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A predictive control strategy for Norm-Bounded LPV linear systems with
bounded rates of parameter change

Alessandro Casavola, Domenico Famularo and Giuseppe Franze

Abstract— A novel predictive control strategy for input-
saturated Norm-Bounded LPV discrete-time systems is pro-
posed. The solution is computed by minimizing an upper-bound
to the ‘““worst-case” infinite horizon quadratic cost under the
constraint of steering the future state evolutions, emanating
from the current state, into a feasible and positive invariant
set. It will be shown that the “size” of this terminal set depends
on the rate of changes of the scheduling parameter which is
assumed bounded and measurable.

I. INTRODUCTION

In this paper, the robust predictive control setup conceived
in [3] for input-saturated discrete-time uncertain linear sys-
tems subject to norm-bounded model uncertainty, is modified
to deal with the case of LPV linear systems described by
linear fractional representations (LFR). This generalization
is of interest here, beyond genuine LPV systems, in that it
allows improvements in the achievable control performance,
usually modest under robust control approaches, when non-
linear plants are considered via embedding approaches.

The MPC literature is vast and the robustness issue has
been addressed in several aspects (see [8], [9], [12] and
references therein). On the contrary, contributions regarding
the design of predictive strategies for LPV frameworks are
a few and all related to the case of multi-models (polytopic)
representations (see [2], [13], [10], [11]).

The contribution of this paper is to export ideas quite
well developed for MPC control of LPV systems expressed
via polytopic representations to the complementary LFR
systems description. Up to our best acknowledge, this class
of algorithms is missing in the MPC literature and potentially
applicable to class of nonlinear MPC control problems with
only modest performance degradations w.r.t. direct nonlinear
MPC approaches.

We consider the general case of arbitrary [N-steps control
horizons and assume the LPV vector measurable at each
time instant. Moreover, a bound on its rate of change is
also assumed to be known. Based on the above setup, the
key point of the proposed procedure consists in refining
and, therefore, redefining step-by-step the “tube” of all
k-steps state trajectories originating from the actual state
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under a quadratically stabilizing state-feedback law. The
control input is computed on-line by solving a semi-definite
programming problem involving linear matrix inequalities
and applied to the plant in a receding horizon fashion.
The closed-loop stability and feasibility properties of the
solution can be proved via standard arguments and are
here summarized. A numerical example involving a rational
nonlinear plant, which admit an exact LFR description [6] is
considered and comparisons with the Norm-Bounded robust
approach of [3] shown.

II. PROBLEM FORMULATION

Consider the following discrete linear LFR system repre-
sentation of a LPV system [1]

z(t+1) = Qa(t)+ Gu(t)+ Bpp(t)

Wy = ) "
q(t) = Cya(t) + Dgult)

p(t) = A()q(t)

with z € R™* denoting the state, u € R™* the control input,
y € R™ the output, p, ¢ € R™ additional variables account-
ing for the LPV scheduling matrix A(¢) which satisfies the
following additional properties:

o LPV-1 - A(¢) is measurable at each time instant;
e LPV-2 - The following bound on its rate of change

(AGt+1) =AW (AE+1) = A®R) <8I, ()

is assumed with ¢ known;

The term A(¢) may either represent 1) time-varying system
parameters (i.e. spring constants, nonlinear resistances etc.),
whose dynamics are exogenous and not directly related to
the plant dynamics, or 2) state space components, when the
LPV plant is obtained by embedding a nonlinear plant. In
this case, (2) consists in an explicit constraint on the rate
of change of (some components of) the state. It is further
assumed that the plant input is subject to the following
ellipsoidal constraint

u(t) € Qy, Q2 {ueR™ : W"Qu<al @3

with @, = QT > 0 and @ > 0. The aim is to find a
state-feedback input strategy u(t) = g(x(t)), which possibly
asymptotically stabilizes (1) subject to (3) and ensures a
certain level of quadratic performance.

