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Delay-dependent Robust Stabilization for Uncertain Singular
Time-delay Systems: Dynamic Output Feedback Case

Shugian Zhu, Zhenbo Li, Zhaolin Cheng and June Feng

Abstract—In this paper, the problem of delay-dependent
robust dynamic output feedback stabilization for a class of
uncertain singular time-delay system is investigated. Based on
the delay-dependent stability criterion for nominal singular
time-delay systems and the concept of generalized quadratic
stabilization, the sufficient conditions of the existence of the
feedback controller are obtained, which ensure that the closed-
loop systems are regular, impulse free and robustly asymptoti-
cally stable. Moreover, the expression for the desired robustly
stabilizing controller is given by using the LMIs and the cone
complementarity linearization iterative algorithm.

Index Terms —singular time-delay systems; robust stabi-
lization; dynamic output feedback; delay-dependent stability
criteria; linear matrix inequality(LMI).

I. INTRODUCTION

Singular time-delay systems are derived from electrical
machinery, input-output model, econometric model,
environmental pollution, spaceship attitude, to name a few.
Recently, increasing attention has been devoted to the study
of singular time-delay systems [1]-[4]. Above results are all
delay-independent, so they are quite conservative, especially
when the delay is comparatively small.

In this paper, the problem of delay-dependent robust
dynamic output feedback stabilization for a class of singular
time-delay system with norm-bounded uncertainties is
investigated. All the coefficient matrices except the matrix £
include uncertainties. We consider the case of single constant
time-delay, the value of which is not required to be precisely
known. Based on the delay-dependent stability criterion for
nominal singular time-delay systems obtained in [5], and
by using the idea of generalized quadratic stabilization,
the sufficient conditions for the existence of the robust
dynamic output feedback controller are given. And then
a cone complementarity linearization iterative algorithm
is proposed to design the desired robustly stabilizing
controller, which ensures that the resulting closed-loop
system is regular, impulse free and asymptotically stable for
all admissible uncertainties. By using the delay-independent
stability criterion, the problem of robust output feedback
stabilization for singular time-delay systems was considered
in [4]. However, the controller can not be designed by
solving the matrix inequalities once. We have to solve
the partial LMI first, then substitute the obtained partial
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variables into the whole set of inequalities to continue
solving the LMIs. Since the LMI Toolbox in MATLAB can
only give one feasible set, this method is quite conservative.
While the cone complementarity linearization iterative
algorithm proposed in this chapter converges [6], so it
improves the results in [4] to a certain extent.

Notations: The symbol * will be used in some matrix

expressions to induce a symmetric structure, for example,
X Y

MR

II. PROBLEM FORMULATION AND
PRELIMINARIES

Consider the uncertain singular time-delay system

Ex(t) = (A+DA)x@)+ (A +DA)x(t—1)
+(B+ AB)u(t), 0

yt) = (C+AO0)x(),

xt) = o¢@), te€]-1,0]

where x(¢) € R",u(t) € R1,y(t) € R™ are the state, control
input and measurement output, respectively. E,A,A;,B,C are
known real constant matrices with appropriate dimensions
and 0 <rank E = p<n. T is an unknown constant delay
and satisfies 0 < 7 < 7,,. ¢(r) € C,; is a compatible
vector valued initial function. AA,AA;,AB and AC are
unknown time-invariant matrices representing norm-bounded
uncertainties which are assumed to be of the following forms:

A NA, AB [ D,
reaiiedl B F
F'F<I, FeR™

. ‘ . , (2)
where D, € R"*',D, € R"*'\E, € R"*" E; € RI’*" E, € RI*1
are known real constant matrices and F is an uncertain
real constant matrix. AA, AA;,AB and AC are said to be
admissible if (2) is satisfied.

