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Abstract— In this paper, the problem of delay-dependent
robust dynamic output feedback stabilization for a class of
uncertain singular time-delay system is investigated. Based on
the delay-dependent stability criterion for nominal singular
time-delay systems and the concept of generalized quadratic
stabilization, the sufficient conditions of the existence of the
feedback controller are obtained, which ensure that the closed-
loop systems are regular, impulse free and robustly asymptoti-
cally stable. Moreover, the expression for the desired robustly
stabilizing controller is given by using the LMIs and the cone
complementarity linearization iterative algorithm.

Index Terms — singular time-delay systems; robust stabi-
lization; dynamic output feedback; delay-dependent stability
criteria; linear matrix inequality(LMI).

I. INTRODUCTION

Singular time-delay systems are derived from electrical
machinery, input-output model, econometric model,
environmental pollution, spaceship attitude, to name a few.
Recently, increasing attention has been devoted to the study
of singular time-delay systems [1]-[4]. Above results are all
delay-independent, so they are quite conservative, especially
when the delay is comparatively small.

In this paper, the problem of delay-dependent robust
dynamic output feedback stabilization for a class of singular
time-delay system with norm-bounded uncertainties is
investigated. All the coefficient matrices except the matrix E
include uncertainties. We consider the case of single constant
time-delay, the value of which is not required to be precisely
known. Based on the delay-dependent stability criterion for
nominal singular time-delay systems obtained in [5], and
by using the idea of generalized quadratic stabilization,
the sufficient conditions for the existence of the robust
dynamic output feedback controller are given. And then
a cone complementarity linearization iterative algorithm
is proposed to design the desired robustly stabilizing
controller, which ensures that the resulting closed-loop
system is regular, impulse free and asymptotically stable for
all admissible uncertainties. By using the delay-independent
stability criterion, the problem of robust output feedback
stabilization for singular time-delay systems was considered
in [4]. However, the controller can not be designed by
solving the matrix inequalities once. We have to solve
the partial LMI first, then substitute the obtained partial

This work was supported by the NSF of China under Grant 30271564
Shuqian Zhu, Zhaolin Cheng and June Feng are with the School of

Mathematics and System Sciences, Shandong University, Jinan 250100, P.
R. China. sduzsq@mail.sdu.edu.cn

Zhenbo Li is with the Department of Mathematics and Statistics, Shan-
dong Economic University, Jinan 250014, P. R. China

variables into the whole set of inequalities to continue
solving the LMIs. Since the LMI Toolbox in MATLAB can
only give one feasible set, this method is quite conservative.
While the cone complementarity linearization iterative
algorithm proposed in this chapter converges [6], so it
improves the results in [4] to a certain extent.

Notations: The symbol ∗ will be used in some matrix
expressions to induce a symmetric structure, for example,[

X Y
∗ Z

]
=

[
X Y

Y T Z

]
.

II. PROBLEM FORMULATION AND
PRELIMINARIES

Consider the uncertain singular time-delay system⎧⎪⎪⎨
⎪⎪⎩

Eẋ(t) = (A+�A)x(t)+(Aτ +�Aτ)x(t − τ)
+(B+�B)u(t),

y(t) = (C +�C)x(t),
x(t) = φ(t), t ∈ [−τ,0]

(1)

where x(t) ∈ Rn,u(t) ∈ Rq,y(t) ∈ Rm are the state, control
input and measurement output, respectively. E,A,Aτ ,B,C are
known real constant matrices with appropriate dimensions
and 0 <rank E = p< n. τ is an unknown constant delay
and satisfies 0 < τ ≤ τm. φ(t) ∈ Cn,τ is a compatible
vector valued initial function. �A,�Aτ ,�B and �C are
unknown time-invariant matrices representing norm-bounded
uncertainties which are assumed to be of the following forms:[ �A �Aτ �B

�C � �

]
=

[
D1
D2

]
F

[
E1 Eτ E2

]
FT F ≤ I j, F ∈ Ri× j

(2)
where D1 ∈ Rn×i,D2 ∈ Rm×i,E1 ∈ R j×n,Eτ ∈ R j×n,E2 ∈ R j×q

are known real constant matrices and F is an uncertain
real constant matrix. �A,�Aτ ,�B and �C are said to be
admissible if (2) is satisfied.