In what follows we will suppose that the family of systems
(1) is quadratically stabilizable by a linear state-feedback
control law

u(t) = Kz(t) 4)
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If such a control law exists, the family of closed-loop systems
(1) under (4) can be written as

z(t+1) = Pg z(t) + B, p(t) )
with p(t) belonging to the following uncertainty set
2 2
s® 2 {p| lIpll3 < I(Cx 23} ©)

(Px £ ®+ GK, Cx £ C; + D, K). Consider next the
following quadratic performance index [8]

oo

J(2(0), u(-)) = Jmax,

{Ile®I, + lu®lz, } @
t=0
A computable upper-bound on (7) exists and has the form
J(x(0), u(-)) < z(0)T Px(0) with matrix P = PT to
be determined. It is well known that it characterizes the
ellipsoidal sets C(P,p) £ {z € R" |#” Pz < p} which
are positively invariant regions for the closed-system (5).

In the presence of input constraints v € €2, the above
setup keeps holding true provided that the pair (P, K) is
chosen so that 2(0) € C(P,p) with K C(P,p) C Q.
A receding-horizon procedure for computing, at each time
instant ¢ on the basis of the current state (), the pair (P, K)
minimizing the upper-bound z(0)7 Pz(0) to the cost (7) and
ensuring quadratic stability and constraints fulfilment from
t onward has been proposed in [8]. Such procedure will be
used off-line in our framework to derive, given the initial
state (0), a couple (P, K) compatible with the invariance
state-trajectory and input constraints requirements (see [3]
for details).

We will discuss now how the LPV hypotheses LPV-1, and
LPV-2 affect the state predictions. To this end, we denote as
01 (t) £ 0(t + k|t) the k-steps ahead predictions of a generic
system variable based on all information available at time .
Consider the following input strategy

u(-Jt) :{ K #p(t) + cx(t), k=0,1,...,N —1,

K ap(t) k>N, ®

It adds NN additional free control moves ¢ to the control
action (4). Based on (8), the k-steps ahead state predictions
for z(t) and p(t), say &% (t) £ 2(t + k|t) and pp(t) = p(t +
k|t), can be computed. First, one has that

po(t) = A(t) (Ck x(t) + Dq co(t))

and

"fl(t) = (I)K.’E(t)+GCO(t)+Bppo(t) =
O (1) x(t) + G(t) x(t) ©)
are vectors exactly computable from

(x(1),G(t) £ (2x + By A(t) Ok, G+ By A(t) Dy)

the latter pair representing the current realization of the plant
family (1). On the contrary, when the prediction step exceeds
one, the state and the p predictions are set-valued and related
each other by

.’,%kJrl(t) = CDK I,i‘k(t) + Gck(t) + Bpﬁk(t) (10)

Now, by denoting as Aj(t) a whatever k-steps ahead pre-
diction of A(t), one has that following identity

Ag( +Z(

trivially follows when Ao(t) = A(t). Moreover, the matrix
predictions A;(¢) have to satisfy

(Ai(t) - Azel(t))T (Ai(t) - Aifl(t)) <61, (1)

i=1,...,k because of LPV-2. Then, the p-predictions can
be rewritten

Pe(t) = Ap(t)an(t)
A

Aia(t)

12)
where py(t) 2 A(t)qr(t) is the component of py(t) which
is not affected by uncertainties on the rate of change which
are all collected in

Pra(t) 2 (Ai(t) _ AH(t)) Q(t), i=1,... .k

It can easily shown that py, ;(t) € SP(t), i =

(13)
1, .., k, where

v (2{5 | 1IBlI5 <maxz, (1) 6% [Crdx(t)+Dyer(®)ll3}, (14

Notice that, although py, ;(t) is also quantifiable as py ;(t) =
(Ak(t) - A(t)) G (t), we prefer to consider it as the sum
of k independent contributions because this leads to less
conservative solutions. Back-substituting px(¢) in (10) we
obtain

15)

Fepr(t) = D ()2n(t) + G)en(t) + B, me

A more compact expression of the state predictions Z1(t)
in terms of initial state z(¢), input moves ¢;(t), i =
0,1,...,% and uncertain terms p; ;(t), i = 1,2,...,k, j =
1,2,...,1 1is obtained by defining the following matrices and
vectors for k =0,1,2,...,N —2

) £ (1),
Gr(t) £ [D5 ()G (1) 1 (1)E(@) -
qA)K( )é( )é( } c R7lz><(k7+1)7Lu
Bi(t) £