The objective of this paper is to design a dynamic output
feedback controller

En() = An@)+By),
ut) = Cn), (3)
En(0) = No

such that the closed-loop system constructed by (1) and (3)
is regular, impulse free and robustly asymptotically stable.
Where 7(¢) € R" is the state of the dynamic output feedback
controller, 7, can be chosen arbitrarily; (E,A k) is regular and
impulse free, that is, (3) is a p-dimensional proper controller,
and then can be realized in practice.
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To get the main result of this paper, the following two
lemmas are needed.
Lemma 1 [5]: The singular time-delay system

Ex(t) = Ax(t)+Ax(t—1), ()
x(t) 9(t), 1€[-7,0]
is regular, impulse free and asymptotically stable for any

constant delay 7 satisfying 0 < 7 < 1,,,, if there exist matrices
0>0,X>0,Z>0 and P satisfying

PE=ETPT >0,
' PA,—Y +1,ATZA,
T < 07
x  —Q+1,ATZA,
X v
[ « ETZE ] 20,

where T =ATPT + PA+ Q+ 1, X +Y +YT +1,ATZA.
Lemma 2: For any real matrices G,H with appropriate
dimensions and scalar € > 0, the following inequality holds:

GH+H'G" <e 'GG" +eH"H.

Remark 1: About the definition that the singular time-
delay system is regular, impulse free and asymptotically
stable, it can be referred to [5].

III. DYNAMIC OUTPUT FEEDBACK
CONTROLLER DESIGN

Consider the closed-loop system constructed by (1) and

3):

Ex(t) = (A+LA)x(1t)+ A+ LAt —1)
x(1) = o), rel-1,0], (5)
En(0) = n,
Toe-[B)e[5t] e
ol ) a5 3] @
AA_{B,(AKC A‘gck}, M,_[Ag‘f 8} (6¢)

Using Schur complement argument and Lemma 1, the suf-
ficient conditions are obtained guaranteeing that the system
(5) is regular, impulse free and robustly asymptotically stable
as: there exist matrices QO >0,X >0,Z >0 and P, such that

ETP" = PE >0, (7a)
O PA+A0A)—F  tu(A+2A)Z
; -0 toAe+ NADTZ | <0, (7h)
* * 4
£ 7
[ « ETZE } 20 (7¢)

hold for all admissible uncertainties, where

0= (A+LA) P +PA+ LA+ Q0+ 1, X +7 +T7T.

Let
5 [ P P

P= P P4],PeR"X”,E.eR"X”,i:MA (8)

It is easy to know from (7b) that P is nonsingular. Without
loss of generality, we can assume that P,P,,i=2,3,4, are all

nonsingular. Then from (7a), we have

E'P" =PE, E'P{ =P,E, E'P] =P,E. 9)

Take
I 0 I 0
Tl_|:0 PP,;I :|3T2_|:0 P2—1P:|7 (10(1)
T, = diag{T,,T,, Ty }. (10p)
Combining with (6), (8) and (9), we obtain
_ . E 0
_7—1 T _
E=1 kT = { 0 P 'PEPTPT ]
(11a)
[ E 0 [E o
Lo PUETPIPTPT | T 0 E |’
_ - P P
P_TIPTZ_ |: P PP§1P4P51P :|a (llb)
- . A BC,P;TPT
_7-1 T _ k"3
A=TL AL = [ P~ 'P,B,C P 'PAPTPT }
[ A BC
e 5 19
- - ANA ABC P;TPT
_ -1 T _ k'3
AA=T, AAT; { P~'P,B,AC 0 }
_ [ ~Aa  ABC,
inc Dot (110
- 17 A; O
AT: T2 1A‘L'TIT = |: OT 0 :| ) (118)
_ NA; 0
AAT—TZIAATTI:{ Of 0}, (11f)

where
n —1 —TpT B —1 ~ —T pT
A, =P RAP P B, =P BB, C=CP P, (llg)
and denote
0=T01! X =T X1, Y =TYT],Z=T/Z71,. (11i)

Pre-multiplying by 7} and post-multiplying by TIT on both
sides of (7a) results in

ETPT = PE > 0. (12a)
Pre-multiplying by 7; and post-multiplying by T3T on both
sides of (7b) yields