The objective of this paper is to design a dynamic output
feedback controller⎧⎨

⎩
Eη̇(t) = Akη(t)+Bky(t),
u(t) = Ckη(t),

Eη(0) = η0

(3)

such that the closed-loop system constructed by (1) and (3)
is regular, impulse free and robustly asymptotically stable.
Where η(t)∈ Rn is the state of the dynamic output feedback
controller, η0 can be chosen arbitrarily; (E,Ak) is regular and
impulse free, that is, (3) is a p-dimensional proper controller,
and then can be realized in practice.
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To get the main result of this paper, the following two
lemmas are needed.

Lemma 1 [5]: The singular time-delay system{
Eẋ(t) = Ax(t)+Aτ x(t − τ),

x(t) = φ(t), t ∈ [−τ,0] (4)

is regular, impulse free and asymptotically stable for any
constant delay τ satisfying 0 < τ ≤ τm, if there exist matrices
Q > 0,X ≥ 0,Z > 0 and P,Y satisfying

PE = ET PT ≥ 0,[
Γ PAτ −Y + τmAT ZAτ
∗ −Q+ τmAT

τ ZAτ

]
< 0,

[
X Y
∗ ET ZE

]
≥ 0,

where Γ = AT PT +PA+Q+ τmX +Y +Y T + τmAT ZA.
Lemma 2: For any real matrices G,H with appropriate

dimensions and scalar ε > 0, the following inequality holds:

GH +HT GT ≤ ε−1GGT + εHT H.

Remark 1: About the definition that the singular time-
delay system is regular, impulse free and asymptotically
stable, it can be referred to [5].

III. DYNAMIC OUTPUT FEEDBACK
CONTROLLER DESIGN

Consider the closed-loop system constructed by (1) and
(3):⎧⎨

⎩
Ẽ ˙̃x(t) = (Ã+�Ã)x̃(t)+(Ãτ +�Ãτ)x̃(t − τ)

x(t) = φ(t), t ∈ [−τ,0],
Eη(0) = η0

(5)

where

x̃(t) =
[

x(t)
η(t)

]
, Ẽ =

[
E 0
0 E

]
, (6a)

Ã =
[

A BCk
BkC Ak

]
, Ãτ =

[
Aτ 0
0 0

]
, (6b)

�Ã =
[ �A �BCk

Bk�C 0

]
, �Ãτ =

[ �Aτ 0
0 0

]
. (6c)

Using Schur complement argument and Lemma 1, the suf-
ficient conditions are obtained guaranteeing that the system
(5) is regular, impulse free and robustly asymptotically stable
as: there exist matrices Q̃ > 0, X̃ ≥ 0, Z̃ > 0 and P̃,Ỹ such that

ẼT P̃T = P̃Ẽ ≥ 0, (7a)⎡
⎣ Θ P̃(Ãτ +�Ãτ)− Ỹ τm(Ã+�Ã)T Z̃

∗ −Q̃ τm(Ãτ +�Ãτ)T Z̃
∗ ∗ −τmZ̃

⎤
⎦ < 0, (7b)

[
X̃ Ỹ
∗ ẼT Z̃Ẽ

]
≥ 0 (7c)

hold for all admissible uncertainties, where

Θ = (Ã+�Ã)T P̃T + P̃(Ã+�Ã)+ Q̃+ τmX̃ + Ỹ + Ỹ T .

Let

P̃ =
[

P P2
P3 P4

]
,P ∈ Rn×n,Pi ∈ Rn×n, i = 2,3,4 (8)

It is easy to know from (7b) that P̃ is nonsingular. Without
loss of generality, we can assume that P,Pi, i = 2,3,4, are all
nonsingular. Then from (7a), we have

ET PT = PE, ET PT
3 = P2E, ET PT

4 = P4E. (9)

Take

T1 =
[

I 0
0 PP−1

3

]
,T2 =

[
I 0
0 P−1

2 P

]
, (10a)

T3 = diag{T1,T1,T
T

2 }. (10b)

Combining with (6), (8) and (9), we obtain

Ē = T−1
2 ẼT T

1 =
[

E 0
0 P−1P2EP−T

3 PT

]

=
[

E 0
0 P−1ET PT

3 P−T
3 PT

]
=

[
E 0
0 E

]
,

(11a)

