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Abstract— We consider the problem of computing the fre-
quency response of a non-rational transfer function having
uncertainties in the parameters. A complete characterization
of the frequency plots of such a transfer function is provided
and an efficient and guaranteed algorithm for computing the
envelope of the Bode plot using interval analysis (IA) is devised.
In particular, it is shown that the range enclosure property
of the interval analysis can be used to compute the Bode
envelopes of the non-rational transfer function with parametric
dependencies. The range enclosures computed using IA are
guaranteed to contain the minima and maxima of the function
over a given box. The IA is combined with uniform subdivision
technique to obtain the range enclosures of desired accuracy.
We also show, how the well known Richardson extrapolation
technique helps in accelerating the convergence process of the
algorithm.

Keywords: Bode plot, Extrapolation, Frequency response,
Interval analysis, Linear systems, Robust control, Uncertain
systems

I. INTRODUCTION

The frequency domain analysis of systems is an important
topic in control theory. Powerful graphical tools exist in
classical control, such as the Nyquist plot, Bode plots and
Nichols chart. These have been widely used to evaluate the
frequency domain behavior of system and also for designing
lead-lag type controllers through classical-like robust feed-
back synthesis approaches, see, for example, [1]–[3].

In this paper, we address the problem of computation of
the envelope of Bode frequency response of a non-rational
transfer function with non-linear parametric uncertainties
varying over a box.

Consider a system transfer function g (s, x) , where s is
the Laplace variable and x ∈ R

n is a vector of system
parameters. The magnitude and phase angle functions for
g (s, x) are denoted as

fM (x) = |g (s = jω, x)| ; fP (x) = arg {g (s = jω, x)}
where, ω is the frequency. Suppose there is uncertainty in the
system parameters, so that x assumes values in a given box
x =(x1, . . . ,xl) with components xj =

[
xj , xj

]
. Assume

that fM (x) and fP (x) are bounded on x. Let the range of
fM (x) and fP (x) over x be denoted as range (fM (x) ,x)
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and range (fP (x) ,x) . Then, the Bode magnitude and phase
envelopes M∗ and P ∗ are defined as

M∗ =
[
M∗, M

∗]
; P ∗ =

[
P ∗, P

∗]
,

M∗ = inf {range (fM (x) ,x)} , M
∗

= sup {range (fM (x) ,x)}

P ∗ = inf {range (fP (x) ,x)} , P
∗

= sup {range (fP (x) ,x)}

There have been several studies [4]–[10] on the compu-
tation of the frequency response of control systems under
different types of parametric dependencies such as affine,
multi-linear, polynomial, etc. However, there is a lack of
tools in the literature to construct the Bode envelopes for
the general non-linear type of parametric dependencies.
Following [11], [12], an interval analysis approach based
on the so-called natural interval extensions (NIE) (of the
magnitude and phase functions) and a subdivision strategy
can, however, be used to generate the Bode envelopes of
non-rational transfer functions having non-linear parametric
dependencies. Any overestimation can be tightened to the
desired accuracy by successively partitioning the domain us-
ing suitable subdivision factors. In spite of this good feature,
the method often converges too slowly, as the convergence is
linear in the domain widths. Thus, it often requires excessive
computational effort to produce Bode envelopes of desired
accuracy.

Here, we propose an algorithm to compute the Bode
envelopes of non-rational transfer functions by combining the
NIE with uniform subdivision and extrapolation. When an
extrapolation procedure is combined with the natural interval
extension and subdivision, the speed of convergence can be
greatly accelerated. Consequently, we can compute Bode
envelopes of the desired accuracy more quickly and with
much less effort.

Briefly, the proposed method to construct the magnitude
envelope at a given ω is as follows. Using natural interval
extension of the magnitude function and geometrically in-
creasing subdivision factors N , we construct two separate
sequences: one sequence is that of the lower bounds that
converge to the infimum of the envelope, and the other
sequence is that of the upper bounds that converge to the
supremum of the envelope. These sequences are extrapolated
to their respective limits, and intervals enclosing the envelope
are constructed using Brezinski’s error control criterion [13].
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The idea applies in an analogous fashion to the phase
envelope construction.

The outline of the paper is as follows. In section II, we
discuss the basics of interval analysis. In section III, we
review the extrapolation techniques and error control. In
section IV, we present the proposed algorithm. In section
V, we demonstrate the effectiveness of the proposed method
on a vehicle clutch system example. Finally, in section VI
we draw the conclusions of the work.

