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Abstract— This paper presents laboratory control experi-
ments on a two-dof flexible link manipulator using optimal and
robust methods. Considering the flexible mechanical structure
as a system with slow and fast modes, the system dynamics is
decomposed into a slow and a fast subsystem that can be con-
trolled separately. Two experimental robust control approaches
are considered. In a first test an LQR optimal design strategy
is used, while a second design includes a sliding-mode structure
for the slow subsystem. Experimental results are compared with
conventional rigid control schemes and show that this composite
approach achieves good closed-loop tracking properties for both
design philosophies.

I. INTRODUCTION

The study of dynamic properties and control techniques
for flexible-link manipulators has been an intense field of re-
search in the last few years. This class of mechanical systems
exhibit many advantages with respect to conventional rigid-
link arms. Conventional rigid robots are usually built using
rather heavy and expensive materials with the objective of in-
troducing a high structural mechanical stiffness which makes
the control problem easier. But these manipulators present
many disadvantages with respect to flexible manipulators
like higher energy consumption, lower speed and bigger
actuators. On the other hand, the use of structurally flexible
robotic manipulators requires the inclusion of deformation
effects due to flexibility in the dynamic equations which
complicates the analysis and the control design.

The flexural effects combined with the inherent nonlinear
dynamics of flexible-link manipulators make the control
problem of such systems more difficult. A flexible-link
manipulator is an underactuated dynamic system in the sense
that it has more degrees of freedom that its actuation inputs,
so the control aim is double in this case. First, a flexible
manipulator controller must achieve the same motion objec-
tives as a rigid manipulator. Second, it must also stabilize
the vibrations that are naturally excited, all with the same
number of actuators that a conventional rigid robot has.
Moreover, when the control aim is to track a specific tip
position trajectory, difficulties appear due to the unstability
of the zero-dynamics of these systems.

Naturally, the control design of flexible manipulators must
take into account the presence of uncertainties in the model;
the effect of some parameters such as friction amplitude and
damping coefficients cannot be exactly measured.
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Different approaches have been proposed in the literature
to overcome these drawbacks. In [1], [2] neural networks
have been used for to get controllers with adaptation capabil-
ities to the uncertainties. In [3], [4] classical adaptive control
techniques have been presented. Other researchers have used
different control techniques, among which robust control
methods, H∞ [5], [6] or sliding-mode control schemes, [7],
[8] can be found.

A well-studied approach to the problem takes advantage of
the different time scale between the flexible body dynamics
(fast) and the rigid body dynamics (slow). Hence a composite
strategy, based on a slow control designed for the equivalent
rigid manipulator and a fast control which stabilizes the fast
subsystem, can be adopted ([5], [9], [10]).

In this paper two control strategies are applied to a flexible
manipulator. The first design is based on an optimal LQR
approach and the second design is based on a sliding-mode
controller for the slow subsystem and an optimal LQR strat-
egy for the fast subsystem. These methods are well justified
theoretically, [11], but in the literature few experimental tests
have been proposed in real multilink manipulators. Both
design schemes are tested on a two-dof laboratory flexible
manipulator. The obtained experimental results illustrate the
real possibilities of flexible manipulators in real tasks.

II. MODEL FOR FLEXIBLE-LINK MANIPULATORS

In order to obtain a dynamic model for a multilink flexible
robot manipulator, it becomes necessary the introduction
of a convenient kinematic description of the manipulator,
including the deformation of the links, [12]. In order to
limit the complexity of the derivation, it is assumed that
rigid motion and link deformation happen in the same plane,
without torsional effects. A sketch of a two-link manipulator
of this kind is shown in Fig. 1 with an appropriate coordinate
frame assignment.

The rigid motion is described by the joint angles θ1, θ2,
while w1(x1) denotes the transversal deflection of link 1 at
x1 with 0 ≤ x1 ≤ l1, being l1 the link length. This deflection
is expressed as a superposition of a finite number of modes
where the spatial and time variables are separated:

w1(x, t) =
ne∑
i=1

ϕi(x)qi(t) (1)

where ϕi(x) is the mode shape and qi(t) is the mode
amplitude.

