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Abstract— We study an optimal admission of arriving cus-
tomers to a Markovian finite-capacity queue, e.g. M/M/c/N
queue, with several customer types. The system managers
are paid for serving customers and penalized for rejecting
them. The rewards and penalties depend on customer types.
The goal is to maximize the average rewards per unit time
subject to the constraint on the average penalties per unit
time. We provide a solution to this problem through a Linear
Programming transformation and characterize the structure
of optimal policies based on Lagrangian optimization. For a
feasible problem, we show the existence of a 1-randomized
trunk reservation optimal policy with the acceptance thresholds
for different customer types ordered according to a linear
combination of the service rewards and rejection costs. In
addition, we prove that any 1-randomized optimal policy has
this structure. In particular, we establish the structure of an
optimal policy that maximizes the average rewards per unit
time subject to the constraint on the blocking probability for
one of the customer types or for a group of customer types
pooled together, i.e., the QoS (Quality of Service) constraint. In
the end, we also formulat the problem with multiple constraints
and similar results hold.

I. INTRODUCTION

The admission control problem for a queue in which the

QoS (quality of service) is provided has broad applications

in telecommunication, computer, service and engineering.

One aspect of admission control is the ability to monitor,

control, and enforce the use of resources and services with

policy-based management. In this paper, we describe the

structure of optimal admission policies to finite capacity

queues, including M/M/c/N queues, with a fixed number

of customer types. At the arrival epoch a customer can be

either rejected or accepted. The latter is possible only if

the system is not full. Each customer type i = 1, 2, . . . ,m,
where m is the number of customer types, is characterized

by three parameters: a Poisson arrival rate λi, a reward

ri that a customer pays for the service, and the penalty

ci paid to a rejected customer. The service times do not

depend on the customer types. The goal is to maximize the

average rewards per unit time subject to the constraint that

the average penalty per unit time does not exceed a certain

number. Such problems arise, for example, when the goal is

to maximize the average rewards per unit time subject to the

quality of service (QoS) constraint.
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A 1-randomized trunk reservation policy φ is defined by

m numbers Mφ
i , 0 ≤ Mφ

i ≤ N − 1, i = 1, . . . ,m. Among

these numbers Mφ
1 , . . . ,Mφ

m, at most one number is non-

integer and at least one number equals N − 1. For a number

M we denote by �M� the integer part of M . If the system is

controlled by the policy φ, a type i arrival will be admitted

with probability 1 if it sees no more than �Mφ
i � customers

in the system, it will be rejected if the number of customers

in the system exceeds �Mφ
i �+1, and it will be accepted with

the probability (Mφ
i −�Mφ

i �) if there are exactly �Mφ
i �+1

customers in the system at the time of its arrival. In particular,

if the number Mφ
i is an integer, a type i arrival will be

admitted if and only if it sees no more that Mφ
i customers

in the system. Thus, Mφ
i = N − 1 means that a type i

arrival is admitted whenever the system is not full. A 1-

randomized trunk reservation policy φ is called consistent

with a function r′ defined on the set {1, . . . ,m} if r′i > r′j
implies Mφ

i ≥ Mφ
j , i, j = 1, . . . ,m. If all the thresholds are

integers, the 1-randomized trunk reservation policy is called

a trunk reservation policy. We sometimes write Mi instead

of Mφ
i for the thresholds when there is only one policy in

the context and no confusion will occur.

In this paper, we prove that, if the problem is feasible, then

there exists a 1-randomized trunk reservation policy which

is consistent with the reward function

r′i = ri + ū1ci, (1)

where ū1 ≥ 0 is the first entry of the dual solution to

the linear programming problem we formulated later in this

paper. In addition, Theorem 3 shows that any 1-randomized

stationary optimal policy is a 1-randomized trunk reservation

policy which is consistent with r′.
Miller [19] studied a one-criterion problem for an

M/M/c/loss queue when r1 > r2 > · · · > rm. In this case,

there exists an optimal non-randomized trunk reservation

policy which is consistent with r. In other words, all the

thresholds Mi are integers and N − 1 = M1 ≥ M2 ≥ · · · ≥
Mm. Feinberg and Reiman [8] studied a constrained problem

with r1 > r2 > · · · > rm when the goal is to maximize

average rewards per unit time subject to the constraint that

the blocking probability for type 1 customers does not exceed

a given level. Feinberg and Reiman [8] proved the existence

of an optimal 1-randomized trunk reservation policy with

N − 1 = M1 ≥ M2 ≥ · · · ≥ Mm.