II. INTERVAL ANALYSIS PRELIMINARIES

This section collects some preliminaries of interval anal-
ysis [11]. A real interval is a closed and bounded set of real
numbers x = [x, x] = {x ∈ R | x ≤ x ≤ x} where x and x
are the lower and upper endpoints of the interval x. The set
of all real intervals is denoted by IR. Two intervals are equal
if their corresponding endpoints are equal. The intersection
of two intervals x and y is empty, x∩y = Φ, if either x > y
or y > x. Else, the intersection of x and y is again an interval
x ∩ y =

[
max

(
x, y

)
,min (x, y)

]
. The set inclusion: x ⊆

y if and only if y ≤ x and x ≤ y. Further, the width of an
interval is defined as wid x = x − x ≥ 0, and its midpoint
is mid x = 1

2 (x + x) .
An interval vector is a vector whose elements are intervals

and is denoted by x = (x1, . . . ,xl) with components
xk = [xk, xk]. The set of all l-dimensional real interval
vectors is denoted by IR

l. The relations ∈,=, and ⊆, union,
intersection, and mean are all defined component wise. ‘Box’
is synonym for an interval vector.

Definition 1: (Natural interval extension) A natural inter-
val extension of f on the box x is obtained by replacing, in
the expression for f , all occurrences of real xi with intervals
xi and all real operations with the corresponding interval
operations. The natural interval extension of f on x is written
as f (x) . By the inclusion property of interval arithmetic,
range (f,x) ⊆ f (x) .

We define uniform subdivision of the interval vector x
using the subdivision factor N , as:

xi,j = [xi + (j − 1) wid xi/N, xi + jwid xi/N ] ,
j = 1, 2, . . . , N

xi =
N⋃

j=1

xi,j ,

x =
N⋃

ji=1

(
x1,j1

, x2,j2
, . . . ,x

l,jl

)

Let wid E (y) := wid f (y)−wid range(f,y) denote the
excess width (or overestimation) of f (y) for y ⊆ x. Then,

Theorem 2: wid E (y) ≤ L wid y, for all boxes y ⊆ x,
where L is a constant that depends only on f .

Proof: See [11].
The above theorem says that the overestimation of the

natural interval extension goes down at least linearly in
the domain width. That is, the natural interval extension
has a linear or first order convergence property. This is
the major drawback of using the natural interval extension

with subdivision technique - it requires a large number of
subdivisions and time to produce results of high accuracy,
see also [12].

One way to overcome these drawbacks is to accelerate the
convergence process of the sequences generated by the above
subdivision method. Extrapolation methods (equivalently,
convergence acceleration methods or sequence transforma-
tions) are popularly used for accelerating the convergence
process of sequences [14]. Extrapolation methods basically
transform the original sequence into another one which con-
verges to the limit more quickly. Therefore, we combine the
above method with extrapolation to overcome the aforesaid
limitations. A brief description of the extrapolation process
is given next.

III. EXTRAPOLATION PROCESS AND ERROR CONTROL

Amongst the various extrapolation methods [15], perhaps
the most popular and widely used method is the Richardson
extrapolation process. Let K ∈ N, ρ ≥ 2, and {Sn} be the
sequence to be accelerated. The Richardson extrapolation
process can be given as

T
(j)
0 = Sj , j = 0, 1, . . . ,K

T
(j)
k = T

(j)
k−1 +

(
T

(j)
k−1−T

(j−1)
k−1

)
(ρk−1)

,

{
k = 1, 2, . . . ,K,
j = k, . . . ,K.

The sequences
{

T
(j)
k

}
computed above can be arranged in

a two-dimensional array called the Romberg Table, denoted
[T ]k. The kth column of the Romberg Table is referred
to as the (k − 1)th extrapolated column. Details of the
Richardson extrapolation process are in [15].

The sequences
{

T
(j)
k

}
obtained through the Richardson

extrapolation process can converge to the true limit, from
either side of the limit. This is the typical property observed
in the extrapolation process. The extrapolation process does
not give any guarantee that the extrapolation on the lower
bound sequence will again result in a lower bound on the
infimum of the magnitude envelope (the same also holds true
for the upper bound sequence). Hence, it is necessary to have
error estimate for the entries in the Romberg Table. Among
the many error estimation methods [14]–[16], we adopt the
error control criterion proposed in [14] to generate intervals
that enclose the true envelope.

