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Abstract— In this article we describe a state estimation algo-
rithm for discrete-time Gauss-Markov models whose parame-
ters are determined at each discrete-time instant by the state
of a Markov chain. The scheme we develop is fundamentally
distinct from extant methods, such as the so called Interacting
Multiple Model algorithm (IMM) in that it is based directly
upon the exact hybrid filter dynamics.

The enduring and well known obstacle in estimation of jump
Markov systems, is managing the geometrically growing history
of candidate hypotheses. Our scheme maintains a fixed number
of candidate paths in a history, each identified by an optimal
subset of estimated mode probabilities.

We present here a finite dimensional sub-optimal filter
for the information state. Corresponding finite dimensional
recursions are also given for the mode probability estimate,
the state estimate and is associated state error covariance
The memory requirements of our filter are fixed in time. A
computer simulation is included to demonstrate performance
of the Gaussian-mixture algorithm described.

I. INTRODUCTION

The problem we are concerned with in this article is a
pure synthesis problem for a particular class stochastic hybrid
system.

This synthesis problem concerns computing a state and
mode estimation algorithm whose memory requirements
remain fixed in time. The main challenge in such a task,
is to balance computational complexity against accuracy
of estimation. In this article we take new approach, by
developing our estimation schemes upon the foundation of
the exact filter dynamics, (see [4]). Using this exact filter,
we develop a suboptimal scheme by incorporating finite
Gaussian mixture representations for the filter probability
densities. Our choice of a Gaussian mixture representation is
justified by basic results in [9]. By applying a Lemma for re-
producing Gaussian densities (see [5]), we compute a closed
form recursive estimation algorithm, whose outputs are: a
conditional mean estimate of the hidden state, an estimate of
the state error covariance associated with this estimate and an
estimate of the mode probability. The basic and omnipresent
problem of exponential growth in complexity in the exact
filter is circumvented by a scheme for the management of
hypotheses. This scheme is an extension of an idea due to
Viterbi [12].

The pseudo-code algorithm we present here is developed
from the results in the [8]. This article uses change of
probability measure techniques, which due to limitations of
space, we do not detail here, rather, the contribution of this
article is to cast the mathematical results in [8] into a pseudo
code form amenable to the practitioner and to demonstrate
the benefits of this algorithm through a computer simulation.

II. STOCHASTIC DYNAMICS

All processes are defined, initially, on a fixed probability
space

(
Ω,F , P

)
.

A. Markov Chain Dynamics

We consider a time-homogeneous discrete-time m-state
Markov chain Z. It is convenient to identify the state space
of Z with an orthonormal basis indicator functions, which
we denote by L,

L = {e1, e2, . . . , em} =

{⎡⎢⎢⎢⎣
1
0
...
0

⎤⎥⎥⎥⎦ ,

⎡⎢⎢⎢⎣
0
1
...
0

⎤⎥⎥⎥⎦ , . . . ,

⎡⎢⎢⎢⎣
0
0
...
1

⎤⎥⎥⎥⎦
}

⊆ R
m.

(1)
We suppose our Markov chain has sufficient statistics
(Π, p0), where Π =

[
π(j,i)

]
1≤j≤m
1≤i≤m

is the transition matrix

of Z, with elements

π(j,i)
∆
= P (Zk = ej | Zk−1 = ei), ∀k ∈ N (2)

and E
[
Z0

]
= p0.

B. State Process Dynamics

We suppose the indirectly observed state vector x ∈ R
n×1,

has dynamics

xk =

m∑
j=1

〈
Zk,ej

〉
Ajxk−1 +

m∑
j=1

〈
Zk,ej

〉
Bjwk. (3)

Here w is a vector-valued Gaussian process with w ∼
N(0, In). Aj and Bj are n × n matrices and for each
j ∈ {1, 2, . . . ,m}, are nonsingular.