A PA+NA)-Y  1,(A+NA)TZ
R -0 Tu(A. - AATZ | <0 (120)
* * —T.Z

with

A=A+ LDTPT L PA+ NA)+ 0+ 1, X +7 +77.
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And Pre-multiplying by diag{7;,7; } and post-multiplying by
diag{T", T, }on both sides of (7c) we get

X Y

[ ) ETZE] =0
It can be seen that the closed-loop systems (E,A+AA,A; +
NA;) and (E,A+ AA,A; + AA;) are algebraically equiv-
alent under the r. s. e. transformation where 7,”! and T}
are taken as the row full rank transformation matrix and
the coordinate full rank transformation matrix respectively.
And comparing the coefficient matrices of the two closed-
loop systems, we can see that the difference between them
is just the controller parameters A,,B,,C, and A,,B,,C,.
So, without loss of generality, in the next of this paper,
we directly see £,A+ AA,A;+ AA; and P in (5), (6) and
(8) as E,A+AA, A, + AA; and P. It is easy to prove that
P, — P,P'P, is nonsingular. Let

—1 —1 —1 —1 —1 —1
S~'=pPpy PP P—P=PP (P, P,PT'P)P P, (13)

(12¢)

then P can be written as

_ P P
P= [ P P+s! ] (14)
Denote s S
T __ —1 _ -
J'=S+pP ,T_[I 0}, (15a)
JT 0 I —JTs 1
Tsz[ 0 I]T4:{1 0 ] T, =T,PZ7",
(15b)

since P(S+P~') = (P+S~")S = PP;'P,P;'PS is nonsin-
gular, J is also a nonsingular matrix.
When the uncertainty satisfies (2), we have

- o oo - _ - o D 0
NA=D,FE,, AATDIFET,DI{ 0 5D, |
B 16a)
- [E EC] -~ [E 0] - [F 0O
El_[El o "E=lo o]0 F
(16b)
Denote
ATPT +PA+0QO -~ .
5. 4T, X +Y 7T =Y TATZ a7)
T * -0 T, ALZ |
* * 7TmZ
then (12b) can be written as
PD, Er ]’
+ 0 F| ET
TwZD, 0 (8)
PD, Er’
+( 0 F| EI' | )YT<o.
TwZD, 0

From FTF < 1;, it gets that FTF < L. So from Lemma 2,
one obtains that if there exists £ > 0 satisfying

PD, pp, 17 ET ik
T+e | o0 H 0 | +e| Ef ] lETT <0,
TnlD, TnlD, 0 0
(19)

then (18) holds. By using again a Schur complement argu-
ment, we have that (19) is equivalent to

B(e,AA
ATPT + PA+Q+ 1, X+Y +77
* -0
= *
*k
*

*
*
*
BD, €El
T
T

T,ATZ

1,ALZ 0 eE

—twZ TwZD, 0 <0.
* —&l 0
* * —el

From (20), we have

Xdiag{T4T7T5T7T6T7171} < Oa
that is,

T,ATP'T] +T,PAT] +T,0T/

i T oo
+ 0, TXTE +T,YT] + Y"1 T,PA. Ty —T, YT

* ~T,01]
* *
* *
* *
W TA'ZT]  T,PD, eTE]
T AL ZT 0 eTE!
T T, 2T  ©,T,ZD, 0 <0. (21)
* —el 0
* * —el
Noticing
T,PAT}
B AJ—BC ST A
~ | PAJ+PB,CJ—PBC,ST —PA,ST PA+PBC |’
22a)
. A A - D 0
T __ T T — 1 _
LPATs = [ PA; PA; ] IPD, = { PD, PB,D, } ’
(22b)
- JTET —SCTET JTET - ET 0
T T
T4E1 = |: ! Eir k2 ElT] 7T5ET = EZT 0 )
(22¢)
T, A" ZTd =T, A"ZZ7'P'T] =T, ATP"T], (22d)
TATZT! =T AT 2Z27'P'1] = TLATP T, (22¢)
1,21 =T,PZ '2Z7'P'1] =T,PZ'P"'T], (22f)
. o _
1,ZD, = T,PZ"'ZD, = T,PD,, (22¢9)

and denoting

AT | O O morT | X X
o-rorl=| g & x|
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sl T T _ | L 2 o N S CR £
Z—T4PZ P T _{ZQT Z3 7Y—T4YT = Y3 Y4 ,
(220)

