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Abstract— This paper is concerned with efficient integration
of bilinear H∞ control and adaptive inverse control to attain
vibration isolation of structure installed with a semi-active
MR damper in which its damping force is controllable by
input voltage. The structure with MR damper is expressed
by a bilinear dynamic equation. The role of the bilinear H∞
controller is to provide the desired damping force, while the
role of the adaptive inverse controller is to compensate the
nonlinearity of MR damper by generating the input voltage so
that the actual damping force can track the desired damping
force. A new model of MR damper is also given and then
the input voltage can be analytically calculated to generate
the specified damping force. Simulation and experimental
results validated the effectiveness of the proposed model-based
integrated control approach in vibration isolation of multi-
story structures.

I. INTRODUCTION

Magnetorheological (MR) damper is a semi-active device

which has a promising applicability in areas of earthquake

isolation structures and suspension systems. The viscosity

of MR fluid is controllable depending on input voltage.

The MR damper inherently has hysteresis characteristics in

nonlinear friction mechanism, and many efforts have been

devoted to the modeling of nonlinear behavior from static

and dynamic points of view [1][2]. Static or quasi-static

models include no dynamics but can express a nonlinear

mapping from velocity to damping force [3][4][5][6][7]. It

is not easy to identify the hysteresis curve by using a small

number of model parameters from actual nonstationary

seismic input-output data. To model the hysteresis dynamics

explicitly, the Bouc-Wen model and its variations have

also been investigated, in which the input-output relation

is expressed by a set of nonlinear differential equations

[1][2]. The model can simulate the nonlinear behavior of

the MR damper, however it includes too many nonlinear

model parameters to be identified in real-time manner.

Alternative modeling is based on the LuGre friction model

[8] which was originally developed to describe nonlinear

friction phenomena [9]. It has rather simple structure and

the number of model parameters can also be reduced,

however, it is not adequate for real-time design of an inverse

controller. The authors of this paper have further modified

the LuGre model for MR damper by which the input voltage

can be analytically calculated to generate specified damping

force [10].

Several approaches to control schemes for semi-active

vibration isolation have also been proposed. Although many

models of MR damper were developed so far, few model-

based control schemes have been given. In almost conven-

tional approaches, a desired damping force is calculated to

minimize the LQ or LQG performance for linear structures,

and then the input voltage to the MR damper is determined

so that the damping force by MR damper can track the

calculated desired damping force. For instance, a clipped-

optimal control algorithm has been given [11], in which a

linear optimal controller is combined with a force feedback

loop was designed to adjust the input voltage, which is set

at either zero or its maximum level according to the gap

between the calculated desired damping force and the actual

force. Some modifications were also considered with other

control schemes, such as optimal regulator, sliding mode,

gain scheduled control and others [12][13][14].

Alternative approach is to construct an inverse model of

MR damper to attain the tracking of the actual damping

force to the desired force. Neural network approaches

have been done [15][16] as a data-based approaches. By

expressing a structure and MR damper as a simple bilinear

dynamic model approximately, gain-scheduled control [17],

bilinear optimal and H∞ control schemes [18][19] have also

been developed. However, almost all the approaches did

not take into account nonlinear dynamics of MR damper

explicitly.

The purpose of this paper is to clarify how to inte-

grate a bilinear H∞ controller and an adaptive inverse

controller to attain vibration isolation of structure installed

with a semi-active MR damper. Since a structure with

semi-active MR damper is expressed by a bilinear dynamic

equation which includes a product of a state variable and

control input to describe the damping term, any linear

control law such as LQG or linear H∞ control cannot

give satisfactorily as stated later. Moreover, the MR damper

has a nonlinear hysteresis dynamic behavior and difficulty

of explicit parameterized modeling in an on-line manner.

So, the proposed control approach integrates two control

schemes: One is the bilinear H∞ controller for the total

system consisting of a multi-story structure and semi-active

MR damper to optimally generate a desired damping force.