C. Observation Process Dynamics

Consider a vector-valued observation process with values
in R

d×1 and dynamics

yk =

m∑
j=1

〈
Zk,ej

〉
Cjxk +

m∑
j=1

〈
Zk,ej

〉
Djvk. (4)

Here v is a vector-valued Gaussian process with v ∼
N(0, Id). We suppose the matrices Dj ∈ R

d×d, for each
j ∈ {1, 2, . . . ,m}, are nonsingular. The systems we shall
consider in this article are described by the dynamics (3) and
(4). The three stochastic processes Z, x and y are mutually
statistically independent. Taken together, these dynamics
form a triply stochastic system, with random inputs due to
the processes Z, x and y. For example, if at time k Zk = ej ,
then the dynamical model with state x and observation y, is
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defined by the parameters set
{
Aj , Bj , Cj ,Dj

}
.

We define our filtrations as follows:

Yk =
{
Y�

}
0≤�≤k

where Yk = σ
{
y�, 0 ≤ � ≤ k

}
, (5)

Gk =
{
G�

}
0≤�≤k

where Gk = σ
{
Z�, x�, y�, 0 ≤ � ≤ k

}
.

(6)

Notation: To denote the inverse of a matrix A, we write
inv

(
A

)
.

III. EXACT HYBRID FILTER DYNAMICS

The exact filter for the hybrid stochastic system defined
in the previous section, (given below), first appeared in
the article [4]. Despite the important contributions of this
article being relatively new, the exact filter of Elliott Dufour
and Sworder has been largely overlooked by the tracking
community. In contrast, it is important to note that common
schemes, such as the so-called IMM (Interacting Multiple
Model algorithm, see [2]), are not based upon the exact filter
dynamics.

Defi nition 1 The symbol Φ(·) will be used to denote the zero
mean normal density on R

d×1

Φ(ξ) = (2π)−d/2 exp
(
− 1

2ξ′ξ
)
. (7)

The exact state estimation filter given in [4] is written in
unnormalised form, that is, dynamics satisfied by an unnor-
malised probability density. These dynamics are computed
using reference probability techniques, see [3], [6] and [7].
Briefly, we are interesting in computing conditional probabil-
ities for joint events of the form P (x ∈ dx, Zk = ej | Yk).
Omitting the details, we assume the existence unnormalised
probability densities corresponding to our events of interest,
where, for example,

P (x ∈ dx, Zk = ej | Yk) =
q

j
k (x)dx∫

Rn

q
j
k (ξ)dξ

. (8)

What we would like to compute, is recursive dynamics whose
solutions are the densities q j(x) : R

n×1 → R+, where
j ∈

{
1, 2, . . . ,m

}
. To this end, we recall the fundamental

contribution of [4] in the next Theorem.

Theorem 1 The un-normalised probability density q
j
k (x),

satisfies the following integral-equation recursion,

q
j
k (x) =

Φ
(
D−1

j (yk − Cjx)
)

Φ(yk)|Dj ||Bj |

m∑
r=1

π(j,r)×∫
Rn

Ψ
(
B−1

j (x − Ajξ)
)
q r
k−1(ξ)dξ. (9)

Remark III.1 It is immediate that the dynamics at (1) will
grow exponentially in complexity as a function of the discrete
time index k.

IV. GAUSSIAN MIXTURE DENSITIES

Theorem 2 Suppose the un-normalised probability density
q r
k−1(ξ), (as it appears under the integral in equation (9)),

can be written as a finite weighted Gaussian mixture with
Mq ∈ N components. That is, for k ∈ {1, 2, . . . }, we
suppose

q r
k−1(ξ) =

Mq∑
s=1

W
(r,s)

k−1

1

(2π)n/2|Σ
(r,s)
k−1|k−1|

1
2

×

exp
{
− 1

2 (ξ−α
(r,s)
k−1|k−1)

′ inv
(
Σ

(r,s)
k−1|k−1

)
(ξ−α

(r,s)
k−1|k−1)

}
.