A. Brezinski’s Error Control criterion

Brezinski’s theorem on error control [13] explains how
to construct a sequence of intervals containing the unknown
limit of the sequence under consideration. Let {Sn} be the
sequence under consideration. Let S be the limit of the
sequence {Sn}. Let {Tn} and {Vn} be two other sequences
obtained by applying the Richardson extrapolation process
to {Sn} . Suppose the sequence {Tn} converges faster than
{Sn} , and {Vn} converges faster than {Tn} , both to the
same limit S. Thus, {Sn} , {Tn} , and {Vn} can be succes-
sive columns of the Romberg Table.

Let b ∈ R, called as the Brezinski’s factor. Define
Vn (b) = Vn − b (Vn − Tn) , n ∈ N and construct the
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interval

Jn (b) =
[

min (Vn (b) , Vn (−b)) ,
max (Vn (b) , Vn (−b))

]

Theorem 3: If Tn − S = o (Sn − S) and if Vn − S =
o (Tn − S) then ∀b �= 0,∃N : ∀n ≥ N, S ∈ Jn (b) .
Moreover Vn (±b) − S = o (Sn − S) .

Proof: See [13].
Remark 3.1: Brezinski has pointed out a fundamental

practical point [13]: “Under some assumptions, the theorem
given above says that for all n greater than N , S belongs
to some interval. However, such a N is not known without
adding supplementary assumptions. Such an N has been
attained if the interval at the step n + 1 is contained in the
interval obtained at the step n, whatever n ≥ N may be.
This is a good test for having attained this N”.

IV. PROPOSED ALGORITHM FOR BODE ENVELOPES

In the proposed method, at any given ω we obtain in-
tervals enclosing the magnitude (or phase) envelope using
the natural interval extension and uniform subdivision, for
a sequence of geometrically increasing subdivision factors
N . Then, we construct two separate sequences from the
lower and upper endpoints of the obtained intervals, and
using the Richardson extrapolation process, extrapolate the
sequences to their respective limits (which are the infimum
and supremum of the magnitude envelope). This produces
the Romberg tables for the infimum and supremum of
the magnitude envelopes. Next, we apply Brezinski’s error
control criterion to the Romberg tables, and generate the
so-called Brezinski’s tables of intervals. Finally, from the
Brezinski’s tables, we construct a table of intervals that
approximate the magnitude (or phase) envelope at ω. The
sequences of intervals in this table converge (column-wise)
increasingly faster to the envelope than those generated using
only the natural interval extension and subdivision.

A. Sequence Generation

Using the natural interval extension and uniform subdivi-
sion method, we first construct two separate sequences of
lower and upper bounds on the infimum and supremum of
the Bode envelope. Then, we obtain the Romberg tables for
the infimum and supremum by extrapolating these sequences
separately to their respective limits. We denote the sequences

of lower and upper bounds as
{

A
(j)
0

}K

j=0
,

{
B

(j)
0

}K

j=0
.

B. Romberg Tables

Having constructed the sequences of lower and upper
bounds, we apply the Richardson extrapolation process
and obtain the respective Romberg tables by executing
Algorithms Romberg inf and Romberg sup.

ALGORITHM FOR ROMBERG TABLE OF THE
INFIMUM:

[A]K =Romberg inf

({
A

(j)
0

}K

j=0
, K

)

Inputs: The sequence of lower bounds
{

A
(j)
0

}K

j=0
, and

the number K of columns in the Romberg Table.
Output: The Romberg Table [A]K containing the extrap-

olated sequences.

BEGIN Algorithm

1) Set T
(j)
0 = A

(j)
0 , j = 0, 1, . . . ,K.

2) Construct the Romberg Table for the range infimum,
using the Richardson extrapolation process in (III):

A
(j)
k = A

(j)
k−1 +

A
(j)
k−1−A

(j−1)
k−1

(2k−1)
,

{
k = 1, 2, . . . ,K,
j = k, . . . ,K.

3) RETURN the Romberg Table
[A]K =

{
A

(j)
k , k = 0, 1, . . . ,K, j = k, . . . ,K

}

END Algorithm

We can have a similar algorithm Romberg sup based

on
{

B
(j)
0

}K

j=0
to generate the Romberg Table [B]K of

extrapolated sequences for the supremum (the description is
omitted here).