The other is an adaptive inverse controller for compensating

uncertain nonlinear hysteresis dynamics of the MR damper

to generate a voltage input to the damper so that the actual

damping force by the MR damper can track the desired
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Fig. 1. Quake-absorbing structure with MR damper

damping force given by the bilinear H∞ controller. Thus,

one of the major purposes of our study is to achieve the

performance almost near to active control for the vibration

isolation issue, even if the semi-active MR damper with

uncertainty is adopted. The effectiveness of the proposed

approach is investigated in experiments of vibration isola-

tion of a four-story structure.

II. PROPOSED VIBRATION ISOLATION SYSTEM

Vibration isolation structures has an isolation layer be-

tween the ground level and upper structure to isolate

from earthquake acceleration energy. In this paper, an MR

damper is also installed at the isolation layer to improve

the isolation performance, as shown in Fig.1 in which

a four-story structure with the MR damper is illustrated.

We assume only horizontal displacements but no torsions

and vertical displacements. Let the physical variables and

parameters in Fig.1 be denoted as:

mi : Mass of i-th story [Kg]

ci : Damping constant of i-th story [N·s/m]

ki : Stiffness constant of i-th story [N/m]

xi : Relative displacement of i-th story [m]

ẍg : Earthquake acceleration [m/s2]

f : Damping force by MR damper [N]

v : Voltage input to MR damper [V]

By using the definition of the displacement vector x =
[x1 x2 x3 x4]T , the dynamics of the vibration isolated

structure with MR damper is expressed by

Msẍ + Csẋ + Ksx = Γf − MsΛẍg (1)

where Ms is a mass matrix, Cs a damping matrix, Ks

a stiffness matrix. and Λ = [1 1 1 1]T and Γ =
[−1 0 0 0]T .

In this paper, we express the desired damping force fd

needed to the structure by using the damping constant cd
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Fig. 2. Proposed total control system

and the velocity ẋ1 as

fd = cdẋ1 (2)

If the damper force fd can be generated by MR damper by

adjusting the input voltage v, the structural dynamics (1) can

be transformed to the next bilinear state space expression

as

ẋp = Apxp + bp1ẍg + bp2(xp)cd (3)

yp = Cpxp (4)

where

xp = [ xT ẋT ]T , yp = [ ẍ2a ẍ3a ẍ4a ]T

Ap =
[

0 I

−M−1
s Ks −M−1

s Cs

]
, bp1 =

[
0

−Λ

]

bp2(xp) = [ 0 0 0 0 − ẋ1
m1

0 0 0 ]T

Cp = [−M−1
s Ks − M−1

s Cs]([2 : 4], :)

Fig.2 illustrates a proposed total control system for vibration

isolation for a structure with semi-active MR damper. The

control system consists of two controllers: One is the bilin-

ear H∞ controller which gives the desired damping force

fd = cdẋ1 for the bilinear dynamics of the structure with

MR damper, where the control input cd is designed. The

other is the adaptive inverse controller which compensate

nonlinearity of MR damper to decide the input voltage v
so that the actual damping force f of MR damper can

track the desired force fd. The model of the MR damper is

identified in real-time manner, and the input voltage giving

the necessary damping force can be analytically calculated,

so the adaptive inverse controller works as an inverse of the

MR damper even in the presence of uncertainties in the MR

damper model.

III. ADAPTIVE IDENTIFICATION OF MR DAMPER

A. Proposed Expression of MR Damper Model

MR damper is a semi-active device in which the viscosity

of the fluid is controllable by the input voltage, and has

hysteresis effects in its nonlinear friction mechanism. As
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stated, a variety of approaches have been taken to modeling

of the nonlinear behavior of the MR damper. Compared to

the Bouc-Wen model [1][2], the LuGre model has simpler

structure and smaller number of parameters needed for

expression of its behavior [8]. We have further modified the

LuGre models [9][8] so that a necessary input voltage can

be analytically calculated to produce the specified command

damping force fc [10]. Its dynamics is expressed by

f = σ0az + σ0bzv + σ1ż + σ2aẋ + σ2bẋv (5)

