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Abstract— In this paper, an illustrative example is given,
which shows that the number of integrators needed for the
dynamic observer error linearization using integrators can not
be bounded by a function of the dimension of the system
and the number of outputs in contrast to dynamic feedback
linearization results. Some necessary conditions for dynamic
observer error linearization are also provided.

I. INTRODUCTION

Recently, a dynamic observer error linearization approach

which is in some sense dual to dynamic feedback lineariza-

tion [1], [2] was proposed in [3]. Sufficient conditions for

a nonlinear multi-output system to be dynamically observer

error linearizable by adding integrators to the outputs of the

original system were provided. Although the results expand

the class of nonlinear systems to which the observer error

linearization approach is applicable, there still remains the

problem of determining the bound of the number of the in-

tegrators needed for the dynamic observer error linearization.

To solve the problem, we investigate the number of integra-

tors needed for the dynamic observer error linearization via

integrators in this paper.

An upper bound on the number of integrators needed

for dynamic feedback linearization using integrators was

provided in [4] and [5]. This bound can be determined by the

dimension of the system and the number of inputs. In contrast

to dynamic feedback linearization results, it will be shown by

means of an example that the number of integrators needed

for the dynamic observer error linearization using integrators

can not be bounded by a function of the number of states

and outputs. Under the assumption of the equal observability

indices, some necessary conditions are provided for a system

to be dynamic observer error linearizable.

The paper is organized as follows. Some preliminary

results and notations are given in Section II. Necessary

conditions for dynamic observer error linearization are given

in Section III. An illustrative example is given in Section IV,

which shows that the number of integrators needed for the

dynamic observer error linearization using integrators can not

be bounded. Finally, some conclusions follow in Section V.

II. PRELIMINARIES

Throughout the paper, On denotes a 1×n matrix of which

all elements are zeros. O denotes a matrix of a suitable
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dimension of which all elements are zeros. In denotes an

n×n identity matrix. Some basic notations of the differential

geometry used in this paper can be found in [6] and [7].

A. Observer Error linearization

Consider a multi-output nonlinear system described by

ξ̇ = f(ξ), ξ ∈ R
n,

y = h(ξ) =
[
h1(ξ), · · · , hs(ξ)

]T
, y ∈ R

s
(2.1)

where ξ = [ξ1, · · · , ξn]T is a state with an initial condition

ξ(0) = ξ0, y = [y1, · · · , ys]T is an output, h1(·), · · · , hs(·)
are smooth functions on R

n and f(·) is a smooth vector field

on R
n. The system (2.1) is said to be (locally) observer error

linearizable if there exist a neighborhood U0 ⊂ R
n of the

initial state ξ0 and a state coordinate change z = T (ξ) that

transforms it into the nonlinear observer canonical form in

R
n:

ż = Aoz + γ(y), z ∈ R
n,

y = Coz, y ∈ R
s (2.2)

with

Ao = diag(A1, · · · , As), Co = diag(C1, · · · , Cs),

where

Ai =
[
O Iki−1

O O

]
ki×ki

, Ci =
[
1 Oki−1

]
1×ki

for i = 1, · · · , s. Necessary and sufficient conditions for the

system (2.1) to be locally observer error linearizable were

obtained in [8] and [9].

Theorem 1 ( [9]): There exist a local diffeomorphism

z = T (ξ), z ∈ R
n

and U0, a neighborhood of the initial state ξ0, transform-

ing the system (2.1) into the nonlinear observer canonical

form (2.2) if and only if there exists s-tuple of integers

(k1, k2, · · · , ks) satisfying k1 ≥ k2 ≥ · · · ≥ ks > 0 and∑s
i=1 ki = n such that we have the followings:

1) If we denote (with a possible reordering of the hi’s)

Q(ξ) = {dLj−1
f hi(ξ) : i = 1, · · · , s; j = 1, · · · , ki}

then

dim spanQ(ξ) = n

for each ξ in U0.