C. Brezinski’s error control

Based on Theorem 3 and Remark 3.1, we can have an
algorithm to construct the so-called Brezinski’s tables of
intervals for the infimum and supremum of the magnitude
envelope. From the Brezinski’s tables, we construct a final
table of intervals approximating the magnitude envelope
- the entries of the table are intervals converging to the
magnitude envelope, with increasingly higher orders of
convergence.

ALGORITHM FOR APPROXIMATION OF INFIMUM
AND SUPREMUM
[
[Cinf ]

K
, [Dsup]K

]
= App env infsup

(
[A]K and [B]K

)
Input: The Romberg Tables [A]K and [B]K , and a value

for Brezinski’s factor b ∈ R.
Output: The Tables

[
[Cinf ]

K
, [Dsup]K

]
containing the

approximating intervals for infimum and supremum of the
magnitude envelope.

BEGIN Algorithm

1) Set k = 0.
2) From the Romberg Table [A]K , construct Brezinski’s

table [C]K of intervals for the infimum as follows:

V
(j)
k+2 (b) = A

(j)
k+2 − b

(
A

(j)
k+2 − A

(j)
k+1

)
,{

k = 0, 2, . . . ,K − 2,
j = k + 2, . . . ,K.

C
(j)
k+2 =

⎡
⎣ min

(
V

(j)
k+2 (+b) , V

(j)
k+2 (−b)

)
,

max
(
V

(j)
k+2 (+b) , V

(j)
k+2 (−b)

)
⎤
⎦ ,

{
k = 0, 2, . . . ,K − 2, j = k + 2, . . . ,K.

}
.
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3) Similarly, from the Romberg Table [B]K , construct
Brezinski’s Table [D]K of intervals for supremums.

4) Check for nestedness of the intervals in Table [C]K and
form another table [Cinf ]

K with these nested interval.
Do likewise for the intervals in [D]K and with nested
interval form the Table [Dsup]K . (note: nestedness is
checked column-wise, for consecutive intervals in each
column).

5) RETURN
[
[Cinf ]

K
, [Dsup]K

]
.

END Algorithm

D. MAIN ALGORITHM

Based on the above developments, we can now propose
an algorithm to compute the magnitude envelope at a
given ω to a specified accuracy. The algorithm for the
phase envelope is completely analogous and so we omit its
description here.

ALGORITHM FOR MAGNITUDE ENVELOPE
GENERATION :

[Env approx]K = Mag env[g (s, x) ,x, ω, ε]

Inputs: An expression for the transfer function g (s, x) ,
the parameter box x, the frequency ω, and an accuracy
parameter ε.

Outputs: The Table [Env approx]K containing the inter-
vals approximating the magnitude envelope. The interval at
the bottom-right of this table encloses the envelope with the
desired accuracy.

BEGIN Algorithm
1) Set j ← 0 and initialize list L ← {x}
2) Set A

(j)
0 = fM (x), B(j)

0 = fM (x)
3) (Iterative part) Start a new iteration:

a) Subdivision phase: Pick up the boxes from the
list, bisect them in all direction to get subboxes
and put them back into the same list L.

b) Set j ← j + 1 and lr ← length of L.
c) Set Nj ← 2j .
d) Pick all the boxes xi, i = 1, 2, . . . , lr from L,

and obtain the range enclosure fM(Nj)
(x)

fM(Nj)
(x) =

[
fM(Nj)

(x), fM(Nj)
(x)

]

=
lr⋃

i=1

fM(i) (xi)

e) Set
A

(j)
0 ←− fM(Nj)

(x), B(j)
0 ←− fM(Nj)

(x)

f) Set K ← j
g) (Generate Romberg table for lower bound of

the magnitude envelope ). Execute the algorithm
Romberg inf [A]K =

Romberg inf
({

A
(j)
0

}K

j=0
, K

)

h) (Generate Romberg table for upper bound of
the magnitude envelope ). Execute the algorithm
Romberg sup [B]K =

Romberg sup
({

B
(j)
0

}K

j=0
, K

)

i) (Compute Brezinski’s Tables of approximate
intervals for the infimum and supremum of
the magnitude envelope). Execute the algorithm
App env infsup

[
[Cinf ]

K
, [Dsup]K

]
=

App env inf sup
(
[A]K and [B]K

)
j) (Termination criterion: Check the width of the

approximating intervals)
IF

((
wid [Cinf ]

K and wid [Dsup]K
)

< ε
)

THEN GO TO step 4.
k) Cutoff test:

i) Set cmax = min
{
fM(i) (xi)

}
, and cmin =

max
{

fM(i) (xi)
}

, i = 1, . . . , lr.

ii) IF fM(i) (xi) > cmin and fM(i) (xi) < cmax

THEN discard the box xi from the list L from
further processing ELSE put them back into
the list L.