(i)K( )B Ik- 2, B Ik 1] e R"=*

+1(t
E )

t)
[k (t)B, I, ®* 1 (t)B, I, ---

k(A+1)

e R™*!"™ [ =1,... k are row block matrices whose
elements are the identity matrix I, ,

ce(®) 2 o) er()” - ex(®)T) e REFI™

Ek(t) £ T ( )s p2 1( )5 ﬁaz(t),
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N - N k(k+1)

pg,l(ﬂ: pZ:Q(t)a N pzk(t)]T eER™ > np7

Thus, convex set-valued state predictions Zy1(t) can be
rewritten as

e () = Pppa(t) 2(t) + Gr(t) e (H)+

Bk(t)gk(t), E>1 (16)

subject to P; ;(t) € S2(t), i=1,....k; j=1,...,i.
According to the strategy (8) and given the state predic-
tions #41(t), from (9) and (16) a convenient upper-bound
to the cost (7) is given by the following quadratic index
V 2V (z(t), P,cy(t)),
N—-1
Ve el + S (%nmm%x + ck1<t>|%u)
k=1

+ max |25 ()3 + llen—1(8) |7, »
ZN (1)

17)
to be minimized w.r.t. ¢k (t), k=0,...N—1.In (17) R, >
0, R,, > 0 are symmetric state and input weighting matrices
and P > 0. Then, at each time instant ¢, our solution will
consist of computing

c;(t) = argming, () V(2(t), P, c(t)) (18)
subject to

Kip(t) +cp(t) CQy, E=0,1,..,N—1 (19)

In(t) Cc C(Pp), Kze€Q,, Y2€C(P,p) (20)

where C(P, p) is a robust invariant set under a quadratically
stabilizing feedback gain K that is a solution of the off-line
LMI conditions whose details can be found in [3].

III. LMI FORMULATION OF COST UPPER-BOUNDS,
INPUT, STATE AND SET-INVARIANCE CONSTRAINTS

In this section we will determine LMI conditions which
guarantee an upper-bound to the quadratic cost (17) and
ensure satisfaction of the prescribed input, state and quadratic
set-invariance constraints. As a consequence, the derivations
hereafter will be properly shortened. For notational simplicity
we can consider w.l.o.g. the generic time ¢ instant equal
to zero and denote ¢, = c¢x(0), £ = Zx(0), z = x(0)
for k =0,...,N—1,i=0,1,...,k and S = S2(0),
Pri=pk:i(0), fork=1,...,N—1,i=0,1,...,k.

Given a sequence of non-negative reals Jy, ...., Jy—_1 such
that,
N-1
V(x(t), Pe(t) < a” Rox + > Ji Q1)
k=0

for arbitrary P, K and cg, k = 0,..,N — 1, the following
constrained inequalities must be satisfied:

mf R,z + cg Ryco < Jy (22)
max &} Ry dp 4+t Rycho1 < Ju_1, k>2, (23)
k k—1
ﬁi,jESg
i=1,....,
Jj=1,..., 7
max &h Pin+ch_(Rucn_1 <Jnv_1 (24)
Pi,; €S}
i=1,....,N—1,
Jj=1,...,

Due to the fact that #; is a given vector, via Schur
Complements it can be shown that all triplets (z, co, Jy) for
which (22) holds true make the following LMI

spe B )]

* Ey 25

positive definite, where

* GTR,G+ R,

In order to derive LMI conditions related to the satisfaction

of (23) consider, for £ > 1
Thy1 = Ppp1 7+ Gro + Bip,, (26)

with Vp;; € S8, i = 1,...,k, j = 1,...,i. Then, (23) is
satisfied by a generic (x, ¢y, Jx) provided that

SHEI

T
T ~ ~T 5T 5~
-9 [ o ] ijgk - D, B R, Bkgk >0 27
holds true when
T T
—p} Oi,5P,+2 N } aTp + * } F{ N }20,
% ’ Ck Ck
i=1,..,kj=1,..1 (28)

holds true as well. In (28), D}, E, = El > 0 are matrices
defined by

DT & [ Phpi ]R BT, (29)
k — G_’g Lk
X 7 | Ry®pia &7 R,Gx
By £ \ Gwﬁmwgg] (30)

with the square matrix R,, in the (2, 2)-entry of Ej, added to
the last n, rows and columns of the sub-matrix GERIG‘;C.
Moreover, the matrices H;, G; = GT and F; = FT > 0 are
defined as

e[ 8] s[4 8] me 5 g]