Instead of considering M/M/c/loss or M/M/c/N
queues, Feinberg and Reiman [8] made a more general as-

sumption that the service rate µn, when there are n customers
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in the system, does not decrease in n. This assumption

holds for M/M/c/N queues. In this paper, we also consider

systems that satisfy this assumption.

This research was initially motivated by the following

natural question: what is the solution for the problem with

r1 > r2 > · · · > rm when the goal is to maximize the

average rewards per unit time subject to the constraint that

the blocking probability for type j customers does not exceed

a given number? This is a particular case of the problem

considered in this paper when cj = λj
−1 and ci = 0, i �= j.

Therefore,

r′i =
{

rj + ū1/λj , if i = j;
ri, otherwise. (2)

Since ū1 ≥ 0, in view of (2), we have r′j ≥ rj . Thus

Corollary 2 below implies that, when r1 > r2 > · · · > rm,
for a feasible problem, there exists an optimal 1-randomized

trunk reservation policy with M1 ≥ · · · ≥ Mj−1 ≥ Mj+1 ≥
· · · ≥ Mm and Mj ≥ Mj+1. In other words, the threshold

for type j customers can increase. In the particular case

when j = 1, studied by Feinberg and Reiman [8], the orders

r′1 > r′2 > · · · > r′m and r1 > r2 > · · · > rm coincide

and therefore we have that M1 = N − 1 is the highest

threshold. If the constraint limits the blocking probability

for several customer types pooled together, then the optimal

policy also has a simple structure described in Corollary 5.

This corollary implies that, if we have the constraint on the

blocking probability of the several most profitable customer

types pooled together, then the optimal policy is again a 1-

randomized trunk reservation policy consistent with r.

We remark that our main result, Theorem 3, is a stronger

statement than just the existence of an optimal 1-randomized

trunk reservation policy, which is Corollary 2. We prove

that any randomized optimal stationary policy, that uses

a randomization procedure in at most one state, has a 1-

randomized trunk reservation form. We recall that for 1-

constrained semi-Markov or continuous-time Markov deci-

sion processes describing the problem considered in this pa-

per, when the problem is feasible, there exists a randomized

stationary optimal policy that uses a randomization procedure

in at most one state; see Feinberg [6] or [7].

In addition to the classical Miller’s [19] problem for-

mulation and its constrained version studied by Feinberg

and Reiman [8], various versions and generalizations of

the admission problem have been studied in the literature.

Lippman [17] studied a problem with an infinite number

of customer classes. Other early references can be found

in the surveys by Crabill, Gross, and Magazine [4] and

by Stidham [25]. Nguyen [20] considered a queueing sys-

tem with two types of arrivals: one type is generated by

a Poisson process and the other is an overflow process

of an M/M/m/m queue. Carrizosa, Conde and Munoz-

Marquez [3] studied an M/G/c/loss queue with different

service distributions for different customer types. There the

control parameter is the probability to accept an arrival, if

the system has available space. This probability depends

on the arrived customer type and does not depend on the

state of the system. Lewis, Ayhan and Foley [13], [14]

investigated bias optimality. Lewis [12] studied a dual admis-

sion control scheme to an M/M/1 queue with the service

times depending on customer types. Lin and Ross [15],

[16] considered optimal admission control policies with a

gatekeeper for M/M/1/loss queues where the gatekeeper

can not know the busy-idle status of the server. Admission

control problems with customers requiring multiple servers

were considered by Kelly [10], Key [11], Ross and Yao [24],

Papastavrou,Rajagopalan and Kleywegt [21], and Altman,

Jimenez and Koole [1]. If service times depend on cus-

tomer types or different types of customers require different

numbers of servers, trunk reservation may not be optimal.