P̄ = T1P̃T2 =
[

P P
P PP−1

3 P4P−1
2 P

]
, (11b)

Ā = T−1
2 ÃT T

1 =
[

A BCkP−T
3 PT

P−1P2BkC P−1P2AkP−T
3 PT

]

=
[

A BC̄k
B̄kC Āk

]
, (11c)

�Ā = T−1
2 �ÃT T

1 =
[ �A �BCkP−T

3 PT

P−1P2Bk�C 0

]

=
[ �A �BC̄k

B̄k�C 0

]
, (11d)

Āτ = T−1
2 Ãτ T T

1 =
[

Aτ 0
0 0

]
, (11e)

�Āτ = T−1
2 �Ãτ T T

1 =
[ �Aτ 0

0 0

]
, (11 f )

where

Āk = P−1P2AkP−T
3 PT , B̄k = P−1P2Bk,C̄k =CkP−T

3 PT , (11g)

and denote

Q̄ = T1Q̃T T
1 , X̄ = T1X̃T T

1 ,Ȳ = T1Ỹ T T
1 , Z̄ = T T

2 Z̃T2. (11i)

Pre-multiplying by T1 and post-multiplying by T T
1 on both

sides of (7a) results in

ĒT P̄T = P̄Ē ≥ 0. (12a)

Pre-multiplying by T3 and post-multiplying by T T
3 on both

sides of (7b) yields⎡
⎣ Λ P̄(Āτ +�Āτ)− Ȳ τm(Ā+�Ā)T Z̄

∗ −Q̄ τm(Āτ +�Āτ)T Z̄
∗ ∗ −τmZ̄

⎤
⎦ < 0 (12b)

with

Λ = (Ā+�Ā)T P̄T + P̄(Ā+�Ā)+ Q̄+ τmX̄ + Ȳ + Ȳ T .
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And Pre-multiplying by diag{T1,T1} and post-multiplying by
diag{T T

1 ,T T
1 }on both sides of (7c) we get[

X̄ Ȳ
∗ ĒT Z̄Ē

]
≥ 0. (12c)

It can be seen that the closed-loop systems (Ẽ, Ã+�Ã, Ãτ +
�Ãτ) and (Ē, Ā +�Ā, Āτ +�Āτ) are algebraically equiv-
alent under the r. s. e. transformation where T−1

2 and T T
1

are taken as the row full rank transformation matrix and
the coordinate full rank transformation matrix respectively.
And comparing the coefficient matrices of the two closed-
loop systems, we can see that the difference between them
is just the controller parameters Ak,Bk,Ck and Āk, B̄k,C̄k.
So, without loss of generality, in the next of this paper,
we directly see Ẽ, Ã +�Ã, Ãτ +�Ãτ and P̃ in (5), (6) and
(8) as Ē, Ā +�Ā, Āτ +�Āτ and P̄. It is easy to prove that
P4 −P3P−1P2 is nonsingular. Let

S−1 = PP−1
3 P4P−1

2 P−P = PP−1
3 (P4 −P3P−1P2)P

−1
2 P, (13)

then P̄ can be written as

P̄ =
[

P P
P P+S−1

]
. (14)

Denote

JT = S +P−1, T4 =
[

JT −S
I 0

]
, (15a)

T5 =
[

J−T 0
0 I

]
T4 =

[
I −J−T S
I 0

]
, T6 = T4P̄Z̄−1,

(15b)
since P(S + P−1) = (P + S−1)S = PP−1

3 P4P−1
2 PS is nonsin-

gular, J is also a nonsingular matrix.
When the uncertainty satisfies (2), we have

�Ā = D̄1F̄Ē1, �Āτ = D̄1F̄Ēτ , D̄1 =
[

D1 0
0 B̄kD2

]
,

(16a)

Ē1 =
[

E1 E2C̄k
E1 0

]
, Ēτ =

[
Eτ 0
0 0

]
, F̄ =

[
F 0
0 F

]
.