ż = ẋ − σ0a

Fc
|ẋ|z (6)

where

ẋ : Velocity of cylinder rod [m/s]
z : Internal state variable [m]

Fc : Coulomb friction [N] in case of zero voltage [V]
σ0a : Stiffness [N/m] for z in case of zero voltage [V]
σ0b : Stiffness [N/(m V)] for z dependent of voltage

σ1 : Damping constant [N s/m] for z
σ2a : Damping constant [N s/m] in case of zero voltage

σ2b : Damping constant [N s/(m V)] depending on voltage

If the internal state z satisfies an initial condition |z(0)| ≤
Fc/σ0a, the solution stays in an invariant set Ω = {z(t) :
|z(t)| ≤ Fc/σ0a}. It is verified by taking the time-derivative

of a positive scalar function V = (1/2)z2 [9] as

V̇ = zż = −|ẋ||z|
(

σ0a

Fc
|z| − sgn(ẋ)sgn(z)

)
(7)

By making use of the saturation behavior, the hysteresis

between the damping force and velocity can be described.

In a region ż = 0 after the saturation, it holds that

f = sgn{ẋ}Fc

(
1 +

σ0b

σ0a
v

)
+ σ2aẋ1 + σ2bẋ1v (8)

The proposed model also has the following properties: (a)

All the model parameters are positive, (b) the damping

constants is proportional to the input voltage v, (c) the

model has the dispasivity like the original LuGre model.

B. Adaptive Identification Algorithm

Rewriting the proposed model in (5) and (6) gives the

following input-output expression as

f = σ0az +σ0bzv−σ1a0|ẋ|z +(σ1 + σ2a) ẋ+σ2bẋv (9)

where a0 = σ0a/Fc. Let the parameter vector θ and the

regressor vector ϕ be defined by

θ = [ σ0a σ0b σ1a0 σ1 + σ2a σ2b ]T

= [ θ1 θ2 θ3 θ4 θ5 ]T (10)

ϕ = [ z zv −|ẋ|z ẋ ẋv ]T (11)

then (9) can be rewritten into a linear parametric form as

f = θT ϕ (12)

Let the updated parameters θ̂ of θ be defined as

θ̂ = [ σ̂0a σ̂0b σ1â0 σ1 + σ̂2a σ̂2b ]T

= [ θ̂1 θ̂2 θ̂3 θ̂4 θ̂5 ]T (13)

Then the following assumptions are made:

(i) The damping constant σ1 is given as a nominal value

a priori. A nominal value of σ1 can be obtained in a batch-

process in which the above five parameters and σ1 are

identified in a bootstrap iterative manner.

(ii) The estimate ẑ of the internal state z is bounded, that

is, the upper bound 1/â0min is known such that ẑ ∈ L∞.

Since the internal state z of MR damper model cannot

be measured directly, the regressor vector ϕ is obtained by

replacing it with its estimate ϕ̂, as

ϕ̂ = [ ẑ ẑv −|ẋ|ẑ ẋ ẋv ]T (14)

where ẑ is given by a nonlinear observer with estimated

parameters stated later. The estimated damping force is

given by the identified MR damper model as:

f̂ = θ̂
T
ϕ̂ (15)

where the output error is defined by

ε = f̂ − f (16)

The estimate ẑ of the internal state is calculated by

the adaptive observer using the updated parameters θ̂3, the

identification error ε and the observer gain L, as

˙̂z = ẋ − θ̂3

σ1
|ẋ|ẑ − Lε, L ≥ 0 (17)

Introduction of the observer gain L can improve the con-

vergence of the output error ε even in the presence of the

modeling error of the proposed model.

To assure the stability of the adaptive identification

algorithm, the normalized signal is introduced as N =
(ρ + ϕ̂T ϕ̂)1/2, ρ > 0. By dividing by N as ϕN = ϕ/N ,

ϕ̂N = ϕ̂/N and εN = f̂N − fN , where fN = f/N and

f̂N = θ̂
T
ϕ̂N , we can give the adaptive law with a variable

gain for updating the model parameters as

˙̂
θ = −Γϕ̂NεN (18)

Γ̇ = λ1Γ − λ2Γϕ̂N ϕ̂T
NΓ (19)

where λ1, λ2 and Γ(0) have to satisfy the following con-

straints: λ1 ≥ 0, 0 ≤ λ2 < 2, Γ(0) = ΓT (0) > 0.