2) If we denote

Qj(ξ) = {dLk−1
f hj(ξ) : 1 ≤ k ≤ kj − 1}

∪ {dLk−1
f hi(ξ) : 1 ≤ i ≤ s, i �= j; 1 ≤ k ≤ kj}
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and

Bj(ξ) = Qj(ξ) ∩ Q(ξ)

for j = 1, · · · , s then

spanQj(ξ) = spanBj(ξ)

for j = 1, · · · , s for each ξ in U0.

3) There exist s vector fields g1, · · · , gs satisfying

Lgi
Lk−1

f hj = δi,jδk,ki
, 1 ≤ i, j ≤ s,

1 ≤ k ≤ ki,
(2.3)

with δi,j = 0 for i �= j, δi,i = 1, such that

[adk
fgi, ad�

fgj ] = 0, 1 ≤ i, j ≤ s, 0 ≤ k ≤ ki − 1,

0 ≤ � ≤ kj − 1.
Under the assumption 1 of Theorem 1, (k1, k2, · · · , ks) are

called the observability indices of the system (2.1) at ξ0.

B. Dynamic Observer Error Linearization

The concept of the dynamic observer error linearization

was firstly introduced in [3].

Definition 2: Consider the system described by (2.1). If

there exist an auxiliary dynamic system

ẇ = α(w, y), w ∈ R
q,

ye = H(w, y), ye ∈ R
s (2.4)

and an extended state space transformation

z = T (ξ, w), z ∈ R
n+q

defined in V0, a neighborhood of an extended initial state

(ξ0, 0) ∈ R
n+q with T (ξ0, 0) = 0 which transforms the

extended system

ẋ �
(

ξ̇
ẇ

)
= F (x) �

(
f(ξ)

α(w, h(ξ))

)
,

ye = H(x) � H(w, h(ξ))

into the nonlinear observer canonical form in R
n+q , then the

system (2.1) is said to be (locally) dynamically observer
error linearizable via the auxiliary dynamic system (2.4).

We will restrict the auxiliary dynamic system to a chain

of integrators. If we add qi integrators ẇi1 = hi and ẇij =
wi(j−1), j = 2, · · · , qi to the ith output channel of the system

(2.1) for i = 1, · · · , s, the extended system is given by

ξ̇ = f(ξ),
ẇi1 = hi(ξ),
ẇij = wi(j−1), j = 2, · · · , qi

yei = Hi(x)

(2.5)

for i = 1, · · · , s and Hi(x) is given by

Hi(x) =
{

hi(ξ), if qi = 0
wiqi , if qi ≥ 1 , 1 ≤ i ≤ s,

If we rewrite (2.5) using vector field notations, the ex-

tended system can be described by

ẋ = F (x) = f̄(x) +
s∑

i=1
qi≥1

hi(ξ)
∂

∂wi1

+
s∑

i=1
qi≥2

qi∑
m=2

wi(m−1)
∂

∂wim

ye = H(x) =
[
H1, · · · , Hs

]T

where x = [ξ, w]T , wT = (wi1 . . . wiqi ; 1 ≤ i ≤ s, qi ≥ 1)
and f̄ represents the vector field f(ξ) on the extended state

space, i.e.

f̄(x) =
n∑

i=1

fi(ξ)
∂

∂ξi
+

s∑
i=1
qi≥1

qi∑
m=1

0
∂

∂wim
.

In this case, it is said that we extend the system on the

ith channel via qi integrators. If the system (2.1) which is

extended on the ith channel via qi integrators is dynamically

observer error linearizable, it is said that the system (2.1) is

dynamically observer error linearizable via integrators with

the extension indices (q1, · · · , qs).
We have by simple calculations the following relations

which will be used in the next section:

d(Lk−1
F Hi) =

{
dwi(qi−k+1), if 1 ≤ k ≤ qi

d(Lk−qi−1
f hi), if qi + 1 ≤ k

. (2.6)

III. NECESSARY CONDITIONS FOR DYNAMIC OBSERVER

ERROR LINEARIZATION

In this section, some necessary conditions for dynamic

observer error linearization are presented. For the system

(2.1) satisfying the condition 1 and 2 of Theorem 1, let

Di � {gi, · · · , adki−1
f gi}.