5 A oT 5 ~ T pi T
Wy = PB,, W, = C,S" L= PAJ +PB,CJ — PBC,S —P/?S;‘ ;
J

one gets

- JTou ' J5To _ yJ ! v
TsQTsTZ[ ! 2| LY = ) B

037! 0, vy,

(22k)
Introduce matrices Q, > 0,0y > 0 and Q5. Obviously, if there
exist matrices Q; > 0,0, > 0,0, > 0,0, > 0,X, > 0,X; >
0,Z, > 0,Z; > 0,PJ, Wy, W,L,0,, 0s5,X,,Z,,Y,,Y,,Y3,Y,
and a scalar € > 0 with P,J nonsingular, satisfying

E, En, A-YJ' A-Y, E; T LT
* By PA-Y,J7' PA-Y, T,AT SR
x % -0, —Q; AL ,ALPT
x % * Qs AL 1,ATPT
* * * * —Twly  —Tml,
* * * * * —TnZs
* * * * * *
* * * * * *
* * * * * *
L * * * * * *
D, 0 e(JTET —WEET) eJTET ]
PD, WD, eET eET
0 0 eE] 0
0 0 eET 0
7D, 0 0 0 <0
TnPD; 1,WD, 0 0
—&l 0 0 0
—&l 0 0
* —&l 0
* * —el
(23)
with

E, =AJ+JTAT —BW, —WIB" +Q, + 1, X, +Y, +Y],

[1]

12:A+LT+Q2+TmX2+Y2+Y3T,
Ey, =PA+ATPT + WyC+CTW] + 0y + 1 X5+ Y, + Y[,
Eis = Tu(TAT =WIBT), B\ = tu(ATPT +CTW)),

and
gl rlla gl
T < T )
24)
then taking
S=J"—pP ' B =P 'W,,C, =W.ST,
k B>~k c (25)

A, =P ' (PAJ +WyCJ —PBW,—L)S7T,

one obtains that there are solutions O >0,X >0,Z>0,P,Y
and € > 0 to (20).
From (12a) we have

T,E'P'T] = T,PET] > 0. (26)

Noticing
- EJ E
T _
LPETE = [ PEJ—PES" PE }
(27a)
B EJ E]l [EJ] E
“ | PEPT PE | | ET PE |’
o JTET E
T4ETPTT4T = |: ET ETPT :| ) (2’7b)
then (26) is just
G TpT _pTpr | EJ E
EJ=J"E ,PE—EP,[ET pg | 20 (28)
It is obtained from (12c) that
X1  T,YT]
s S >
{ x  T,ETZET] 20. (29)
(22i) implies that Z=PT T/ ZT,P, then
T,ETZET! =T, E"P'T] Z 'T,PET]
_[ES E ], [E E (30)
| ET PE ET PE
Introduce matrix W > 0. Obviously, if
X v
>
B o
and
EJ] E [ EJ E
WS[ET PE}Z [ET PE]’ (32)

then (29) holds.

Now, we state the following theorem.

Theorem 1: 1If there are solutions Q, > 0,0, >
0,0, > 0,0 > 0,X; > 0,X; >0,Z, > 0,Z; >0, W >
0,PJ, W5, Wo,L,0,, 0s5,X,,2,,Y,,Y,,Y5,Y, and € > 0 with
P,J nonsingular, to (22h), (22i), (23), (24), (28), (31) and
(32), then there exists dynamic output feedback controller
(3) such that the closed-loop system constructed by (1) with
respect to uncertainty (2) and (3) is regular, impulse free and
robustly asymptotically stable for any 7:0 < 7 < 7,,,, and the
controller parameters are given in (25).