Examples can be found in Ross [23, p. 137] and Altman,

Jimenez and Koole [1]. However, a trunk reservation policy

is asymptotically optimal under certain conditions; Hunt and

Laws [9], Puhalskii and Reiman [22]. The survey on appli-

cations of MDP in communication networks by Altman [2]

provides additional references on admission control.

This paper is organized as follows. We formulate the prob-

lem in Section II. Following Feinberg and Reiman [8], we

formulate the problem as a unichain semi-Markov decision

problem with one constraint and with finite state and action

sets. We remark that the problem can also be formulated as

a continuous-time Markov Decision Process; Miller [19]. In

section II we also formulate the linear program (LP) that

identifies an optimal policy and explain the meaning of the

constant ū1 as an element of the dual solution to this LP.

Section III is devoted to main results. Previously Feinberg

and Reiman [8, Corollary 3.7] proved that if r1 > r2 >
· · · > rm then any optimal stationary policy has a trunk

reservation form for an unconstrained problem. We study

the unconstrained problem when r1 ≥ r2 ≥ · · · ≥ rm.

This case is important because even if we assume that

r1 > r2 > · · · > rm, it is possible that r′i = r′j
in (1) for some i, j = 1, . . . ,m. Theorem 1 establishes

the link between optimal policies and appropriate LPs. We

describe the geometrical structure of the optimal solutions

of related LPs in Theorem 2. Namely, we show that the

optimal LP solution, which corresponds to a 1-randomized

optimal policy, is a convex combination of two vectors

corresponding to (non-randomized) stationary policies, and

all these three policies differ at most at one point. In addition,

the two non-randomized stationary policies are optimal for

Lagrangian relaxation of the original problem. In Theorem 3

we present the structure of the optimal policies and in

the following corollaries, various applications in Quality of

Service constraint are considered and structures of optimal

policies for these cases are formulated.

II. PROBLEM FORMULATION

We consider a controlled queue which is a generalization

of an M/M/c/N queue. The queue has space for at most

N customers, where N is a given integer. When there

are n customers in the queue, the departure rate is µn,

n = 1, . . . , N. The numbers µn, n = 1, . . . , N, satisfy

the condition µn−1 ≤ µn, where µ0 = 0 and µ1 > 0. In
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particular, for an M/M/c/N queue, for some µ > 0

µi =
{

iµ, if i = 1, . . . , c,
cµ, if i = c + 1, . . . , N.

There are m = 1, 2, . . . types of customers arriving accord-

ing to m independent Poisson processes with the intensities

λi, i = 1, . . . ,m, respectively. When a customer arrives,

its type becomes known. When there are N customers in

the system, the system is full and new arrivals are lost. If

the system is not full, upon an arrival of a new customer, a

decision of accepting or rejecting this customer is made. A

positive reward ri is collected upon completion of serving

an accepted type i customer. A nonnegative cost ci incurs

due to the rejection or lost of an arriving type i customer.

The service time of a customer does not depend on the

customer type. Unless otherwise specified, we do not assume

that r1 ≥ r2 ≥ · · · ≥ rm.

Our goal is to maximize the average rewards the system

collects per unit time, subject to the constraint on the average

costs per unit time. In particular, we are interested in the

problem when we want to maximize the average rewards per

unit time subject to the blocking probability constraint for a

certain type of customers. In the more particular case, when

r1 > · · · > rm and the constraint is the blocking probability

for type 1 customers, this problem was studied in Feinberg

and Reiman [8].

Following Feinberg and Reiman [8], we model the prob-

lem via a semi-Markov decision process (SMDP) with the

state space I = {0, 1, . . . , N − 1}⋃
({0, 1, . . . , N} ×

{1, . . . ,m}). If the state of the system is n = 0, . . . , N − 1,

this means that a departing customer leaves n customers in

the system. The state (n, i) means that an arrival of type

i sees n customers in the system. Thus, the state space I
represents the departure and arrival epochs.