Recall that Di is said to commute if for any α and β
∈ Di, [α, β] = 0. The following necessary condition of

dynamically observer error linearizability for the system with

all equal observability indices is obtained.

Lemma 3: Suppose that the system (2.1) satisfies the

condition 1 of Theorem 1 with k1 = k2 = · · · = ks,

and is dynamically observer error linearizable via integrators

with extension indices (q1, · · · , qs) satisfying qm > 0 and

qi = 0, i �= m. Then, Dm commutes.

Proof: Let k0 � k1 = · · · = ks. Since the observability

indices are all equal, the condition 2 of Theorem 1 is satisfied

and the solution of (2.3) is uniquely determined. Hence, Dm

is well defined. Without loss of generality, we can exchange

the mth output hm(ξ) with the first output h1(ξ). Suppose

that D1 does not commute. Then there exist integers � and

p ∈ {1, · · · , k0} such that

[ad�−1
f g1, adp−1

f g1] �= 0.

7044



If we extend the system (2.1) on the first channel via q1

integrators with q1 > 0, the extended system is given by

ẋ = F (x) = f(ξ)
∂

∂ξ
+ h1(ξ)

∂

∂w11

+
q1∑

m=2
q1≥2

w1(m−1)
∂

∂w1m

ye = H(x) =
[
Hi, · · · ,Hs

]T
,

(3.7)

where x = [ξ, w]T , w = [w11, · · · , w1q1 ]
T and

Hi(x) =
{

hi(ξ), if i �= 1
w1q1 , if i = 1 .

It can be easily seen that the system (3.7) satisfies the

condition 1 and 2 of Theorem 1 with the observability

indices (k0+q1, k0, · · · , k0) at x0 = [ξ0, Oq1 ]
T . Using (2.6),

the solution {ḡ1, · · · , ḡs} of (2.3) for (3.7) can be easily

computed as

ḡi(ξ) = gi(ξ)
∂

∂ξ

for each i = 1, · · · , s. We claim that

adk
F ḡ1(x) = adk

fg1(ξ)
∂

∂ξ
+ Gk(ξ)

∂

∂w
(3.8)

for any nonnegative integer k, where

Gk(ξ)
∂

∂w
=

q1∑
j=1

Gkj(ξ)
∂

∂w1j

is a smooth vector field we do not care about.

Proof of Claim) The claim is true for k = 0. As an

induction hypothesis, suppose that the claim is true for some

nonnegative integer m. Then, we can compute adm+1
F ḡ1 as

follows:

adm+1
F ḡ1 = [F, adm

F ḡ1]

= adm+1
f g1(ξ)

∂

∂ξ
+ f(ξ)

∂Gm(ξ)
∂ξ

∂

∂w

− adm
f g1

∂h1

∂ξ

∂

∂w11
−

q1−1∑
j=1

Gmj(ξ)
∂

∂w1(j+1)
.

If we define Gm+1(ξ) by

Gm+1(ξ)
∂

∂w
= f(ξ)

∂Gm(ξ)
∂ξ

∂

∂w
− adm

f g1
∂h1

∂ξ

∂

∂w11

−
q1−1∑
j=1

Gmj(ξ)
∂

∂w1(j+1)
,

we can see that (3.8) is true for k = m + 1.

End of Proof of Claim.

Since [ad�−1
f g1, adp−1

f g1] �= 0 implies that

[ad�−1
F ḡ1, adp−1

F ḡ1] = [ad�−1
f g1, adp−1

f g1]
∂

∂ξ
+ G0

∂

∂w
�= 0,

where G0 is a vector field we do not care about, the extended

system is not observer error linearizable.

Corollary 1: Suppose that the system (2.1) satisfies the

condition 1 of Theorem 1 with k1 = k2 = · · · = ks and

Di does not commute for each i = 1, · · · , s. Then, the

system (2.1) is not dynamically observer error linearizable

via integrators.