(16b)
Denote

Σ :=

⎡
⎢⎢⎣

ĀT P̄T + P̄Ā+ Q̄
+τmX̄ + Ȳ + Ȳ T P̄Āτ − Ȳ τmĀT Z̄

∗ −Q̄ τmĀT
τ Z̄

∗ ∗ −τmZ̄

⎤
⎥⎥⎦ , (17)

then (12b) can be written as

Σ+

⎡
⎣ P̄D̄1

0
τmZ̄D̄1

⎤
⎦ F̄

⎡
⎣ ĒT

1
ĒT

τ
0

⎤
⎦

T

+(

⎡
⎣ P̄D̄1

0
τmZ̄D̄1

⎤
⎦ F̄

⎡
⎣ ĒT

1
ĒT

τ
0

⎤
⎦

T

)T < 0.

(18)

From FT F ≤ I j, it gets that F̄T F̄ ≤ I2 j. So from Lemma 2,
one obtains that if there exists ε > 0 satisfying

Σ+ ε−1

[
P̄D̄1

0
τmZ̄D̄1

][
P̄D̄1

0
τmZ̄D̄1

]T

+ ε

[
ĒT

1
ĒT

τ
0

][
ĒT

1
ĒT

τ
0

]T

< 0,

(19)

then (18) holds. By using again a Schur complement argu-
ment, we have that (19) is equivalent to

β (ε, Ā, Āτ , D̄1, Ē1, Ēτ , Q̄, P̄, Z̄, X̄ ,Ȳ )

=

⎡
⎢⎢⎢⎢⎣

ĀT P̄T + P̄Ā+ Q̄+ τmX̄ + Ȳ + Ȳ T P̄Āτ − Ȳ
∗ −Q̄
∗ ∗
∗ ∗
∗ ∗
τmĀT Z̄ P̄D̄1 εĒT

1
τmĀT

τ Z̄ 0 εĒT
τ

−τmZ̄ τmZ̄D̄1 0
∗ −εI 0
∗ ∗ −εI

⎤
⎥⎥⎥⎥⎦ < 0.

(20)
From (20), we have

diag{T4,T5,T6, I, I}β (ε, Ā, Āτ , D̄1, Ē1, Ēτ , Q̄, P̄, Z̄, X̄ ,Ȳ )

×diag{T T
4 ,T T

5 ,T T
6 , I, I} < 0,

that is,⎡
⎢⎢⎢⎢⎢⎢⎣

T4ĀT P̄T T T
4 +T4P̄ĀT T

4 +T4Q̄T T
4

+τmT4X̄T T
4 +T4Ȳ T T

4 +T4Ȳ T T T
4

T4P̄Āτ T T
5 −T4Ȳ T T

5

∗ −T5Q̄T T
5

∗ ∗
∗ ∗
∗ ∗

τmT4ĀT Z̄T T
6 T4P̄D̄1 εT4ĒT

1
τmT5ĀT

τ Z̄T T
6 0 εT5ĒT

τ
−τmT6Z̄T T

6 τmT6Z̄D̄1 0
∗ −εI 0
∗ ∗ −εI

⎤
⎥⎥⎥⎥⎦ < 0. (21)

Noticing

T4P̄ĀT T
4

=
[

AJ−BC̄kST A
PAJ +PB̄kCJ−PBCkST −PĀkST PA+PB̄kC

]
,

(22a)

T4P̄Āτ T T
5 =

[
Aτ Aτ

PAτ PAτ

]
,T4P̄D̄1 =

[
D1 0

PD1 PB̄kD2

]
,

(22b)

T4ĒT
1 =

[
JT ET

1 −SC̄T
k ET

2 JT ET
1

ET
1 ET

1

]
,T5ĒT

τ =
[

ET
τ 0

ET
τ 0

]
,

(22c)
T4ĀT Z̄T T

6 = T4ĀT Z̄Z̄−1P̄T T T
4 = T4ĀT P̄T T T

4 , (22d)

T5ĀT
τ Z̄T T

6 = T5ĀT
τ Z̄Z̄−1P̄T T T

4 = T5ĀT
τ P̄T T T

4 , (22e)

T6Z̄T T
6 = T4P̄Z̄−1Z̄Z̄−1P̄T T T

4 = T4P̄Z̄−1P̄T T T
4 , (22 f )

T6Z̄D̄1 = T4P̄Z̄−1Z̄D̄1 = T4P̄D̄1, (22g)

and denoting

Q = T4Q̄T T
4 =

[
Q1 Q2
QT

2 Q3

]
,X = T4X̄T T

4 =
[

X1 X2
XT

2 X3

]
,

(22h)
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Z = T4P̄Z̄−1P̄T T T
4 =