* 0 * 0 x* 0
with
HlTéO(nm—&-nu)xnp» Glé-[np (31)
and, for i = 2, ...k,
ol Ck ]
HY 2 52| GL,CL | [CkB;_5 0], (32)
[ Dg ]
eCk ]
F, 2 6| GL,CL | [Cxk®; OxGi_1 Dy (33)
DT
L q
Di; = diag([-62BT ,CLCx Bis, 0,ln,,0)), (34)
where the identity block-matrix is placed in the

rows/columns corresponding to the positions that the
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vector p;j, ¢ = 1,...,k, 7 = 1,...,7 has in the stacked-
vector ﬁk. Via the S-procedure [14], it can be shown that
the implication St. 1 - (27) holds true for all p, satisfying
(28)

is satisfied if there exist @

scalars

>0, i=1

Lk j=1,.. .k

such that the following matrix

T B k A k 5
—Bj Ra B+, 7;;94,5 *(Dﬁzi,j Ti,j”i)

x
ck}

T
« _
(Be+si, F;F)
<k

x

* T

c

RNER
is positive definite. Via Schur complements, the inequality
(35) is satisfied if the following LMI

T TV7T
Zké |: {(k 7[3: IQ]{):ILIC ] (36)

is positive definite, where the matrix Ly, is the Choleski [7]
factor of

(Ek‘i’zl j fjﬁz)“r(DkJFEld 7_7;k:jHi)T

(~BI RuBi+Y 0i ;) (Dr+X,, vk, 1)

k

(37)

1,7 z]

Optimal values of the scalars 7;°; are computed by solving
the following GEVP problem (see [3] for details).

The constrained inequality related to the terminal state 2y,
(24) can be converted in a LMI similar as (36). The derivation
procedure is identical, except that P is put in place of R,
inside (27), (29) and (30), for k = N — 1 and W-L(N-2)
scalars TN must be computed by solvmg aGEVP problem
It results that (24) is satisfied by all (z,cn_q,JN—1) such
that the LMI

T T T
YN 1_ J]\:k 1 [1’ QNI—l]LN—l (38)

is positive definite, where where the Ly _; is the Choleski
factor of

(EN—lJerJTzNJ IF)+(DN 1255 T 1I—~Ii)T
(—Bg,lpéN—l"'Z (DN—1+ZM Ti 1H7‘,)

~'0us)”

1,7 Ti, _]
A. Terminal State Invariance

The state invariance condition (20) consists, for a given pair
(P, p), of imposing that all N-steps ahead state predictions

IN = ‘i)NCC + GN—1§N71 + BNfllépr

Vpi; €80, i=1,.,N—1,j=1,..,1i,

belong to the ellipsoidal set C'(P, p). The derivation proce-
dure uses the same matrices of ¥y_1. We obtain that (20)
is satisfied if the following LMI constraint

) A p _[:CTQTJCI—I]L%
N =

* I

is positive definite. The matrix L is the Choleski Factor of

(39)

T

(EN+ZLJ Ti,j )+(DN 1+ T HH)

(=B%_1PBn_1+%, ;7;0:5) (DnatX, ;7 Hi)

where E is obtained from En_; (eq. (30) with P in place
of R;) and the term R, is not present. Again, a set of
WSC&I&I’ST] i=1,...,N—175=1,...,7 must

be computed off-line.

B. Input constraints

Let us consider now the quadratic input constraints (3)
along the predictions for £k =0,...,. N — 1

(Kz—l—co)TQu(Kz+co)§ﬁ (40)
(KégatKGeoter)  Qu(Kbxat+KGeoter)<u 41
(Kzp+er) T Qu(Kér+er)<a (42)

Vpij €80, i=1,.k, j=1,..,i

Due to the LPV hypothesis, LMIs regarding (40) and (41)
are straightforwardly derived:
E

{u —(Kz+co)"
~ N T
7 (K@Kx+KGco+c1) 1>0 )

=
>

(43)

<
I

* Q;l
1

u

For the generic prediction step k& > 2, sufficient conditions
for the fulfillment of (42) can be obtained by observing that
such an inequality can be rewritten as