Proof: Without loss of generality, we may assume that

we extend the system (2.1) via integrators with extension

indices {q1, · · · , qs} satisfying q1 ≥ q2 ≥ · · · ≥ qs by

output reordering. The solution {ḡ1, · · · , ḡs} of (2.3) for the

extended system is uniquely determined and given by

ḡi(ξ) = gi(ξ)
∂

∂ξ

for each i = 1, · · · , s. Since the remaining part of the proof

is similar to the proof of Lemma 3, it is omitted.

Corollary 2: Suppose that the system (2.1) is a single-

output system, i.e. s = 1. Then, the system (2.1) is not

observer error linearizable if and only if it is not dynamically

observer error linearizable via integrators.

Proof: Since the proof is a trivial application of

Corollary 1, it is omitted.

Remark 4: Corollary 2 is dual to Theorem 2.2 in [1].

IV. ILLUSTRATIVE EXAMPLE

Consider the following system described by

ξ̇ = f(ξ) = ξ12
∂

∂ξ11
+ ξm

22

∂

∂ξ12
+ ξ22

∂

∂ξ21
+ ξ21ξ22

∂

∂ξ22

y1 = h1(ξ) = ξ11, y2 = h2(ξ) = ξ21,
(4.9)

where ξ = [ξ11, ξ12, ξ21, ξ22]T is a state and m is an integer

satisfying m ≥ 2. The initial condition of (4.9) is assumed

to be the origin. The system (4.9) satisfies the condition 1

and 2 of Theorem 1 with the observability indices k1 = 2
and k2 = 2. The solution of (2.3) for (4.9) is given by

g1 =
∂

∂ξ12
, g2 =

∂

∂ξ22
.

We can compute adfg2 as

adfg2 = −mξm−1
22

∂

∂ξ12
− ∂

∂ξ21
− ξ21

∂

∂ξ22
.

Since

[g2, adfg2] = −m(m − 1)ξm−2
22

∂

∂ξ22
�= 0,

the system (4.9) does not satisfy the condition 3 of Theorem

1. Since D2 = {g2, adfg2} does not commute, the system

(4.9) is not dynamically observer error linearizable via inte-

grators with extension indices (0, q2), q2 > 0.

Let q be a nonnegative integer. If we relabel the states

of (4.9) as x1(q+1) = ξ11, x1(q+2) = ξ12, x21 = ξ21 and

x22 = ξ22 and add q integrators ẋ1i = x1(i+1), i = 1, · · · , q
on the first channel, the extended system is given by

ẋ = F (x) =
q+1∑
j=1

x1(j+1)
∂

∂x1j
+ xm

22

∂

∂x1(q+2)

+ x22
∂

∂x21
+ x21x22

∂

∂x22

ye1 = H1(x) = x11, ye2 = H2(x) = x21,

(4.10)
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where x = [x11, x12, · · ·x1(q+2), x21, x22]T is the state and

ye1 and ye2 are new outputs. The system (4.10) satisfies

the condition 1 and 2 of Theorem 1 with the observability

indices k1 = q +2 and k2 = 2. Since the system (4.10) is in

observable form, we may use Proposition 3.3 in [8]: xm
22 is a

polynomial with degree m, the system (4.10) is not observer

error linearizable if q + 2 < m.

Since dLk
F H1 = dx1(k+1), k = 0, · · · , q+1, dH2 = dx21

and dLF H2 = dx22, a solution of (2.3) for (4.10) is of the

form

ḡ1 =
∂

∂x1(q+2)
, ḡ2 =

∂

∂x22
+

q∑
j=1

αj(x)
∂

∂x1(j+2)

where αj(·) : R
q+4 → R is a smooth function we can choose

for each j = 1, · · · , q. To check the condition 3 of Theorem

1, we compute

adk
F ḡ1 = (−1)k ∂

∂x1(q+2−k)

for k = 0, · · · , q + 1. We need to check the commutativ-

ity of {ḡ1, adF ḡ1, ad2
F ḡ1, · · · , adq+1

F ḡ1, ḡ2, adF ḡ2}. For the

following to hold:

[adk
F ḡ1, ḡ2] = (−1)k

q∑
j=1

∂αj

∂x1(q+2−k)