(10)

Here Σ
(r,s)
k−1|k−1 ∈ R

n×n
+ , and α

(r,s)
k−1|k−1 ∈ R

n×1, are
both Yk−1-measurable functions for all pairs (r, s) ∈{
1, 2, . . . ,m

}
×

{
1, 2, . . . ,M q

}
. Using this Gaussian mix-

ture (10), the equation for the optimal un-normalised density
process has the form

q
j
k (x)

∆
=

1

(2π)(d+n)/2Φ(yk)

m∑
r=1

Mq∑
s=1

Kj,(r,s)×

exp
{
− 1

2

(
x − inv

(
σ j,(r,s)

)
δ j,(r,s)

)′

×

σ j,(r,s)
(
x − inv

(
σ j,r,s

)
δ j,(r,s)

)}
. (11)

A proof of Theorem 2 is given in [8].
The foremost value of the density representation given

at (11), is that integrations over the space R
n×1 have

been eliminated. However, this representation also grows
exponentially in its complexity as a function of the discrete-
time index k. Our objective then, is to develop an ap-
proximation to this expression, whose memory requirements
are finite and invariant to time. The technical details upon
which the following section is based, are well beyond the
size limitation of this paper, however, comprehensive detail
concerning the basis of our pseudo code algorithm in Section
V can be found in [8]. The key step in what follows, is
to replace the double summation in equation (10), with a
single summation over the optimal contributors within the
Gaussian mixture. Suppose one could identify M q optimal
pairs of indices in the set

{
1, 2, . . . ,m

}
×

{
1, 2, . . . ,M

}
and then use these indices to construct a suboptimal but
fixed in memory requirements density. Further, suppose the
measure corresponding to this suboptimal approach is written
as P ∗

Mq . Then the state estimate would be determined by the
expectation

x̂k|k
∆
= EP∗

Mq
[
xk | Yk

]
. (12)

We now detail an algorithm to evaluate the expectation at
(12), its associated state error covariance and the estimated
mode probability.
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V. PSEUDO CODE ALGORITHM

In this section we define a three-step pseudo code form
of our estimation algorithm. Following the completion of an
initialisation step, our three algorithm steps are:

Step 1 Compute Gaussian-mixture Densities,
Step 2 Hypothesis management,
Step 3 Updating.

In details these steps are given below.

Initialisation

• Choose initial Gaussian mixtures statistics:

A0
∆
=

⎡⎢⎢⎢⎢⎣
α

1,1
0|0 α

1,2
0|0 . . . α

1,Mq

0|0

α
2,1
0|0 α

2,2
0|0 . . . α

2,Mq

0|0

...
...

...
...

α
m,1
0|0 α

m,2
0|0 . . . α

m,Mq

0|0

⎤⎥⎥⎥⎥⎦ (13)

and

B0
∆
=

⎡⎢⎢⎢⎢⎣
Σ1,1

0|0 Σ1,2
0|0 . . . Σ1,Mq

0|0

Σ2,1
0|0 Σ2,2

0|0 . . . Σ2,Mq

0|0

...
...

...
...

Σm,1
0|0 Σm,2

0|0 . . . Σm,Mq

0|0

⎤⎥⎥⎥⎥⎦ . (14)

• For each j ∈
{
1, 2, . . . ,m

}
, choose, by some

means, the initial sets of Gaussian-mixture weights{
W

(j,1)
0 ,W

(j,2)
0 , . . . ,W

(j,Mq)
0

}
.

For k = 1, 2, . . . N , repeat:

Step 1, Compute Gaussian Mixture Densities:

• Define an index set,
Γ

∆
=

{
1, 2, . . . ,m

}
×

{
1, 2, . . . ,M q

}
.

• For each j ∈
{
1, 2, . . . ,m

}
, at each time k, compute

of the following m × M q quantities, each indexed by

the pairs (r, s) ∈ Γ:

Σ
j,(r,s)

k−1|k−1
∆
= BjB

′
j + AjΣ

(r,s)
k−1|k−1A

′
j (15)

ũ
j,(r,s)
k−1|k−1

∆
= Ajα

(r,s)
k−1|k−1 (16)

σ j,(r,s) ∆
= C ′

r inv
(
DrD

′
r

)
Cr + inv

(
Σ

j,(r,s)

k−1|k−1

)
(17)

inv
(
σ j,(r,s)