4) Construct intervals whose lower and upper end-
points are the corresponding entries in the tables
[Cinf ]

K
, [Dsup]K , satisfying the desired accuracy (cf.

step no. 3j).
5) Lastly, construct a Romberg-like Table of intervals

[Env approx]K based on the intervals of the above
step. These intervals approximate the magnitude enve-
lope at ω with increasing accuracy as we go column-
wise in the table. The interval at the bottom-right
of this table encloses the envelope with the desired
accuracy.

END Algorithm

V. ILLUSTRATIVE EXAMPLE - VEHICLE CLUTCH

SYSTEM

The automatic control of vehicle start-up using a friction
clutch is a subject of continuing interest for vehicle manufac-
turers. An effective automatic control system can be designed
based on the Bode frequency response plots of the system.

The proposed algorithm for Bode envelopes is
demonstrated on the vehicle clutch system with large
parametric uncertainties [17]. We shall demonstrate the
algorithm to construct only the Bode magnitude envelope
(the Bode phase envelope can be constructed in an
analogous fashion, and so the description is omitted here).
The magnitude function relating the input clutch position to
the output transmission speed is

fM (x) = 10 log

⎧⎪⎨
⎪⎩

(65.61(x1−x2ω2))2
+(24734.97ω)2

(−1157.39ω)2+

(
3.07

(
x1− ω2

1
65.61 + 1

x2

))2

⎫⎪⎬
⎪⎭

+ 20 log
(

x3
(65.61+x2)ω

)
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The physical parameters are the axle shaft spring rate
(x1), vehicle inertia (x2), and the ratio between change
in clutch torque and change in clutch position (x3). These
have the following large parameter uncertainties

x1 ∈ [58000, 115000] , x2 ∈ [1400, 11000] , x3 ∈ [100, 800] .

Suppose the Bode magnitude envelopes of this system are
required to be constructed to an accuracy ε = 10−10 at the
frequencies ω ∈ {1, 10, 30, 50, 60, 70, 80, 90, 100, 200, 300}

Executing the proposed algorithm at the various frequen-
cies, we obtain the magnitude envelopes (the magnitude plot
is not shown here due to the lack of space but is available
from the author). Let us discuss in detailthe obtained results
at some frequency, say for instance, at ω = 10. Table
I reports the intervals [Env approx]K generated with the
proposed method at this ω. The table also gives the over-
estimation associated with each interval [Env approx]K ,
computed as

wid [Env approx]K − wid M∗.

The first column of Table I gives the uniform subdivision
factor N , the second column (k = 0) shows the inter-
vals obtained with the natural interval extension and the
uniform subdivision, the third column (k = 1) gives the
intervals for the first extrapolated column, and the subse-
quent columns give the intervals [Env approx]K for the
extrapolated columns k = 2, . . . ,K. The bracketed entries in
Table I give the overestimation associated with each interval
[Env approx]K .

From Table I, we see that the intervals generated by the
extrapolation process are of accuracy that increases column-
wise. The intervals generated by the proposed algorithm
enclose the magnitude envelope, eventually up to the desired
high accuracy, thus generating very sharp enclosures of the
magnitude envelope.

We also compare the computational time required by
the proposed algorithm with that of the interval global
optimization routine Globsol [18]. The required accuracy is
now set as ε = 10−10. Both the methods are executed on a
SUN FIRE 280 R machine with dual 750 MHz UltraSparc
III processors and 2 GB RAM. While Globsol takes a total
computational time of 37.26 minutes to compute the Bode
magnitude envelopes to this accuracy, the proposed algorithm
takes 27.88 minutes for the same.

VI. CONCLUSIONS

The proposed algorithm based on extrapolation proves to
be an efficient tool for computing the Bode envelopes for
uncertain transfer function with general parametric uncer-
tainty. The application of Extrapolation technique also can
be applied to interval optimization algorithms, to accelerate
the speed of convergence, to the global minima or maxima.
This is currently being explored.
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