The action set A = {0, 1}. For n = 0, . . . , N − 1, and

i = 1, . . . ,m, we set A(n, i) = A = {0, 1}, where the

action 0 means that the type i arrival should be rejected and

the action 1 means that it should be accepted. We also set

A(N, i) = {0}. In any state n = 0 . . . , N − 1 there is no

decision chosen. So, we set A(n) = {0}.
Let τ(s, a) denote the average time that the system spends

in a state s ∈ I if an action a ∈ A(s) is chosen in this

state. Let p(s, s′, a) be the transition probability from the

state s to s′ if action a ∈ A(s) is chosen. For the notation

simplicity, we write τ(n) and p(n, s) instead of τ(n, 0) and

p(n, s, 0) respectively for n = 0, . . . , N − 1, s ∈ I. Denote

Λ =
∑m

i=1 λi.

We have τ(n) = (µn + Λ)−1, where n = 0, . . . , N − 1.

Also, for i = 1, . . . ,m,

τ((n, i), a) =

⎧⎪⎪⎨
⎪⎪⎩

τ(n), if a = 0,
n = 0, . . . , N,

τ(n + 1), if a = 1,
n = 0, . . . , N − 1.

For n = 0, . . . , N − 1, i = 1, . . . ,m,

p(n, s) =

⎧⎨
⎩

µnτ(n), if s = n − 1,
λiτ(n), if s = (n, i),
0, otherwise,

and

p((n, i), s, a) =
{

p(n, s), if a = 0,
p(n + 1, s), if a = 1.

For simplicity, let the reward be collected when an arrival

is accepted. Therefore,

r(s, a) =

⎧⎨
⎩

ri, if s = (n, i),
n = 0, . . . , N − 1, a = 1,

0, otherwise,

and

c(s, a) =

⎧⎨
⎩

ci, if s = (n, i),
n = 0, . . . , N, a = 0,

0, otherwise.

In summary, we have defined an SMDP with the state

space I; action space A, set A(s) of available actions at states

s ∈ I; transition probability p(s, s′, a); average sojourn time

τ(s, a) in a state s ∈ I after an action a is chosen; reward

function r(s, a) and cost function c(s, a).
Let t0 = 0. If tn is defined for some n = 0, 1, . . . , we

define tn+1 as the time epoch of either the next departure

or arrival, whichever occurs first. Therefore 0 = t0 < t1 <
· · · is the sequence of jump epochs when the state of the

system changes. A strategy π, which may be randomized and

past-dependent, assigns actions an at epoch tn to control the

system. We define the long-run average rewards earned by

the system as

W (z, π) = lim inf
t→∞ t−1

E
π
z

N(t)−1∑
n=0

r(xn, an)

and the long-run average cost of the system as

C(z, π) = lim sup
t→∞

t−1
E

π
z

N(t)−1∑
n=0

c(xn, an),

where z is an initial state, π is a strategy, xn is the state at

epoch tn, E
π
z is the expectation operator for the initial state

z and the strategy π, and N(t) = max{n : tn ≤ t} is the

number of jumps by the epoch t.
A strategy is called a randomized stationary policy if

assigned actions an depend only on the current state xn.

In addition, if an is a deterministic function of xn, the

corresponding strategy is called a stationary policy.

According to [8, p.471], the Unichain Condition holds

for this model. The Unichain Condition means that any

randomized stationary policy defines a Markov chain on the

system’s state space with one ergodic class and a (possibly

empty) set of transient states. Under this condition, the

objective functions W (z, φ) and C(z, φ) do not depend on

the initial state z ∈ I when φ is a randomized stationary

policy. So, we shall write W (φ) and C(φ) instead of W (z, φ)
and C(z, φ) respectively when φ is a randomized stationary
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policy. According to [6, Theorem 8.1(iv)], if the Unichain

Condition holds and the problem (3),(4) is feasible for some

z, then there exists a randomized stationary policy which is

optimal for any initial state z and the value does not depend

on z. Thus, our problem can be modelled as the following

optimization problem with a randomized stationary policy φ
as the variable:

maximize W (φ) (3)

subject to C(φ) ≤ G. (4)

Since an action can be chosen only at the arrival epochs,

a randomized stationary policy φ for our problem can be

defined by φ(n, i), n = 0, . . . , N − 1, i = 1, . . . ,m : the

probability of accepting an arrival of type i when there are

n customers in the system.