[
Z1 Z2
ZT

2 Z3

]
,Y = T4Ȳ T T

4 =
[

Y1 Y2
Y3 Y4

]
,

(22i)
WB = PB̄k,WC = C̄kST ,L = PAJ +PB̄kCJ−PBC̄kST −PĀkST ,

(22 j)
one gets

T5Q̄T T
5 =

[
J−T Q1J−1 J−T Q2

QT
2 J−1 Q3

]
,T4Ȳ T T

5 =
[

Y1J−1 Y2
Y3J−1 Y4

]
.

(22k)
Introduce matrices Q4 > 0,Q6 > 0 and Q5. Obviously, if there
exist matrices Q1 > 0,Q3 > 0,Q4 > 0,Q6 > 0,X1 ≥ 0,X3 ≥
0,Z1 > 0,Z3 > 0,P,J,WB,WC,L,Q2, Q5,X2,Z2,Y1,Y2,Y3,Y4
and a scalar ε > 0 with P,J nonsingular, satisfying⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 Ξ12 Aτ −Y1J−1 Aτ −Y2 Ξ15 τmLT

∗ Ξ22 PAτ −Y3J−1 PAτ −Y4 τmAT Ξ26
∗ ∗ −Q4 −Q5 τmAT

τ τmAT
τ PT

∗ ∗ ∗ −Q6 τmAT
τ τmAT

τ PT

∗ ∗ ∗ ∗ −τmZ1 −τmZ2
∗ ∗ ∗ ∗ ∗ −τmZ3
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

D1 0 ε(JT ET
1 −W T

C ET
2 ) εJT ET

1
PD1 WBD2 εET

1 εET
1

0 0 εET
τ 0

0 0 εET
τ 0

τmD1 0 0 0
τmPD1 τmWBD2 0 0
−εI 0 0 0
∗ −εI 0 0
∗ ∗ −εI 0
∗ ∗ ∗ −εI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(23)
with

Ξ11 = AJ + JT AT −BWC −W T
C BT +Q1 + τmX1 +Y1 +Y T

1 ,

Ξ12 = A+LT +Q2 + τmX2 +Y2 +Y T
3 ,

Ξ22 = PA+AT PT +WBC +CTW T
B +Q3 + τmX3 +Y4 +Y T

4 ,

Ξ15 = τm(JT AT −W T
C BT ), Ξ26 = τm(AT PT +CTW T

B ),

and[
Q4 Q5
QT

5 Q6

]
≤

[
J−T 0

0 I

][
Q1 Q2
QT

2 Q3

][
J−1 0
0 I

]
,

(24)
then taking

S = JT −P−1, B̄k = P−1WB,C̄k = WCS−T ,

Āk = P−1(PAJ +WBCJ−PBWC −L)S−T ,
(25)

one obtains that there are solutions Q̄ > 0, X̄ ≥ 0, Z̄ > 0, P̄,Ȳ
and ε > 0 to (20).

From (12a) we have

T4ĒT P̄T T T
4 = T4P̄ĒT T

4 ≥ 0. (26)

Noticing

T4P̄ĒT T
4 =

[
EJ E

PEJ−PEST PE

]

=
[

EJ E
PEP−T PE

]
=

[
EJ E
ET PE

]
,

(27a)

T4ĒT P̄T T T
4 =

[
JT ET E

ET ET PT

]
, (27b)

then (26) is just

EJ = JT ET ,PE = ET PT ,

[
EJ E
ET PE

]
≥ 0. (28)

It is obtained from (12c) that[
T4X̄T T

4 T4Ȳ T T
4

∗ T4ĒT Z̄ĒT T
4

]
≥ 0. (29)

(22i) implies that Z̄ = P̄T T T
4 Z−1T4P̄, then

T4ĒT Z̄ĒT T
4 = T4ĒT P̄T T T

4 Z−1T4P̄ĒT T
4

=
[

EJ E
ET PE

]
Z−1

[
EJ E
ET PE

] (30)

