):

|x(t)|<P, P>0,120.
Therefore input u = k(x) is upper bounded by

v = sup | k(x)|
|x|<P
and n* -7~ S)@(y)—x\‘j(y). Here P is some positive
constant calculated along solutions of closed loop system.

Also solutions asymptotically converge to set 0 (that as-
sumed to be non empty), where norm of control k is upper
bounded by y *. Therefore, the statement follows from defi-
nitions 1 and 2 (excitation indices are not decreasing func-
tions of 7). ]

Hence, to compute estimates of excitation indices it is
enough to find some control k for system (1), which en-
sures oscillations existence in closed loop system.

IV. APPLICATIONS

A. Delayed model of testosterone dynamics
Let us consider the following model of testosterone dy-

namics [13]:

R=f(T(1=1))-b R;

L=gR-byL;

T=gyL(t=13)=b3T,
where L is luteinising hormone concentration; R is luteinis-
ing hormone releasing hormone concentration; 7 is concen-
tration of testosterone in the blood; by, b,, b3, g, and g,
are from R,; f:R, — R, is differentiable, bounded from
above and monotone decreasing (during computer simula-
tion we will use f(T) = A/(K+T2)); t; and T, are non
negative time delays. It is assumed, that the presence of R in
the blood induces the secretion of L, which induces testos-
terone to be secreted in the testes. The testosterone in turn
causes a negative feedback effect on the secretion of R. As it
was proposed in [13] the presence of delay in this stable
model leads to oscillations arising, see also [4] for additional
results in this field. Let us apply proposed approach to the
above system.

This model for monotone decreasing positive f has one

unique equilibrium (R, Ly,T,;) being the solution of equa-
tions:
b by b by b b
f(To)Z—l 2 BTO;RO: 2 3T0;L0:—3T0.
g1 82 g1 82 &2
The instability property can be established based on lineari-

zation of testosterone model near the equilibrium:

8R = f'(Ty BT(t—1))~ b 3R;

8L = gy 8R — b, SL;

8T = g, 8L(t—1, ) — by 8T,
where 0R, 8L and 8T are deviations of R, L and T from
the equilibrium respectively, f' derivative of f . The char-

acteristic polynomial has form

(s+b1)(s+by) (s +b3) = g1 82 f'(Tg)e” "1 =0,
For chosen during simulation parameters
A=10,K=2,b=by=b3=1, g, =10, g, =50
the computation shows that for
T, + 75 >1.556

characteristic polynomial has roots with positive real parts.
Thus, to apply Theorem 1 for the model we should find a
Lyapunov functional satisfying Lemma 1, like this one:

V=05b" (aR +by% (a; +b3'g5) gt )R2 +0.5T2 +

t
+0.5b3" (ay +b3'g3 ) L* +0.5b3" g3 [L(s)*ds,
)
where ap,a; >0. Its time derivative for testosterone
model admits upper estimate:

V<-05ap R*—05b3T? —0.5a; L* + M ,
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Fig. 1. Trajectories of testosterone model.
where M =0.5b;2 (aR +by% (a; +b3' g3) gt )fn%ax and
Smax = f(T), T € R, . Therefore, system is oscillatory. It

is worth to stress, that testosterone model with two time de-
lays does not satisfy conditions of Poincaré-Bendixson

Theorem [11]. The value of M serves as estimate on up-
per bounds of oscillation amplitude for state vector
x:[RLT]T (for ap =a; =1, VM =1768). The corre-

sponding trajectory for t; =1, =1 is presented in Fig. 1.

B. Circadian oscillations model
Let us consider circadian model from [1], [7] with time
delays:

M =vy Ky [(Kpy + Py (t=11)" ) = vy M [(Fipy + M) ;
Py=kyM(t—15)-Vi ByJ(K{ +Py)+V, B/(Ky + R);
B =V Py/(K\+Py)~Vo P /(Ky +P)—

V3P /(K3 +R)+Va Py [(K4+Py);
Py=V3PB[(K3+P)-V4Py/(K4+Py)-

—ky Py +ky Py —vyg Py (kg +Py);
Py =k Py —ky Py,
where P, i :@ are concentration degree of phosphoryla-
tion of PER protein; Py indicates concentration of PER in

nucleus; M is concentration of per mRNA; 1, and t, are
non negative time delays. The following values of all other
parameters were chosen [1]:
V1 =32,V,=158,V3=5,V4=25,k =19,
ky=13,k, =05, k; =02, k;, =0.38, v, =0.55,
vy =095,v, =065, n=4, K; =1,
K=K, =K3=K4=2.

The description of functionality of above model can be
found in [1] and [7]. In paper [1] it was mentioned without
proof, that for v, =0.5 and for bigger values system with
delays exhibits oscillations. Also it was proven in the paper
[1] that this system has bounded solution (even with time
delays) and unique equilibrium under some mild restrictions
on values of model parameters (like chosen for computer
simulation):

M®=1758, P) =095, P* =0.595,

Py =0.474, PY =0.693.

As it was mentioned in Remark 2, to establish global bound-
edness of the system trajectories it is possible to use any
other approaches not dealing with Lyapunov functions
analysis. For example, Proposition 3.1 and Theorem 1 from
[1] help to establish global boundedness of the system tra-
jectories here. So, to establish oscillatority property of the
system we should investigate stability property of equilib-
rium. For linearized circadian model near the equilibrium
the characteristic polynomial has form

$° +7.5595% +15.4845> +9.2265% +1.463s +
+0.062 +0.294 ¢~ (F1¥72)s _ )

Computations show, that the equilibrium is unstable and
oscillations exist for
T +1, 2344,
For 1y =1, =2 the circadian system trajectory is shown in
Fig. 2.
Note that the estimate 1, + T, > 3.44 is better than the es-

timate 1, + T, =100 obtained by simulation in [1].
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V. CONCLUSION

The paper presents definitions of oscillatority in the sense
of Yakubovich and excitation indices for nonlinear dynami-
cal systems with time delay (which models are described by
functional differential equations). The sufficient conditions
of oscillatority also are given as extension of result [3]. The
good potentiality of proposed approach for detecting of os-
cillations arising and amplitudes bounds obtaining is demon-
strated through examples of analytical design and computer
simulation.
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