A randomized stationary policy φ is called k-randomized

stationary, k = 0, 1, 2, . . . , if the number of states (n, i)
where 0 < φ(n, i) < 1 is less than or equal to k. The notions

of stationary and 0-randomized stationary policies coincide.

III. MAIN RESULTS

A. Unconstrained Problem

The major difference of our discussion here to the results

in Feinberg and Reiman [8] is that, instead of considering

strict inequalities among rewards, we allow different classes

to have equal rewards. This is due to the reason that even

if we assume that r1 > r2 > · · · > rm, it is possible that

r′i = r′j in (1) for some i, j = 1, . . . ,m. The following

lemmas cover the case r1 ≥ · · · ≥ rm > 0. However, being

motivated by constrained problems, for which it is possible

that r′i < r′i+1, we do not specify these inequalities in the

following lemmas.

Lemma 1. Any stationary optimal policy ϕ for the uncon-
strained problem (3) is a trunk reservation policy consistent
with the rewards ri.

Lemma 2. Consider any randomized stationary optimal
policy φ for the unconstrained problem (3). (i) For any i, j
such that ri > rj , we have

φ(n, i) ≥ φ(n, j), n = 0, . . . , N − 1, i, j = 1, . . . ,m. (5)

For each n = 0, . . . , N − 1, if there exist j = j1, j2, . . . , js

such that 0 < φ(n, j) < 1 then rj1 = rj2 = · · · = rjs .
(ii) There exists at least one customer type, say type j such

that

φ(n, j) = 1, n = 0, . . . , N − 1; (6)

(iii)

φ(n, j) ≥ φ(n+1, j), n = 0, . . . , N − 2, j = 1, . . . ,m, (7)

and for each j = 1, . . . ,m, all probabilities φ(n, j), n =
0, . . . , N − 1, except at most one, are equal to either 0 or 1.

B. Justification of the LP formulation

Consider the following Linear Program (LP) with variables

(x, P ), where x = {x(n, i) : n = 0, . . . , N − 1, i =
1, . . . ,m}, P = (P0, . . . , PN ).

maximizex,P

m∑
i=1

λiri

N−1∑
n=0

x(n, i) (8)

subject to
m∑

i=1

λici(1 −
N−1∑
n=0

x(n, i)) ≤ G, (9)

m∑
i=1

λix(n, i) = µn+1Pn+1, (10)

n = 0, . . . , N − 1,
N∑

n=0

Pn = 1, (11)

0 ≤ x(n, i) ≤ Pn, n = 0, . . . , N − 1, (12)

i = 1, · · · ,m.

For a vector (x, P ) satisfying (9)-(12), consider a random-

ized stationary policy φ such that:

φ(n, i) =

⎧⎪⎪⎨
⎪⎪⎩

x(n, i)/Pn, if Pn > 0,
n = 0, . . . , N − 1,
i = 1, . . . ,m;

arbitray, otherwise.

(13)

Theorem 1. (i) A randomized stationary policy φ is feasible
for the problem (3), (4) if and only if (13) holds for a feasible
vector (x, P ) of the LP (8)-(12).

(ii) If (x, P ) is an optimal solution of the LP (8)-(12) then
Pn > 0 for all n = 0, 1, . . . , N.

(iii) A randomized stationary policy φ is optimal for the
problem (3), (4) if and only if

φ(n, i) = x(n, i)/Pn, n = 0, . . . , N − 1, i = 1, . . . , m, (14)

for an optimal solution (x, P ) of the LP (8)-(12). In addition,
if (x, P ) is a basic optimal solution of the LP (8)-(12),
then the policy φ defined in (14) is 1-randomized stationary
optimal.

If G ≥ ∑m
i=1 λici, Theorem 1 implies the following result.

Corollary 1. (i) If (x, P ) is an optimal solution of the LP (8),
(10)-(12) then Pn > 0 for all n = 0, 1, . . . , N.

(ii) A randomized stationary policy φ is optimal for the
problem (3) if and only if (14) holds for an optimal solution
(x, P ) of the LP (8), (10)-(12). In addition, if (x, P ) is
a basic optimal solution of the LP (8), (10)-(12), then
the policy φ defined in (14) is non-randomized stationary
optimal.