Introduce matrix W ≥ 0. Obviously, if[
X Y
∗ W

]
≥ 0, (31)

and

W ≤
[

EJ E
ET PE

]
Z−1

[
EJ E
ET PE

]
, (32)

then (29) holds.
Now, we state the following theorem.
Theorem 1: If there are solutions Q1 > 0,Q3 >

0,Q4 > 0,Q6 > 0,X1 ≥ 0,X3 ≥ 0,Z1 > 0,Z3 > 0,W ≥
0,P,J,WB,WC,L,Q2, Q5,X2,Z2,Y1,Y2,Y3,Y4 and ε > 0 with
P,J nonsingular, to (22h), (22i), (23), (24), (28), (31) and
(32), then there exists dynamic output feedback controller
(3) such that the closed-loop system constructed by (1) with
respect to uncertainty (2) and (3) is regular, impulse free and
robustly asymptotically stable for any τ : 0 < τ ≤ τm, and the
controller parameters are given in (25).

Remark 2: It is obvious that (23), (24) and (32) are not
LMIs. In order to use the LMI Toolbox in MATLAB to
get the solutions, we can do as follows. In (23), let Y1 =
0,Y3 = 0, then for given ε > 0, (23) is a LMI about the vari-
ables P,J,WB,WC,L,Qi, i = 1,2,3,4,5,6,Xi, i = 1,2,3,Zi, i =
1,2,3,Yi, i = 2,4. Without loss of generality, it is assumed

that E =
[

Ip 0
0 0

]
, then the matrices P,J satisfying (28)

are of the forms:

P =
[

P11 P12
0 P22

]
,J =

[
J11 0
J21 J22

]
,P11 ∈Rp×p,J11 ∈Rp×p

(33a)
with [

J11 I
I P11

]
≥ 0. (33b)
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It is obtained from Schur complement argument that (24) is
equivalent to⎡

⎢⎢⎣
[

Q1 Q2
QT

2 Q3

] [
JT 0
0 I

]
[

J 0
0 I

] [
Q4 Q5
QT

5 Q6

]−1

⎤
⎥⎥⎦ ≥ 0. (34)

Introduce V =
[

V1 V2
V T

2 V3

]
> 0, then (34) can be replaced

by ⎡
⎢⎢⎣

Q1 Q2 JT 0
QT

2 Q3 0 I
J 0 V1 V2
0 I V T

2 V3

⎤
⎥⎥⎦ ≥ 0 (35)

and [
V1 V2
V T

2 V3

][
Q4 Q5
QT

5 Q6

]
= I. (36)

Introduce another variable U > 0, then (32) can be replaced
by

W ≤
[

EJ E
ET PE

]
U

[
EJ E
ET PE

]
(37)

and
UZ = I. (38)

Write U as

U =

⎡
⎢⎢⎣

U11 U12 U13 U14
UT

12 U22 U23 U24
UT

13 UT
23 U33 U34

UT
14 UT

24 UT
34 U44

⎤
⎥⎥⎦ > 0, (39)

where
U11 ∈ Rp×p,U22 ∈ R(n−p)×(n−p),

U33 ∈ Rp×p,U44 ∈ R(n−p)×(n−p).

Noticing [
EJ E
ET PE

]
U

[
EJ E
ET PE

]

=

⎡
⎢⎢⎣

Π11 0 Π13 0
∗ 0 0 0
∗ ∗ Π33 0
∗ ∗ ∗ 0

⎤
⎥⎥⎦ ,

(40)

where

Π11 = J11U11J11 +UT
13J11 + J11U13 +U33,

Π13 = J11U11 +UT
13 + J11U13P11 +U33P11,

Π33 = U11 +P11UT
13 +U13P11 +P11U33P11,

so we can assume

W =

⎡
⎢⎢⎣

W1 0 W2 0
0 0 0 0

W T
2 0 W3 0

0 0 0 0

⎤
⎥⎥⎦ ≥ 0. (41)

Then (37) is just[
W1 W2
W T

2 W3

]
≤

[
J11 I
I P11

][
U11 U13
UT

13 U33

][
J11 I
I P11

]
.