One of the choice for them is the fixed trace scheme

given by λ1 = ‖Γϕ̂N‖2/tr{Γ} and λ2 = 1. For practical

implementation, Γ(t) is chosen constant. Thus, the physical

model parameters can be calculated from the relation (13).

C. Experimental Results of Adaptive Identification

We applied the proposed model to on-line identification

of the small MR damper (RD-1097-01) supplied by Lord

Corporation. Since the current driver has a dead-zone, the

input voltage v is cubed as an input to MR damper for
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Fig. 3. Applied voltage and velocity in used experiment
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Fig. 4. Comparison of measured actual force f with estimated

force f̂

the compensation. A laser displacement sensor (Keyence:

LB-01) was placed to measure the displacement x and its

velocity ẋ of the piston rod of the MR damper. A dynamic

strain sensor was also installed in series with the damper to

measure the output damping force f . Thus the identified

model has two inputs of voltage v and the velocity ẋ,

and one output f . The sampling rate of these data was

chosen 1[KHz]. In the identification experiment, we used

the random stepwise signals as two inputs ẋ and v, as

illustrated in Fig.3. Other experimental setup is given as

follows: Initial value of model parameters are listed in Table

1, and other conditions are Γ(0) = diag[1.00×109, 1.00×
109, 1.00×109, 1.00×104, 1.00×104], L = 5.00×10−2.

The model parameters θ̂ are updated by (18) and (19)

so that the normalized error εN may be minimized. Let

the estimation error between the actual damping force f
and the estimated force f̂ be denoted by ε = f̂ − f ,

which is plotted in Fig.4. The force estimation error can

be suppressed satisfactorily. Fig.?? also gives convergence

profiles of the updated model parameters, and the converged

values are listed in Table I.

In order to observe the hysteresis behavior of MR damper,

TABLE I

PARAMETER VALUES ESTIMATED IN ADAPTIVE

IDENTIFICATION

Parameters Converged values Initial values

σ0a [N/m] 3.11× 104 3.20× 104

σ0b [N/(m·V)] 5.20× 104 5.26× 104

σ1 [N·s/m] 3.62 × 10 1.21× 10
σ2a [N·s/m] 7.12 × 10 1.02× 10
σ2b [N·s/(m·V)] 2.82 × 10 5.95
Fc [N] 7.25 7.20

we input sinusoidal movements with amplitude 1.5cm in

three cases with voltage inputs 0, 1 and 1.25V. Fig.5(a)

gives the actutually measured data, while Fig.5(b) shows

the similar plots obtained by the proposed model with

the converged parameters in Table I. However, the plotted

hysteresis behavior cannot show the roll-off curves as the

measurement gives in Fig.5(a). On the other hand, the

adaptive identification approach along with the nonlinear

observer can give the very precise estimate of the hysteresis

property very near to the measurement hysteresis. In con-

clusion, the effectiveness of the proposed model and the

adaptive identification algorithm have been validated.

IV. COMBINATION OF BILINEAR H∞ CONTROL WITH

ADAPTIVE DAMPER CONTROL

A. Bilinear H∞ Control

We consider a generalized plant for the bilinear state-

space expression (3), where W 1(s) denotes the frequency

weight on the state variable and W 2(s) denotes the weight

on the control input, which can be expressed in the state-

space form as

W 1(s)
{

ẋw = Awxw + Bwyp

zw = Cwxw + Dwyp
(20)

W 2(s)
{

ẋu = Auxu + bucd

zu = cuxu + cd
(21)

xs = [ xT
p xT

w xT
u ]T (22)