C. Lagrangian Relaxation and Geometric Properties of Op-
timal Policies

In view of (11) and (12), the feasible region of the LP (8)-

(12) is bounded. Therefore, this LP has an optimal solution,

if it is feasible. If the LP (8)-(12) is feasible, we consider an

arbitrary optimal dual solution (ū, v̄), ū = (ū1, . . . , ū2mN+1)
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and v̄ = (v̄1, . . . , v̄N+1), where ū corresponds to all inequal-

ity constraints and v̄ corresponds to equality constraints, and

introduce the following LP:

maximizex,P

m∑
i=1

λi(ri + ū1ci)
N−1∑
n=0

x(n, i) −

ū1(
m∑

i=1

λici − G)

subject to (10) − (12).

(15)

Here ū1 is also called the Lagrangian multiplier with

respect to constraint (9). Notice that most of the contem-

porary LP solvers use interior point methods and calculate

the primal and dual solutions simultaneously, therefore we

do not formulate the dual LP in this paper.

Lemma 3. If the LP (8)-(12) is feasible then: (i) any optimal
solution of the LP (8)-(12) is an optimal solution of the
LP (15), and (ii) the optimal values of objective functions
for these two LPs are equal.

Lagrangian relaxation in general refers to using weak

duality theorem in obtaining lower bounds for non-linear

programming problem. We use this term ”relaxation” here

in the sense that the optimal set is enlarged after the

transformation, although the optimal value remain the same.

We notice that for any randomized stationary policy φ
there is a unique solution Pφ of the following birth-and-

death equations:

(
m∑

i=1

λiφ(n, i))Pn = µn+1Pn+1, (16)

n = 0, . . . , N − 1,
N∑

n=0

Pn = 1. (17)

In other words, Pφ
n is the limiting probability that there are

n customers in the system when the randomized stationary

policy φ is used.

In addition, we define

xφ(n, i) = φ(n, i)Pφ
n , (18)

n = 0, . . . , N − 1, i = 1, . . . ,m.

Then (xφ, Pφ) satisfies (10)-(12) and therefore it is a feasible

solution of the LP (8), (10)-(12). In view of Theorem 1(i),

a randomized stationary policy φ is feasible for the problem

(3), (4) if and only if (xφ, Pφ) is a feasible solution of

the LP (8)-(12). In addition, according to Theorem 1(iii),

a randomized stationary policy is optimal for the problem

(3), (4) if and only if (xφ, Pφ) is optimal for the LP (8)-

(12). In particular, according to Corollary 1, a randomized

stationary policy φ is optimal for the unconstrained problem

(3) if and only if the vector (xφ, Pφ) is optimal for the LP

(8), (10)-(12).

The following theorem links geometrically the optimal

solutions of the LP (8)-(12) to feasible vectors of the LP (8),

(10)-(12).

Theorem 2. Let φ be a 1-randomized stationary optimal
policy for the problem (3), (4). If there exists a state (n0, i0)
with 0 < φ(n0, i0) < 1, consider two stationary policies φ′

and φ′′ that coincide with φ at all states except the state
(n0, i0) and φ′(n0, i0) = 0, φ′′(n0, i0) = 1. Then for some
0 < α < 1,

(xφ, Pφ) = α(xφ′
, Pφ′

) + (1 − α)(xφ′′
, Pφ′′

). (19)

D. Main Theorem and Its Applications

Theorem 3. Any 1-randomized stationary optimal policy for
the problem (3), (4) is a 1-randomized trunk reservation
policy, which is consistent with the reward function r′i =
ri + ū1ci, i = 1, . . . ,m, where ū1 ≥ 0 is the Lagrangian
multiplier with respect to constraint (9).

Since our problem is an average reward SMDP with one

constraint and the Unichain Condition holds, due to [6],

if a feasible policy exists, then there exists a 1-randomized

stationary optimal policy. Therefore, the previous theorem

implies the the following corollary.

Corollary 2. If the problem (3), (4) is feasible, then there
exists an optimal 1-randomized trunk reservation policy
which is consistent with r′.