(42)

Invoking again a Schur complement argument, we have that
(42) is equivalent to⎡

⎢⎢⎣
[

U11 U13
UT

13 U33

] [
J11 I
I P11

]−1

[
J11 I
I P11

]−1 [
W1 W2
W T

2 W3

]−1

⎤
⎥⎥⎦ ≥ 0. (43)

Introduce

α =
[

α1 α2
αT

2 α3

]
> 0, θ =

[
θ1 θ2
θ T

2 θ3

]
> 0, (44)

then (44) can be replaced by⎡
⎢⎢⎣

U11 U13 α1 α2
UT

13 U33 αT
2 α3

α1 α2 θ1 θ2
αT

2 α3 θ T
2 θ3

⎤
⎥⎥⎦ ≥ 0 (45)

and [
J11 I
I P11

][
α1 α2
αT

2 α3

]
= I, (46a)

[
W1 W2
W T

2 W3

][
θ1 θ2
θ T

2 θ3

]
= I. (46b)

Therefore, for given ε > 0, letting Y1 = 0,Y3 = 0, one can
consider the dynamic output feedback stabilization problem
as the the following cone complementary problems:

Minimize {tr(UZ +
[

V1 V2
V T

2 V3

][
Q4 Q5
QT

5 Q6

]
)

+tr(
[

J11 I
I P11

][
α1 α2
αT

2 α3

]

+
[

W1 W2
W T

2 W3

][
θ1 θ2
θ T

2 θ3

]
)} (47)

subject to LMIs: (22h), (22i), (23), (31), (33), (35), (39),

(41), (44), (45) and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Q1 > 0,Q3 > 0,Q4 > 0,Q6 > 0, (48a)

X1 ≥ 0,X3 ≥ 0,Z > 0,V > 0, (48b)

[
U I
I Z

]
≥ 0,

⎡
⎢⎢⎣

V1 V2 I 0
V T

2 V3 0 I
I 0 Q4 Q5
0 I QT

5 Q6

⎤
⎥⎥⎦ ≥ 0, (48c)

⎡
⎢⎢⎣

α1 α2 I 0
αT

2 α3 0 I
I 0 J11 I
0 I I P11

⎤
⎥⎥⎦ ≥ 0, (48d)

⎡
⎢⎢⎣

θ1 θ2 I 0
θ T

2 θ3 0 I
I 0 W1 W2
0 I W T

2 W3

⎤
⎥⎥⎦ ≥ 0. (48e)

Then the controller (3) can be solved by using the iterative
linearization algorithm as follows:

Algorithm 1:
(1) Make singular value decomposition to matrix E:
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ŪEV̄ =
[

Σ 0
0 0

]
, where Ū ,V̄ are orthogonal matrices

and Σ ∈ Rp×p is a nonsingular diagonal matrix. Let

M =
[

Σ− 1
2 0

0 I

]
Ū and N = V̄

[
Σ− 1

2 0
0 I

]
, then

Ē = MEN =
[

Ip 0
0 0

]
. Take M as the row full rank

transformation matrix and N as the coordinate full rank
transformation matrix, then system (1) is r. s. e. (restricted
system equivalence) [7] to:⎧⎨

⎩
Ē ˙̄x(t) = (Ā+�Ā)x̄(t)+(Āτ +�Āτ)x̄(t − τ)

+(B̄+�B̄)u(t),
x̄(t) = N−1φ(t), t ∈ [−τ,0]

(49)

where, Ē =
[

Ip 0
0 0

]
, Ā = MAN, Āτ = MAτ N, B̄ =

MB, �Ā = D̄FĒ1,�Āτ = D̄FĒτ , �B̄ = D̄FĒ2,

D̄ = MD, Ē1 = E1N, Ēτ = Eτ N, Ē2 = E2N, x̄ = N−1x.

For convenience, we still denote Ē, Ā, Āτ , B̄, D̄, Ē1, Ēτ , Ē2 as
E,A,Aτ ,B,D,E1,Eτ ,E2.