Remark 2: It is obvious that (23), (24) and (32) are not
LMIs. In order to use the LMI Toolbox in MATLAB to
get the solutions, we can do as follows. In (23), let ¥; =
0,Y; =0, then for given € > 0, (23) is a LMI about the vari-
ables P,J,Wp,W,,L,0;,i=1,2,3,4,5,6,X;,i=1,2,3,Z;,i =
1,2,3,Y;,i = 2,4. Without loss of generality, it is assumed

that E = I(’)’ 8 ] , then the matrices P,J satisfying (28)
are of the forms:
_| Pu Pp _|Ju O PXp PXp
P= { 0 P, J = 5y Jy P, ERPTP J ER
(33a)
with
Jy, 1
>
{ I P, } >0. (33b)
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It is obtained from Schur complement argument that (24) is
equivalent to

ERARKE
o o) Lor] 1.,

[é (I)] [gs% gz]l > (34)

Introduce V = VIT Y2 > 0, then (34) can be replaced
v, Vi

by
Q% 0, J' 0
0, 0; O 1
;oo v, v |20 (35)
o 1 vl v

and vV 0. 0
Lo 4 s 36

Easlr-a )

Introduce another variable U > 0, then (32) can be replaced
by

EJ E EJ E
<
W[ET PE}U[ET PE} (37)
and
UZ=1. (38)
Write U as
Ul]'l U12 U13 U14
U U. U U
U= "2 Yn Ui Yo (39)
U1;3 U2§} U3T3 Us,
Uy Uy Usy Uy
where
Uy, € RV, U,y € RU-PX0D),
U33 ERPXP,U44 c R(n—p)x(n—lﬁ.
Noticing
EJ E U EJ E
ET PE ET PE
I, 0 Iz 0 (40)
B * 0 0 O
= « % H33 0 )
* * * 0
where
My =7,y Uy Jyy + UG+, Ups + Uss,
3 =J,,Uy + UG+, U3y + U Py,
1‘133:UU+P11U]T3+U13P11+P11U33P11’
SO we can assume
W, 0 W, 0
0O 0 0 O
_ >
W=\wr o w 0|20 (41)
O 0 0 O

Then (37) is just
W, W, < Iy 1 U, Uy Iy 1
Wy Wy =L I Py Ufs Us; I P

E
(42)

Invoking again a Schur complement argument, we have that
(42) is equivalent to

—1
FTINEE
U13 U33 I Pll , >0 (43)
Jy 1 - W, W, - o
1 P, wy W,
Introduce
_| % 0 _ 16 6
a{%r a3}>0, O[QZT 6, >0, (44)
then (44) can be replaced by
Ulrl Ui; oc% o,
Uz Uy o 0y
o o, 6, 6 =0 (43)
oy o 6, 6,
and
T o 0 |
[ I Py ] { o oy | 7 (46a)
W W, 6, 6, | _
FRICEIEER

Therefore, for given € > 0, letting ¥, = 0,Y; = 0, one can
consider the dynamic output feedback stabilization problem
as the the following cone complementary problems:

Vi Vz]{ta Qs})
VzT V3 QST Qs

J I o o
+tr([ }1 Py } { 0‘21T oG }
W, W 0, 6
b l[o &)
subject to LMIs: (22h), (221), (23), (31), (33), (35), (39),
(41), (44), (45) and

Minimize {tr((UZ+ [

(47)

Q] > 07 Q3 > 07 Q4 > 07Q6 > 07 (4861)
X, >0,X;>0,Z>0,V >0, (48b)
vi Vv, T 0

(U 1 viev, o0 I
> 2 3 >
1z >0,| 7 0 0, o >0, (48¢)
0 I 0
_alT o, I 0 ]
g oz 0T
[0 g, 1 >0, (48d)
L0 1 I P,
TE b
I
2 3
oo owow |20 (48¢)
Lo 1w oWy

Then the controller (3) can be solved by using the iterative
linearization algorithm as follows:

Algorithm 1:

(1) Make singular value decomposition to matrix E:
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UEV = 0 8 , where U,V are orthogonal matrices

and X € RP*P is a nonsingular diagonal matrix. Let
_1

202 (; }, then

1
M = {22 O}U and N:V{
0o I
I, 0
0 O
transformation matrix and N as the coordinate full rank
transformation matrix, then system (1) is r. s. e. (restricted

system equivalence) [7] to:
Ex(t) = (A+ AAE(1) + (Ar + AA)x(t — T)
+(B+ AB)u(t),
() =N""9(r), te[-7,0]

E = MEN = . Take M as the row full rank

- _[1, O _
where,E—[0 0],A—

MB, AA = DFE, AA, = DFE,,

E,A,A;,B,D,E| E E,.