To obtain a finite-dimensional dynamic model, the as-
sumed modes link approximation can be used. By apply-
ing Lagrange’s formulation the dynamics of any multilink
flexible-link robot can be represented by
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Fig. 1. Planar two-link flexible manipulator.

Fig. 2. Photograph of the experimental flexible manipulator.

H(r)r̈ + V (r, ṙ) + Kr + F (ṙ) + G(r) = B(r)τ (2)

where r(t) expresses the position vector as a function of
the rigid variables θ and the deflection variables q. H(r)
represents the inertia matrix, V (r, ṙ) are the components of
the Coriolis vector and centrifugal forces, K is the diagonal
and positive definite link stiffness matrix, F (ṙ) is the friction
matrix, and G(r) is the gravity matrix. B(r) is the input
matrix, which depends on the particular boundary conditions
corresponding to the assumed modes. Finally, τ is the vector
of the input joint torques.

The explicit equations of motion can be derived computing
the kinetic energy T and the potential energy U of the system
and then forming the Lagrangian.

The kinetic energy of the entire system is

T =
n∑

i=1

Thi +
n∑

i=1

Tli (3)

where Thi is the kinetic energy of the rigid body located at
hub i of mass mhi and moment of inertia Ihi; ri indicates the
absolute position in frame (X̂0, Ŷ0) of the origin of frame

(Xi, Yi) and α̇i is the absolute angular velocity of frame
(Xi, Yi).

Thi =
1
2
mhiṙ

T
i ṙi +

1
2
Ihiα̇

2
i (4)

And Tli is the kinetic energy of the ith element where ρi is
the mass density per unit length of the element and ṗi is the
absolute linear velocity of an arm point.

Tli =
1
2

∫ li

0

ρi(xi)ṗi(xi)T ṗi(xi)dxi (5)

Since the robot moves in the horizontal plane, the potential
energy is given by the elastic energy of the system, because
the gravitational effects are supported by the structure itself,
and therefore they disappear inside the formulation:

U = Ue =
1
2
qT · K · q (6)

where K is the diagonal stiffness matrix that only affects to
the flexible modes.

As a result, the dynamical equation (2) can be partitioned
in terms of the rigid, θi(t), and flexible, qij(t), generalized
coordinates.

(
Hθθ(θ, q) Hθq(θ, q)
HT

θq(θ, q) Hqq(θ, q)

) (
θ̈
q̈

)
+

(
cθ(θ, q, θ̇, q̇)
cq(θ, q, θ̇, q̇)

)

+
(

0
Dq̇ + Kq

)
=

(
τ
0

)
(7)

Where Hθθ, Hθq and Hqq are the blocks of the inertia matrix
H , which is symmetric and positive definite, cθ, cq are the
components of the vector of Coriolis and centrifugal forces
and D is the diagonal and positive semidefinite link damping
matrix.

The above analysis will now be applied to the flexible
manipulator shown in Fig. 2, whose geometric sketch is
displayed in Fig. 3. As seen in the figures, it is a laboratory
robot which moves in the horizontal plane with a workspace
similar to that of common Scara industrial manipulators.
Links marked 1 and 4 are flexible and the remaining ones
are rigid. The flexible links’ deflections are measured by
strain gauges, and the two motor’s positions are measured
by standard optical encoders.

III. COMPOSITE CONTROL DESIGN

The control of a manipulator formed by flexible elements
bears the study of the robot’s structural flexibilities. The
control objective is to move the manipulator within a specific
trajectory but attenuating the vibrations due to the elasticity
of some of its components.

As pointed out in the introduction, two time scales are
usually present in the motion of a flexible manipulator, so it
can be considered that the dynamics of the system is divided
in two: one associated to the manipulator’s movement, con-
sidered slow, and another one associated to the deformation
of the flexible links, much quicker. Taking advantage of this
separation, diverse control strategies can be designed.
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Fig. 3. Planar two-dof flexible manipulator.

A. LQR control design

In a first attempt to design a control law, a standard LQR
optimal technique is employed. The error feedback matrix
gains are obtained such that the control law τ(t) = −Kc∆x
minimizes the cost function:

J =
∫ ∞

0

(∆x∗Q∆x + τ∗Rτ)dt (8)

where Q and R are the standard LQR weighting matrices; and
∆x is the applicable state vector comprising either flexible,
rigid or both kind of variables. This implies to minimize the
tracking error in the state variables, but with an acceptable
cost in the control effort. The resulting Riccati equations can
conveniently be solved with state-of-the-art tools such as the
Matlab Control System Toolbox [13].