(2) For given τm > 0 and ε > 0, find a feasible set
Q1,Q2,Q3,Q4,Q5,Q6,X1,X2,X3,Z1,Z2,Z3,W,P,J,WB,WC,L,

Y1,Y2,Y3,Y4 satisfying (22h), (22i), (23), (31), (33),

(35), (39), (41), (44), (45) and (48). If there are none,

exit. Otherwise set U (0) = U,Z(0) = Z,V (0)
1

= V1,V
(0)
2

=

V2,V
(0)
3

= V3,Q
(0)
4

= Q4,Q
(0)
5

= Q5,Q
(0)
6

= Q6,J
(0)
11

=

J11,P
(0)
11

= P11,α
(0)
1

= α1,α
(0)
2

= α2,α
(0)
3

= α3,W
(0)
1

=

W1,W
(0)
2

= W2,W
(0)
3

= W3,θ
(0)
1

= θ1,θ
(0)
2

= θ2,θ
(0)
3

= θ3,

and verify the condition (24) and (32). If (24) and (32)
are satisfied, then the parameters of the dynamic output
feedback controller (3) are given in (25). Otherwise, set the
index of the objective function in the next step as k = 0 and
go to step (3).

(3) Solve the following convex optimization problem for

the variables Q1,Q2,Q3,Q4,Q5, Q6,X1,X2,X3,Z1,Z2,Z3,W,

P,J,WB,WC,L, Y1,Y2,Y3,Y4 :

Minimize { tr(U (k)Z +Z(k)U

+
[

V (k)
1

V (k)
2

∗ V (k)
3

][
Q4 Q5∗ Q6

]
+

[
V1 V2∗ V3

][
Q(k)

4
Q(k)

5
∗ Q(k)

6

]
)

+tr(

[
J(k)

11
I

∗ P(k)
11

][
α1 α2∗ α3

]
+

[
J11 I
∗ P11

][
α(k)

1
α(k)

2
∗ α(k)

3

]

+

[
W (k)

1
W (k)

2
∗ W (k)

3

][
θ1 θ T

2∗ θ3

]
+

[
W1 W2∗ W3

][
θ (k)

1
θ (k)

2
∗ θ (k)

3

]
)

subject to LMIs: (22h), (22i), (23), (31), (33), (35), (39),

(41), (44), (45) and (48).

Set U (k+1) = U,Z(k+1) = Z,V (k+1)
1

= V1,V
(k+1)
2

=

V2,V
(k+1)
3

= V3,Q
(k+1)
4

= Q4,Q
(k+1)
5

= Q5,Q
(k+1)
6

=

Q6,J
(k+1)
11

= J11,P
(k+1)
11

= P11,α
(k+1)
1

= α1,α
(k+1)
2

=

α2,α
(k+1)
3

= α3,W
(k+1)
1

= W1,W
(k+1)
2

= W2,W
(k+1)
3

=

W3,θ
(k+1)
1

= θ1,θ
(k+1)
2

= θ2,θ
(k+1)
3

= θ3.

(4) Verify the condition (24) and (32). If (24) and (32)
are satisfied, then the parameters of the dynamic output
feedback controller (3) are given in (25). If condition (24)
and (32) are not satisfied within a specified number of steps
of iterations, then exit. Otherwise, set the index k of the
objective function in Step (3) as k +1 and go to Step (3).

Remark 3: It should be noticed that the controller (3)
obtained using the above method is not sure be proper. In

fact, when E =
[

Ip 0
0 0

]
, let Āk =

[
Ak11 Ak12
Ak21 Ak22

]
.

If Ak22 is nonsingular, the controller (3) is a p-
dimensional proper controller. If Ak22 is singular,

we redefine Āk as Ā∗
k =

[
Ak11 Ak12
Ak21 Ak22 + µI

]
, where

scalar µ > 0 is sufficient small such that Ak22 + µI

is nonsingular and Ā∗ =
[

A BC̄k
B̄kC Ā∗

k

]
still satisfies

β (ε, Ā∗, Āτ , D̄1, Ē1, Ēτ , Q̄, P̄, Z̄, X̄ ,Ȳ ) < 0. Thus (Ā∗
k , B̄k,C̄k)

forms a proper dynamic output feedback controller for the
system (1).

IV. CONCLUSIONS

In this paper, the problem of delay-dependent robust
stabilization for a class of uncertain singular time-delay
system with norm-bounded uncertainties is investigated. The
sufficient conditions of the existence of the dynamic output
feedback controller are proposed. The presented control
law guarantees the resultant closed-loop system is regular,
impulse free as well as robustly stable for all admissible un-
certainties. Since the conditions given in this paper are delay-
dependent and the controllers can be designed effectively by
using the LMIs and the cone complementarity linearization
algorithm, this paper improves the results in [4] to a certain
extent.
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