Let

ci =
{

1/λj , i = j,
0, otherwise. (20)

According to [8, p. 471], for the costs ci defined by (20),

the average cost C(z, π) has the meaning of the blocking

probability for type j customers. Therefore, the problem of

maximizing the average rewards per unit time subject to the

constraint that the blocking probability for type j customers

does not exceed q is equivalent to the problem (3), (4) with

the cost function c defined in (20).

The following corollary describes the structure of optimal

policies when the objective is to maximize the average

rewards per unit time subject to the constraint on the blocking

probability for type j customers.

Corollary 3. Consider a special case of the problem (3),
(4) with the constraint on the blocking probability of type
j customers, j = 1, . . . ,m. If this problem is feasible then
any 1-randomized stationary optimal policy is 1-randomized
trunk reservation consistent with the reward function r′

defined in (2) and satisfying the properties that r′i = ri if
i �= j and r′j ≥ rj .

In particular, when j = 1, Corollary 3 implies the

following statement.

Corollary 4. Consider a special case of the problem (3),
(4) with the constraint on the blocking probability of the
most profitable customers (type 1). If this problem is feasi-
ble then any 1-randomized stationary optimal policy is a
1-randomized trunk reservation policy consistent with the
rewards ri.

In particular, for the case r1 > r2 > . . . > rm, Corollary 4

coincides with the main result in Feinberg and Reiman [8].
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If the cost constraint limits the blocking probability for

several customer types pooled together, say, for customer

types belonging to a set J , J ⊂ {1, . . . ,m}, then we define

ΛJ =
∑

j∈J λj and

ci =
{

1/ΛJ , if j ∈ J,
0, otherwise. (21)

Then the combined blocking probability for customers in the

set J under policy π and initial state z is C(z, π) with the

function ci defined by (21).

The following corollary describes the structure of optimal

policies when the objective is to maximize the average re-

wards per unit time subject to the constraint on the combined

blocking probability for several customer types.

Corollary 5. Consider a special case of the problem (3),
(4) with the constraint on the combined blocking probability
for customer types belonging to a set J , J ⊂ {1, . . . ,m}.
If this problem is feasible then any 1-randomized stationary
optimal policy is a 1-randomized trunk reservation policy
consistent with a function r′, where

r′i =
{

ri + ū1/ΛJ , if i ∈ J,
ri, otherwise, (22)

and it satisfies the properties: (i) r′i = ri if i /∈ J , (ii) r′i ≥ ri

if i ∈ J , and (iii) r′i ≥ r′j if i, j ∈ J and ri ≥ rj .

IV. FURTHER RESULTS ON MULTIPLE CONSTRAINT

PROBLEMS

Further more, we considered the admission control prob-

lem with multiple constraints and similar results hold. We

briefly give the formulation and main results here. For each

customer type i = 1, 2, . . . ,m, where m is the number

of customer types, besides the Poisson arrival rate λi, a

reward ri, there is a K dimension penalty vector Ci =
(c1

i , c
2
i , . . . , c

K
i ) paid to a rejected type i customer. The goal

is to maximize the average rewards per unit time subject to K
constraints that the average penalty vector per unit time does

not exceed a certain constant vector. That is, we consider the

following optimization problem:

maximize W0(φ) (23)

subject to Wk(φ) ≤ Gk, k = 1, . . . ,K. (24)

Theorem 4. Any Km-randomized stationary optimal policy
for the problem (23), (24) is a Km-randomized trunk reserva-
tion policy, which is consistent with the reward function r′i =
ri + ūKCi, i = 1, . . . ,m, where ūK = (ū1, ū2, . . . , ūK) ≥ 0
is the vector of Lagrangian multipliers.

Such problems arise, for example, when the goal is to

maximize the average rewards per unit time where each type

of customers has its own quality of service (QoS) constraint.

REFERENCES

[1] ALTIMAN, E., JIMENEZ, T. AND KOOLE, G. (2001). On optimal call
admission control in a resource-sharing system. IEEE Trans.Commun.,
49, 1659-1668.

[2] ALTMAN, E. (2002). Applications of Markov Decision Processes in
Telecommunication: a Survey, in Feinberg E. and Schwartz A. (eds.)
Handbook of Markov Decision Processes, Kluwer, chap. 16.