) ∆
= Σ

j,(r,s)

k−1|k−1−

Σ
j,(r,s)

k−1|k−1C
′
r inv

(
CrΣ

j,(r,s)

k−1|k−1C
′
r+

DrD
′
r

)
CrΣ

j,(r,s)

k−1|k−1 (18)

δ j,(r,s) ∆
= inv(Σ

j,(r,s)

k−1|k−1)ũ
j,(r,s)
k−1|k−1+

C ′
r inv(DrD

′
r)yk (19)

Kj,(r,s) ∆
=

π(j,r)W
(r,s)

k−1

|Σ
j,(r,s)

k−1|k−1|
1
2 |Dj |

×

exp
{

1
2 (δ j,(r,s))′ inv(σ j,(r,s))δ j,(r,s)

}
×

exp
{
− 1

2

[
y′

k inv(DrD
′
r)yk+

(ũ
j,(r,s)
k−1|k−1)

′ inv(Σ
j,(r,s)

k−1|k−1)ũ
j,(r,s)
k−1|k−1

]}
(20)

Step 2, Hypothesis Management:

• For each j ∈
{
1, 2, . . . ,m

}
, compute the quantities

C j ∆
=

⎡⎢⎢⎢⎣
ζj,(1,1) ζj,(1,2) . . . ζj,(1,Mq)

ζj,(2,1) ζj,(2,2) . . . ζj,(2,Mq)

...
...

...
...

ζj,(m,1) ζj,(m,2) . . . ζj,(m,Mq)

⎤⎥⎥⎥⎦ . (21)

Here, for example,

ζj,(r,s) = Kj,(r,s)|σ j,(r,s)|−
1
2 . (22)

• Using each matrix {C1, C2, . . . , Cm}, compute the opti-
mal index sets

I 1 =
{
(r∗1,1, s

∗
1,1), . . . , (r

∗
1,Mq , s

∗
1,Mq )

}
(23)

I 2 =
{
(r∗2,1, s

∗
2,1), . . . , (r

∗
2,Mq , s∗2,Mq )

}
(24)

...
...

I m =
{
(r∗m,1, s

∗
m,1), . . . , (r

∗
m,Mq , s∗m,Mq )

}
(25)

where, for example, the index set I j is computed via
the successive maximisations:

ζj,(r∗

j,1,s∗

j,1)
∆
= max

(r,s)∈Γ

{
C j

}
, (26)

ζj,(r∗

j,2,s∗

j,2)
∆
= max

(r,s)∈Γ\(r∗

j,1,s∗

j,1)

{
C j

}
, (27)

...
...

ζj,(r∗

j,Mq ,s∗

j,Mq ) ∆
= max

(r,s)∈Γ\{(r∗

j,1,s∗

j,1),... }

{
C j

}
. (28)
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Step 3, Updating:

• The two estimates x̂k|k = E
[
xk | Yk

]
and Σk|k =

E
[
(xk − x̂k|k)(xk − x̂k|k)′ | Yk

]
, are computed, respec-

tively, by the formulae:

x̂k|k =∑m
j=1

∑Mq

�=1
K

j,(r∗
j,�

,s∗
j,�

)

|σ
j,r∗

j,�
,s∗

j,� |
1
2

inv
(
σ j,r∗

j,�,s∗

j,�

)
δ j,(r∗

j,�,s∗

j,�)

∑m
j=1

∑M q

�=1 Kj,(r∗

j,�
,s∗

j,�
)|σj,(r∗

j,�
,s∗

j,�
)|−

1
2

=

{
1∑m

j=1

∑M q

�=1 Kj,(r∗

j,�
,s∗

j,�
)|σj,(r∗

j,�
,s∗

j,�
)|−

1
2

}
×

m∑
j=1

Mq∑
�=1

{
Kj,(r∗

j,�,s∗

j,�)

|σ j,r∗

j,�
,s∗

j,� |
1
2

×[
Ar∗

j,�
α

r∗

j,�,s∗

j,�

k−1|k−1+

Σ
j,r∗

j,�,s∗

j,�

k−1|k−1 C ′
r∗

j,�
inv

(
Dr∗

j,�
D′

r∗

j,�
+

Cr∗

j,�
Σ

j,(r∗

j,�,s∗

j,�)