∂

∂x1(j+2)
= 0

for k = 0, · · · , q + 1, we have

∂αj

∂x1(q+2−k)
= 0

for j = 1, · · · , q; k = 0, · · · , q + 1. Therefore, αj(x) should

be chosen as a function of x21 and x22 only, i.e. αj(x) =
αj(x21, x22) for each j = 1, · · · , q. Using this fact, we can

compute adF ḡ2 as follows

adF ḡ2 = −α1
∂

∂x12

+
q−1∑
j=1

{
x22

∂αj

∂x21
+ x22x21

∂αj

∂x22
− αj+1

} ∂

∂x1(j+2)

+
{

x22
∂αq

∂x21
+ x22x21

∂αq

∂x22
− mxm−1

22

} ∂

∂x1(q+2)

− ∂

∂x21
− x21

∂

∂x22
.

Since adF ḡ2 is a vector field that depends on x21

and x22 only, we have [ḡ1, adF ḡ2] = [adF ḡ1, adF ḡ2] =
[ad2

F ḡ1, adF ḡ2] = · · · = [adq+1
F ḡ1, adF ḡ2] = 0. Next, we

compute

[ḡ2, adF ḡ2]

= − ∂α1

∂x22

∂

∂x12
+

q−1∑
j=1

{
2

∂αj

∂x21
+ 2x21

∂αj

∂x22
+ x22

∂2αj

∂x22∂x21

+ x21x22
∂2αj

∂x2
22

− ∂αj+1

∂x22

} ∂

∂x1(j+2)

+
{

2
∂αq

∂x21
+ 2x21

∂αq

∂x22
+ x22

∂2αq

∂x22∂x21

+ x21x22
∂2αq

∂x2
22

− m(m − 1)xm−2
22

} ∂

∂x1(q+2)
= 0.

(4.11)

Since − ∂α1
∂x22

= 0, α1 is a function of x21 only, i.e. α1 =
α1(x21).

We should solve the following set of partial differential

equations:

∂αj+1

∂x22
= 2

∂αj

∂x21
+2x21

∂αj

∂x22
+x22

∂2αj

∂x22∂x21
+x21x22

∂2αj

∂x2
22

(4.12)

for j = 1, · · · , q where we set αq+1 � mxm−1
22 . Let

PM (x22) be the set of the polynomials in x22 with co-

efficients that are C∞ functions of x21, where M is the

degree with respect to x22. We claim that αj ∈ P j−1(x22)
for j = 1, · · · , q.

Proof of the claim) The claim is true for j = 1. If the

claim is true for j = �, 1 ≤ � < q, right-hand side of (4.12)

belongs to P �−1(x22). Since
∂α�+1
∂x22

∈ P �−1(x22), we have

α�+1 ∈ P �(x22).
End of the proof of the claim.

Since αq+1 = mxm−1
22 should be in P q(x22), the equation

(4.12) does not have a solution if q < m − 1. Moreover, if

q = m − 1, it can be shown that there exists a solution

of (4.12) using the following power series method. Set q =
m − 1. Since αi ∈ P i−1(x22) for i = 1, · · · , m − 1, let αi

be in the form

αj =
j−1∑
k=0

bj,k(x21)xk
22

for some smooth functions bj,k for j = 1, · · · ,m − 1; k =
0, · · · , j − 1. For simplicity, we set bj,k = 0 if k < 0 or

k > j−1 for j = 1, · · · ,m−1. The equation (4.12) becomes

j∑
k=0

kbj+1,kxk−1
22 =

j−1∑
k=0

2
dbj,k

dx21
xk

22 +
j−1∑
k=0

2kx21bj,kxk−1
22

+
j−1∑
k=0

k
dbj,k

dx21
xk

22 +
j−1∑
k=0

k(k − 1)x21bj,kxk−1
22

(4.13)

for j = 0, · · · ,m− 1. If we equate the coefficient of xk
22 in

(4.13), we have

(k + 1)bj+1,k+1 = (k + 2)
dbj,k

dx21

+ 2(k + 1)x21bj,k+1 + (k + 1)kx21bj,k+1

(4.14)
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for j = 0, · · · ,m − 1; k = 0, · · · , j − 1 with bm,0 =
bm,1 = · · · = bm,m−2 = 0 and bm,m−1 = m. Given

bm,0, bm,1, · · · , bm,m−2 and bm,m−1, we solve (4.14) to

obtain bm−1,0, bm−1,1, · · · , bm−1,m−3 and bm−1,m−2:

(m − 1)bm,m−1 = m(m − 1) = m
dbm−1,m−2

dx21
,

j = m − 1; k = m − 2

0 = (k + 2)(k + 1)x21bm−1,k+1(x21) + (k + 2)
dbm−1,k

dx21
,

j = m − 1; k = m − 3,m − 4, · · · , 0.
(4.15)

Therefore, we can compute bm−1,k’s recursively (we set all

integration constants to 0):

bm−1,m−2 = (m − 1)x21

dbm−1,k

dx21
= −(k + 1)x21bm−1,k+1(x21),

k = m − 3, m − 4 · · · , 0.

(4.16)

Similarly, if m > 2, given bj,0, · · · , bj,j−1, we can

compute bj−1,0, · · · , bj−1,j−2 for j = m − 1,m − 2 · · · , 2
by solving

bj−1,j−2 =
j − 1

j

∫
bj,j−1(x21)dx21

dbj−1,k

dx21
= −(k + 1)x21bj−1,k+1(x21) +

k + 1
k + 2

bj,k+1(x21),

k = j − 3, j − 4, · · · , 0.
(4.17)

For example, if m = 2, the equation (4.16) has a solution of

the form b1,0 = x21. Hence α1 is given by

α1(x21, x22) = x21.

For m = 3, if we solve (4.16) and (4.17), we have

α1(x21, x22) =
1
2
x2

21, α2(x21, x22) = −2
3
x3

21 + 2x21x22.

We can obtain the state transformation by solving the fol-

lowing partial differential equation [9]:

∂T

∂x
= [ad3

−F ḡ1, ad2
−F ḡ1, ad−F ḡ1, ḡ1, ad−F ḡ2, ḡ2]−1.

Hence, the following diffeomorphism

z = T (x) =

⎡
⎢⎢⎢⎢⎢⎢⎣

x11

x12 − 1
6x3

21

x13 − 1
2x2

21x22 + 7
24x4

21

x14 − x21x
2
22 − 2

15x5
21 + 2

3x3
21x22

x21

x22 − 1
2x2

21

⎤
⎥⎥⎥⎥⎥⎥⎦

transforms (4.10) (q = 2 and m = 3) into

ż =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

z +

⎛
⎜⎜⎜⎜⎜⎜⎝

1
6y3

e2

− 7
24y4

e2
2
15y5

e2

0
1
2y2

e2

0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

[ye1, ye2]T =
(

1 0 0 0 0 0
0 0 0 0 1 0

)
z.

We conclude that the system (4.9) is not dynamically ob-

server error linearizable via less than m−1 integrators but is

dynamically observer error linearizable via m−1 integrators

added on the first output channel. The example shows that

the number of integrators needed for the dynamic observer

error linearization via integrators can not be bounded by a

function of the system dimension and the number of outputs.

In contrast to our result, there exist bounds of the number

of the integrators that depend on the number of states and

inputs in the dynamic feedback linearization results of [4]

and [5].

V. CONCLUSION

One may think that there may be an upper bound of the

number of integrators needed for the dynamic observer error

linearization using integrators since there exists an upper

bound for dynamic feedback linearization using integrators.

To show this conjecture is not true, we have provided an

example which shows that the number of integrators needed

for the dynamic observer error linearization using integrators

can not be bounded by a function of the dimension of the sys-

tem and the number of outputs. In addition, some necessary

condition was presented for a system to be dynamic observer

error linearizable under the assumption of equal observability

indices. Constructive algorithms for the dynamic observer

error linearization do not exist until now and this issue may

be studied in the future.
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