(2) For given 1, > 0 and € > 0, find a feasible set
01,05,03,04,05, 06, X1, X5, X3, 21,25, 23, W, P,J, Wp, W, L,
Y,,Y,,Y,,Y, satisfying (22h), (22i), (23), (31), (33),
(35), (39), (41), (44), (45) and (48). If there are none,
exit. Otherwise set U©) = U,Z(O) =7, V1<0> = VI,V2<0) =

Vv = 15,00 = 0,00 = 05,00 = Qu.J) =
0) _ 0
51, PO = P al
W, WO = Wy, WO = Wy, 60 = 6,,0[” = 6,60 = 6,,
and verify the condition (24) and (32). If (24) and (32)
are satisfied, then the parameters of the dynamic output
feedback controller (3) are given in (25). Otherwise, set the
index of the objective function in the next step as k =0 and
go to step (3).
(3) Solve the following convex optimization problem for

the variables Q,,0,,05,04,05, Q¢ X, X5,X3,2,,2,, 25, W,
P, Wy, W, L, Y,,Y,, Y5, Y,
Minimize { t(UMZ 4+ z0U

= ahaz(()) = OC2,O£3EO) = (x3’W1(O) =

y& oy 0, 0O AR ok ol
1 2 4 Y5 1 4 5
+[ . V3(k { * Qe}+{ x V; } N Qék) )

& 0y Iy 1 a1(k> o)
* OC3 * Pll * a3k)

1
k k k k
* WS(k) * 93 * W3 * 93k)

subject to LMIs: (22h), (221), (23), (31), (33), (35), (39),
(41), (44), (45) and (48).

Set Ukt — U,Z("“) — Z,V](kH) — V17V2<k+1) _
Vo,V = v, 0 = 0,000 = 05,00 =
Q67J£/I+1) — J”’PI(IIC+1) — p“’afkﬂ) al’a2(k+1) _
Ocz,aék—s-l) = a3,Wl(l<+1) = Wl’Wz(k-ﬁ-l) - W27W3(k+1) _

W, 01 = 6,,0(-1) = 6, (1) — 6,
(4) Verify the condition (24) and (32). If (24) and (32)
are satisfied, then the parameters of the dynamic output
feedback controller (3) are given in (25). If condition (24)
and (32) are not satisfied within a specified number of steps
of iterations, then exit. Otherwise, set the index k of the
objective function in Step (3) as k+ 1 and go to Step (3).
Remark 3: It should be noticed that the controller (3)
obtained using the above method is not sure be proper. In
fact, when E = [1” 0 }, let A, = {Ak” A }
0 0 At A
If A,,, is nonsingular, the controller (3) is a p-
dimensional proper controller. If A, is singular,
A A
ki1 k12 . where
Ao A 11 }
scalar u > 0 is sufficient small such that A, + ul
A BC,
BC A

we redefine A, as Af = [

is nonsingular and A* = } still satisfies

forms a proper dynamic output feedback controller for the
system (1).

IV. CONCLUSIONS

In this paper, the problem of delay-dependent robust
stabilization for a class of uncertain singular time-delay
system with norm-bounded uncertainties is investigated. The
sufficient conditions of the existence of the dynamic output
feedback controller are proposed. The presented control
law guarantees the resultant closed-loop system is regular,
impulse free as well as robustly stable for all admissible un-
certainties. Since the conditions given in this paper are delay-
dependent and the controllers can be designed effectively by
using the LMIs and the cone complementarity linearization
algorithm, this paper improves the results in [4] to a certain
extent.
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