k−1|k−1 C−1
r∗

j,�

)
×

(
yk − Cr∗

j,�
Ar∗

j,�
α

r∗

j,�,s∗

j,�

k−1|k−1

)]}
(29)

and

Σ̂k|k ={
1∑m

j=1

∑M q

�=1 Kj,(r∗

j,�
,s∗

j,�
)|σj,(r∗

j,�
,s∗

j,�
)|−

1
2

}
×

m∑
j=1

Mq∑
�=1

{
Kj,(r∗

j,�,s∗

j,�)

|σj,(r∗

j,�
,s∗

j,�
)|

1
2

[
inv

(
σj,(r∗

j,�,s∗

j,�)
)
+(

inv
(
σ j,(r∗

j,�,s∗

j,�)
)
δ j,(r∗

j,�,s∗

j,�) − x̂k|k

)
×(

inv
(
σ j,(r∗

j,�,s∗

j,�)
)
δ j,(r∗

j,�,s∗

j,�) − x̂k|k

)′
]}

. (30)

• Update the matrices Ak and Bk.

Ak =

⎡⎢⎢⎢⎢⎣
α

1,1
k|k α

1,2
k|k . . . α

1,Mq

k|k

α
2,1
k|k α

2,2
k|k . . . α

2,Mq

k|k

...
...

...
...

α
m,1
k|k α

m,2
k|k . . . α

m,Mq

k|k

⎤⎥⎥⎥⎥⎦
∆
=

[
inv

(
σγ,r∗

γ,η,s∗

γ,η

)
δγ,(r∗

γ,η,s∗

γ,η)
]
1≤γ≤m
1≤η≤Mq

(31)

and

Bk =

⎡⎢⎢⎢⎢⎣
Σ1,1

k|k Σ1,2
k|k . . . Σ1,Mq

k|k

Σ2,1
k|k Σ2,2

k|k . . . Σ2,Mq

k|k

...
...

...
...

Σm,1
k|k Σm,2

k|k . . . Σm,Mq

k|k

⎤⎥⎥⎥⎥⎦
∆
=

[
inv

(
σγ,r∗

γ,η,s∗

γ,η

)]
1≤γ≤m
1≤η≤Mq

(32)

• The un-normalised mode probability corresponding to
the expectation E

[
Zk = ej | Yk

]
, is approximated by

q
j
k

∆
=

1

(2π)d/2Φ(yk)

Mq∑
�=1

ζj,(r∗

j,�,s∗

j,�). (33)

To normalise the function q
j
k (x), it is divided by sum

of all terms
{
q 1
k , . . . , q m

k

}
, for example

P (Zk = ej | Yk) =

〈
qk,ej

〉〈
qk,1

〉 . (34)

• For each j ∈
{
1, 2, . . . ,m

}
update the normalised

weights
{
W

(j,1)
k ,W

(j,2)
k , . . . ,W

(j,Mq)
k

}
, with the equa-

tion

W
(j,�)
k

∆
=

ζj,(r∗

j,�,s∗

j,�)∑m
j=1

∑Mq

�=1 ζj,(r∗

j,�
,s∗

j,�
)
. (35)

Return to Step 1

Remark V.1 It is worth noting that the recursions given at
(29) and (18) bear a striking resemblance to the form of
the well know Kalman filter. This is not surprising. Suppose
one knew the state of the Markov chain Z at each time k,
consequently one would equivalently know the parameters
of the dynamical system at this time. In such a scenario the
Kalman filter in fact the optimal filter.

Remark V.2 The alogrithm presented in this article can be
formulated with no hypothesis management, at the cost of
accuracy, by setting M q = 1.