ẋs = Axs + b1ẍg + b2(xs)cd (23)

z =
[
l(xs)zw

a(xs)zu

]
=

[
l(xs)C11

a(xs)c12

]
xs +

[
0

a(xs)

]
cd (24)

where

A =

⎡
⎣ Ap 0 0

BwCp Aw 0
0 0 Au

⎤
⎦ , b1 =

⎡
⎣ bp1

0
0

⎤
⎦

b2(xs) = [ bT
p2(xs) 0T bT

u ]T

C11 = [ DwCp Cw 0 ], c12 = [ 0 0 cu ]

where l(xs) and a(xs) are nonlinear weights on the state xs

and the input cd respectively, and z is an evaluated output.

Now we consider a control law for the generalized plant

so that the L2 gain from the earthquake acceleration input
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Fig. 5. Measured hysteresis characteristics of MR damper
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ẍg to the output z is less than γ > 0. By letting cu = 0
and putting constant weight on the input, we obtain the

following Riccati inequality for (23) and (24) as

PA + AT P +
1
γ2

P b1b
T
1 P + CT

11C11 < 0 (25)

where P is a symmetric positive definite matrix. If the

nonlinear weights l(xs) and a(xs) satisfy that(
1

a2(xs)
− 1

)
xT

s P b2(xs)bT
2 (xs)Pxs

+
(
1 − l2(xs)

)
xT

s CT
11C11xs ≥ 0 (26)

the nonlinear H∞ state feedback control law is given [19]

as

cd = −
(

1
a2(xs)

bT
2 (xs)P

)
xs (27)

where m0(xs) is an arbitrary positive scalar function.

If the nonlinear weight satisfies that

l(xs) > 0, l(0) = 1, a(xs) > 0, a(0) = 1 (28)

and further

l(xs) =
√

1 + m0(xs)xT
s P b2(xs)bT

2 (xs)Pxs (29)

a(xs) =
1√

1 + m0(xs)xT
s CT

11C11xs

(30)

then the inequality constraint (26) is satisfies. It is noticed

that if the nonlinear weight l(xs) takes larger as the

magnitude of xs increases and l(xs) ≥ 1 is satisfied, then

we can attain the control which suppresses large movements

of xs.

B. Adaptive Damper Controller

By identifying the MR damper model we construct an

inverse model by generating the voltage input to the MR

damper so that the actual damping force f can coincide with

the desired damper force fd = cdẋ1. The adaptive inverse

controller with input fd and output v is given from (5) and

(6), as

ρ1 = σ̂0bẑ + σ̂2bẋ1

ρ2 =
{

ρ1 for ρ1 < −δ, δ < ρ1

δ for − δ ≤ ρ1 ≤ δ

vc =
fd − {σ̂0aẑ − σ1â0|ẋ1|ẑ + (σ1 + σ̂2a)ẋ1}

ρ2

v =

⎧⎨
⎩

0 for vc ≤ 0
vc for 0 < vc ≤ Vmax

Vmax for Vmax < vc

(31)

where δ > 0 is adopted for avoiding zero-dividing and

works in neighborhoods of ρ1 = 0.

C. Investigations via Numerical Simulation

In this numerical simulation, we discuss effectiveness of

the proposed cooperation of the bilinear H∞ control and the

adaptive inverse control by adopting the benchmark struc-

ture model with MR damper [10][11]. Almost conventional

control schemes did not take into account the nonlinear

model of MR damper explicitly in the controller design but

use only the optimal linear control for the linear structures

to provide the desired damping force. As illustrated in

Fig.5(b), the hysteresis curve describing the relation be-

tween the damping force and velocity appears mainly in the

first and third quadrants. However, any linear control law

has the force-velocity relation also in the second and fourth

quadrants as well as the first and third quadrants as given

in Fig.8(a). Therefore, the linear control scheme generates

unrealizable desired damping force, and that causes large

control errors. On the other hand, the force and velocity

relation appears almost only the first and second quadrants

by the bilinear H∞ control as indicated in Fig.8(b). More-

over the proposed adaptive inverse control can generate the

input voltage so that the actual damping force can track the
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Fig. 9. Tracking performace of f to fd

desired damping force given by the bilinear H∞ controller,

as validated in Fig.9(b), compared to the linear control case

in Fig.9(a). By the proposed scheme, the actual damping

force f can track almost perfectly the desired force fd as

shown in Fig.9(b).