T
x
b1 Bi_ KTQuKBr-1p,_,—2| c,_, M,
Ck

T (45)
ti—| gy Nl gpoy }ZO
Ck Ck
and must be true for all Qk_l, k=2,...,N—1
57 0is5,_ 20" J1ATE 4" IR T | o,
“k—1 “k—1 “k—1 Qk (46)
1=0,...,.k—1
where M, kT and N, = N, kT > 0 are the following matrices
LK ]
MI 2| GF KT | QuKBj_1,
I
BT KT 47)
Ny & | GI_ KT | Qu[K® KGj_1 1]
I

The implication St. 2 - (42) holds true for all p, = satisfying
(28)
is verified if the following LMIs

aa =" 1T,
T, 2 [ : k (48)
is positive definite, where T}, is the Choleski factor of
(Nk + Zz ] Z j )
(A[k+214 LJH) ( BE IKTQ KB"’ 1+ZLJ 116 )71
(Me+Y2, ;08 Hi) (49)
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The optimal values of the @, ij, i=1,....k—1,5=
1,...,% scalars are computed by solving a GEVP problem.
Remark 1 - State constraints

ICs (Fhs1 — &4)||5 < 62 (50)

can be derived in a similar way as done for input constraints
(details can be found in [4]). Namely, we have the following
LMI conditions

o =0, (S

U >0, k=1,....,N —1, (52)

and a set of positive scalars gikj, i=1,....k=1,5=1,...,1¢
is obtained by means of S-procedure arguments. O
The following Lemma is justified by previous derivations
Lemma 1 - Let the initial state = and the stabilizing control
law K be given. Then, under LPV-1 and LPV-2, all pairs
(¢k, Jk), k =0,..., N — 1, which satisfy the LMI conditions
(25), (36), (38), (39), (43), (44), (48), (51) and (52)

Y, >0, k=0,..,N

Tr>0 Uy >0, k=0,..,N—1

provide upper-bounds to the cost (21) and define feasible pre-
diction trajectories which fulfil the input, state and terminal
constraints (3), (50) and (20) for £k =0,..,N — 1

Proof - By collecting all the above discussion. O

IV. FEASIBILITY, STABILITY AND NB-LPV MPC
ALGORITHM

One of the crucial points in any MPC design is to prove
that it enjoyes a feasibility property. The usual way to prove
it is to show that, if (ci(t), J;(¢)), k=0,.., N —1 denotes
the optimal solution at time ¢, the solution

(@), Ji (@), e noa (), In—1 (8))s (O Ty—1 (8) (53)

is admissible, though non optimal at time ¢ + 1. In order
to prove such a property, it must be noted that, unlike
the robust algorithm proposed in [3], the positive scalars
7'1-’3- (1), ij(t), gikj(t) depend on the actual plant realization
(i) x(t),G (t)) and must be, in principle, recomputed at each
time step. However, the following backsubstitions

Tik—_ll,j—l(t+ 1) z](t)
k=2,..N—1,i=2,...,k, j=2,...,1,

k—1 k
91‘—1,3‘ (t+1) < 6; ( ) . ‘ (54)
k=2,. N—2,2—2 Wk, 3=2,.1,
gik:ll,jfl(t +1) Cf,j (t),

k=2,..N—=1,i=2 ..k, j=2,..1,

allow one to alleviate the problem in that it can be shown,
as done [3], that they are feasible choices. Then, only new
computation is required for the terminal (k = N — 1) and
invariant (k = N) scalars.

All above developments allows one to write down a com-
putable MPC scheme, hereafter denoted as NB-LPV, which

consists of the following algorithm.
NB-LPV

0. (Off-line) Given x(0) and A(0) and (cﬁ(o), G(0)

), compute
[Yopt, Qopt, Popt] by solving the robust off-line procedure (1)f

NB — Frozen, ([8], p. 1367). Compute K = Yopt Qops>
P = popt Qgplt, p = popt- Compute the scalars
A ( ) =1,k j=1,..,i k=0,...,N—1
o) - -
1] i=1,...,N—1 g=1,...,2
( ) i=l,nk—1  j=l,..i k=0,..,N—1
gw(O) i=1,....k j=1,..;i k=0,...,N—1

1.1 (On-line) At each time instant ¢ > 0, given z(¢) and A(t),

solve
[Ji (), ¢i.(8)] £ argmin g, o, 3050 T
subject to
Ye(t) >0, Te(t) >0, p(t) >0 £k=0,1,..., N -1
Yn(t) >0

1.2 feed the plant with w(t) =
<<i>(t +1),G(t+1));
1.3 a;])\Ply the backsubstitution rule (54) and recompute the scalars,
Y4+ 1), N+ 1), 0]t + 1) and ¢+ 1).