[3] CARRIZOSA, E., CONDE, E. AND MUNOZ-MARQUEZ,M. (1998).
Admission policies in loss queueing models with heterogeneous ar-
rivals. Management Sci., 44, 311-320.

[4] CRABILL, T. B., GROSS, D. AND MAGAZINE, M. J. (1977). A
classified bibliography of research on optimal deign and control of
queues. Operat.Res., 25, 219-232.

[5] FIACCO, A. V. AND MCCORMICK, G. P. (1969). Nonlinear pro-
gramming: sequential unconstrained minimization techniques. Reser-
ach analysis corporation, McLean, Virginia. Republished in 1990 by
SIAM, Philadelphia.

[6] FEINBERG, E. A. (1994). Constrained semi-Markov decision
processes with average rewards. ZOR-Mathematical Methods of Op-
erations Research, 39, 257-288.

[7] FEINBERG, E. A. (2002). Constrained finite continuous-time Markov
decision processes with average rewards. Proc. of IEEE 2002 Confer-
ence on Decisions and Control, December 10-13, Las Vagas, 3805-
3810.

[8] FEINBERG, E. A. AND REIMAN, M. I. (1994). Optimality of
randomized trunk reservation. Probability in the Engineering and
Informational Sciences, 8, 463-489.

[9] HUNT, P. J. AND LAWS, C. N. (1997). Optimization via trunk
reservation in single resource loss systems under havy traffic. The
Annals of Applied Probability, 7, 1058-10798.

[10] KELLY, F. P. (1990). Routing and capacity allocation in networks with
trunk reservation. Math.Oper at.Res., 15, 771-793.

[11] KEY, P. (1990). Optimal control and trunk reservation in loss networks,
Probability in the Engineering and Informational Sciences, 4, 203-
242.

[12] LEWIS, M. E. (2001). Average optimal policies in a controlled
queueing system with dual admission control. J.Appl. Prob., 38, 369-
385.

[13] LEWIS, M. E., AYHAN, H. AND FOLEY, R. D. (1999). Bias optimality
in a queue with admission control. Probability in the Engineering and
Informational Sciences, 13, 309-327.

[14] LEWIS, M. E., AYHAN, H. AND FOLEY, R. D. (2002). Bias optimal
admission policies for a nonstationary multi-class queueing system.
J.Appl. Prob., 39, 20-37.

[15] LIN, K. Y. AND ROSS, S. M. (2003). Admission control with incom-
plete information of a queueing system. Operat.Res., 51, 645-654.

[16] LIN, K. Y. AND ROSS, S. M. (2004). Optimal admission control for
a single-server loss queue. J.Appl. Prob., 41, 535-546.

[17] LIPPMAN, S. A. (1975). Applying a new device in the optimization
of exponential queuing systems. Operat.Res., 23, 687-710.

[18] MANGASARIAN, O. L. (1969). Nonlinear Programming. McGraw-
Hill, New York.

[19] MILLER, B. L. (1969). A queueing reward system with several
customer classes. Management Sci., 16, 235-245.

[20] NGUYEN, V. (1991). Optimality of trunk reservation in overflow
process. Probability in the Engineering and Information Sciences,
5, 369-390.

[21] PAPASTAVROU, J. D., RAJAGOPALAN, S. AND KLEYWEGT A.J.
(1996) The Dynamic and Stochastic Knapsack Problem with Dead-
lines. Management Sci., 42, 1706-1718.

[22] PUHALSKII, A. A. AND REIMAN, M. I. (1998). A critically loaded
multirate link with trunk reservation. Queueing System, 28(1-3), 157-
190.

[23] ROSS, K. W. (1995). Multiservice Loss Models for Broadband
telecommunication Networks. Springer-Verlag, London.

[24] ROSS, K.W. AND YAO, D.D. (1990). Monotonicity properties for the
stochastic knapsack. IEEE Trans. Inf. Theory, 36, 1173-1991.

[25] STIDHAM, S. JR. (1985). On optimal control of admission to a
queueing system. IEEE Trans. Automatic Control, AC-30, 705-713.

1734


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