D. Isolation Control Experiments with MR Damper

We have constructed a four story structure as shown in

Fig.1 and an prepared the experimental setup illustrated by

Fig.10. The acceleration inputs to a shaker are the N-S

component of 1940 El Centro seismic signal and random

acceleration input with frequency range [0 ∼ 20]Hz. We ap-

plied the subspace identification method and the frequency-

domain fitting to obtain the story parameter estimates and

the frequency characteristics of the first and fourth floor.

The Bode diagrams are plotted in Fig.11, and the physical

model parameters are listed as below:

Ms =

⎡
⎢⎢⎣

1.38 0 0 0
0 1.16 0 0
0 0 1.17 0
0 0 0 1.27

⎤
⎥⎥⎦ kg

Electric Motor

Vibration

A/D Borad

Acceleration
Sensor

dSPACE

UCIST
Controller

Load Cell

Displacement
Sensor

MR Damper
Input

Voltage

D/A Borad

Fig. 10. Quake-isolation structure with MR damper
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Fig. 11. Bode diagram of quake-absorbing structure

Cs =

⎡
⎢⎢⎣

8.46 −0.875 0 0
−0.875 0.899 −0.0240 0

0 −0.0240 0.0817 −0.0577
0 0 −0.0577 0.0577

⎤
⎥⎥⎦ N · s/m

Ks =

⎡
⎢⎢⎣

2.21 −1.32 0 0
−1.32 2.42 −1.10 0

0 −1.10 2.27 −1.17
0 0 −1.17 1.17

⎤
⎥⎥⎦× 103N/m

As for the adaptive damper controller, the parameters

Fc, σ0a, σ2a of the MR damper are only updated and the

adaptive observer gain is set by L = 0.05. While the bilinear

H∞ controller, the frequency weight for the full states has

a first-order lowpass property with cutoff frequency 20Hz,

and the frequency weight on the control input is set at one

(constant).

Fig.12 shows comparison of the accelerations of the first

and fourth floors in the cases with and without MR damper.

The accelerations of first and fourth floors can be suppressed

by MR damper by the proposed algorithm.

Next, we investigate the effectiveness of the proposed

algorithm (d) in comparison with other schemes (a)-(c) in

case when the ground acceleration is stationary random

signal:

(a) Structure with neither isolation layer nor MR damper
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Fig. 12. Measured accelerations (solid line: proposed control
method, dotted line: no damper)
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Fig. 13. Comparison of control performace of proposed approach
with other schemes

(b) Stucture with only isolation layer

(c) Structure with isolation layer and MR damper with

zero voltage

(d) Structure with isolation layer and MR damper con-

trolled by the proposed approach

Fig.13 gives comparison of the RMS of the acceleration

of each story ((a) to (d) from top). The control performance

in cases (c)(d) with MR damper is better attained compared

to cases (a) and (b) without MR damper.

V. CONCLUSION

The efficient coordination of the bilinear H∞ control and

the adaptive inverse control has been presented to attain

vibration isolation of structure installed with the semi-active

MR damper. A role of the bilinear H∞ controller is to give

a desired damping force for vibration control of the bilinear

dynamic system of the structure with MR damper, while a

role of the adaptive inverse controller controller is to gen-

erate the input voltage to the MR damper so that the actual

damping force can track the desired damping force even

in the presence of uncertainty in the MR damper model.

The input voltage can be analytically given by the real-

time identification of the MR damper model. Simulation and

experimental results clarified that the bilinear H∞ controller

is very appropriate to the vibration isolation compared to

any linear control schemes and the tracking of f to fd is

simultaneously attained by the adaptive inverse controller,

so the control performance near to active control can be

achieved by the proposed algorithms for the semi-active MR

damper.
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