> Vi

14 t—t+1 and go to step 1.1
The following result answers the matter regarding feasibility
and closed-loop stability of the proposed strategy.
Theorem 1 - Let the NB-LPV scheme have solution at
time t = 0 (Both points 0 and 1.1). Then, it has solution at
each future time instant ¢, satisfies the input constraints and
yields an asymptotically (quadratically) stable closed-loop
system.
Proof - Feasibility can be proved by means of the previous
arguments, closed loop stability can be obtained by following
similar ideas used in [3]. O

Kxz(t) + ¢5(t), compute

V. NUMERICAL EXAMPLE: CONTROLLED VAN DER POL
OSCILLATOR

A controlled Van Der Pol nonlinear oscillator [5], [6] is
taken into consideration as an illustration of the proposed
MPC algorithm

2109)

{ ii(t) =
io(t) = —wi(t) — (1 —23(t) w2(t) + u(t)

This system admits a Linear-Fractional Representation LFR
(see [5]) of the form

(55)

#(t) = Pz(t)+ Gu(t)+ Byp(t)
q(t) = Cqa(t) + Dgyu(t) + Dgpp(t) (56)
pt) = A)a®), |AM), < 5, 0 >0

that is more general than (1) for the presence of the matrix
D,p,. For the problem at hand, we have that ¢ = 1/0.67,

A(t) = diag (x1(t), z1(t)) and
0
0

o[t 2o [ ]ome[ 2

[ ] e[S 23]
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In many cases the LFR structure (56) can be reduced to
the that described by (1) via an invertible variable change
A(t) 2 (I — A(t) Dyp) ™" A(t). In fact, if (I — A(t) D)
is invertible, by eliminating ¢(¢) from the second and third
equation of (56) one has

p(t) = (I = A(t) Dgp) ™" A(t) (Cya(t) + Day ult))

However, in this example such a change is not necessary
in that A(t) Dy, = 0. The system has been discretized
using forward Euler differences with a sampling time T, =
0.1 sec. and z(0) =[ 0.3 0.3 ]T used as initial state. The
following weighting matrices R, = diag (0.01, 1), R, =1,
and input-constraint radius = 0.2 have been chosen.

The proposed NB-LPV algorithm has been compared with

the NB-Robust algorithm described in [3] for a control
horizon N = 3. Two values for the upper-bound ¢ on the
rate of change of A(t) have been considered: 6 = 0.1 and
0 = 0.04.
Figs. 1 and 2 depict the comparisons for the two values
of § (dashed line graph, § = 0.1 - continuous line graph,
0 = 0.04) and the NB-Robust algorithm (dash-dotted line
graph) respectively in terms of control input signal (Fig.
1), regulated state trajectories (Fig. 2) It can be observed
that, as § decreases the command becomes more active, the
state component x4 (t) has more sluggish responses whereas
x9(t) features lower undershoots and the cost decreases The
behavior of z1(t) is not surprising because decreasing ¢
means that “fast” variations of x1(¢) are not allowed.

0.2 T T T T T T T T T

0.1 £ 4

Command Input
)
T

Time (sec.)

Fig. 1. Command Input

Finally, it has been observed that reducing the input
constraint radius from @ = 0.2 to 4 = 0.15 makes
the NB-Robust algorithm unfeasible whereas the NB-LPV
still works, testifying that less conservative results can be
achieved by LPV approaches.

VI. CONCLUSIONS

In this paper, a LPV predictive control strategy has been
presented for discrete-time systems described by LFR rep-
resentations. The scheduling LPV vector has been assumed
measurable and a bound on its rate of change known. A
certain level of control performance improvement has been
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= = NB-LPV:§=0.1 4
= NB-Robust

— NB-LPV: 5=
021 S| = = NB-LPV: 5= E

)

5
Time (sec.)

Fig. 2. State Trajectories

observed w.r.t. the robust algorithm proposed in [3]. It is
believed that it relies on the use of the actual LPV parameter
realization and of its rate of change, which enables to
redefine less conservatively the prediction tubes.
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