VI. NONLINEAR SYSTEMS

In many practical examples, inherently nonlinear stochas-
tic hybrid systems can be successfully linearised and there-
after techniques such as those presented in this article may
be routinely applied. Typical scenarios, are those with a
hybrid collection of state dynamics, each observed through
a common nonlinear mapping, or, alternatively, a hybrid
collection of models, some linear, some nonlinear. One well
known example of hybrid state dynamics observed through
a nonlinear mapping is the bearings only tracking problem.
In this case the hidden state process is measured through an
inverse tan function and then corrupted by additive noise.
The standard approach to such a problem is to first linearise
the dynamics. However, to apply such techniques, a one-step-
ahead prediction of the hidden state process is required. If the
hybrid system being considered has either deterministic or
constant parameters, this calculation is routine. By contrast,
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the same calculation for a stochastic hybrid system requires
the joint prediction the future state and the future model.
Extending the state estimator given at (29), we give the one-
step-ahead predictor in the next Lemma.

Lemma 1 Write

x̂k|k(j)
∆
= E

[〈
Zk,ej

〉
xk | Yk

]
. (36)

The quantity defined at (36), is a conditional mean estimate
of xk computed on those ω-sets which realise the event Zk =
ej . For the hybrid stochastic system defined by the dynamics
at (3) and (4), the one-step prediction is computed by the
following equation

x̂k+1|k
∆
= E[xk+1 | Yk]

=

m∑
i=1

m∑
j=1

π(j,i)Aix̂k|k(j).
(37)

Proof:

x̂k+1|k =
m∑

i=1

E
[〈

Zk+1,ej

〉
Aixk | Yk

]
+

m∑
i=1

E
[〈

Zk+1,ej

〉
Biwk+1 | Yk

]
=

m∑
i=1

E
[〈

ΠZk,ej

〉
Aixk | Yk

]
+

m∑
i=1

E
[〈

ΠZk,ej

〉
Biwk+1 | Yk

]
=

m∑
i=1

E
[ m∑

j=1

〈
Zk,ej

〉〈
ΠZk,ej

〉
Aixk | Yk

]
=

m∑
i=1

m∑
j=1

π(j,i)AiE
[〈

Zk,ej

〉
xk | Yk

]
=

m∑
i=1

m∑
j=1

π(j,i)Aix̂k|k(j)

(38)

The j = 1, 2, . . . ,m quantities x̂k|k(j) may be computed as
follows:

x̂k|k(j) =

Mq∑
�=1

{
K

j,(r∗
j,�

,s∗
j,�

)

|σ
j,r∗

j,�
,s∗

j,� |
1
2

inv
{
σ j,r∗

j,�,s∗

j,�

}
δ j,(r∗

j,�,s∗

j,�)

}
M q∑
�=1

{
K

j,(r∗

j,�
,s∗

j,�
)

k,k−1 |σj,(r∗

j,�
,s∗

j,�
)|−

1
2

} .

(39)

VII. EXAMPLE

To demonstrate the performance of the algorithm de-
scribed above, we consider a vector-valued state and obser-
vation process and a two-state Markov chain. Our Markov
chain has a transition matrix

Π =

[
0.98 0.02
0.01 0.99

]
(40)

and an initial distribution
[
0.4, 0.6

]′
. The stochastic system

model parameters
{
A,B,C,D

}
, for the two models consid-

ered, are each listed below.

A1 =

[
−0.8 0

0 0.2

]
, A2 =

[
0.8 0
0 −0.2

]
, (41)

B1 = B2 =

[
1 0
0 1

]
, (42)

C1 =

[
2 0.5

0.2 1

]
, C2 =

[
1 0.5
2 0.2

]
, (43)

D1 = D2 =

[
2 0
0 2

]
. (44)

A single realisation of this hybrid state and observation
process was generated for 100 samples. Typical realisations
of the estimated mode probability and the estimated state
process are given, respectively, in Figures 1 and 2. The
estimation of the hidden state process was compared against
the exact filter, that is, the Kalman filter supplied with the
exact parameter values Ak, Bk, Ck,Dk. This comparison is
somewhat artificial as, one never has knowledge of the the
hidden Markov chain in real problem settings, nonetheless,
this example does serve to show the encouraging perfor-
mance of the Gaussian mixture estimator.
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Fig. 1. Exact Markov chain and the estimated mode probability generated
by the Gaussian mixture scheme.
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