B. Sliding-mode control design

The presence of unmodelled dynamics and disturbances
can lead to poor or unstable control performance. For this
reason the rigid part of the control can be designed using
a robust sliding mode philosophy, instead of the previous
LQR methods. This control design has been proved to hold
solid stability and robustness theoretical properties in rigid
manipulators [11], and is tested now in real experiments.

The rigid control law is thus changed to:

τri =

⎧⎨
⎩

pi · sgn(Si) if |Si| > βi

pi
Si

βi
otherwise

where β = (β1, . . . , βn)T ,βi > 0 is the width of the band
for each sliding surface associated to each motor, pi is a
constant parameter and S is a surface vector defined by S =
Ė+λE, being E = θ−θd the tracking error (θd is the desired
trajectory vector) and λ = diag(λ1, . . . , λn), λi > 0.

The philosophy of this control is to attract the system
to Si = 0 by an energetic control p · sgn(Si), and once
inside a band around Si = 0, to regulate the position using a

smoother control, roughly coincident with the one designed
previously.

The sliding control can be tuned by means of the sliding
gain p and by adjusting the width of band β, which limits the
area of entrance of the energetic part of the control. It should
be kept in mind that the external action to the band should
not be excessive, to avoid exciting the flexibilities of the fast
subsystem as much as possible (which would invalidate the
separation hypothesis between the slow dynamics and the
fast one).

IV. EXPERIMENTAL RESULTS

The effectiveness of the proposed control schemes has
been tested by means of real time experiments on a labora-
tory two-dof flexible robot. This manipulator, fabricated by
Quanser Consulting Inc. (Ontario, Canada), has two flexible
links joined to rigid links using high quality low friction
joints. The laboratory system is shown in Fig. 2. The sensors
are located at the base of the system. They only provide
information on positions θi(0) and qi(0). Their derivatives
are also needed to implement the proposed control strategies,
so they are calculated using a derivative filter that avoids the
noise.

Also it should be added that, the strain gauges give
information about all the flexible modes. But it is assumed
that the contribution of the first mode is bigger than that of
the rest of modes. For this reason it is considered that the
reading of the sensors approximately corresponds to the first
mode.

A. Pure rigid control experiments

From equation (7) the dynamics corresponding to the rigid
part can be extracted:

(
h11(θ, q) h12(θ, q)
h21(θ, q) h22(θ, q)

)(
θ̈1

θ̈4

)
+

(
c11(θ, q, θ̇, q̇)
c21(θ, q, θ̇, q̇)

)
=

(
τ1

τ4

)
(9)

The first step is to linearize the system (9) around the
desired final configuration or reference configuration. Defin-
ing the incremental variable ∆θ = θ − θd and with a state-

space representation defined by ∆x =
(
∆θ ∆θ̇

)T

, the
approximate model corresponding to the considered flexible
manipulator’s rigid part can be described as:

∆ẋ =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠∆x −

(
0

H−1
θθ

)
τ (10)

where it has been taken into account the fact that the Coriolis
terms are zero around the desired reference configuration.

Table I displays the physical parameters of the laboratory
robot. Using these values, the following control laws have
been designed. In all the experiments the control goal is to
follow a prescribed cartesian trajectory while damping the
excited vibrations as much as possible.
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TABLE I

FLEXIBLE LINK PARAMETERS

Property Value

Motor 1 inertia , Ih 0.0081Kgm2

Link length, l 0.23m

Flexible link mass, m1, m4 0.09Kg

Rigid link mass, m2, m3, m5 0.08Kg

Elbow joint mass, mj1 0.03Kg

Tip joint mass, mj2 0.04Kg

As a first test, Fig. 4 shows the system’s response
with a pure rigid LQR controller that is obtained solving
the Riccati equations for R = diag (2 2) and Q =
diag (20000 20000 10 10). The control goal is to track
a cartesian trajectory which comprises 10 straight segments
in about 12 seconds. As seen in the figures, this kind of
control, which is very commonly used for rigid manipulators,
is able to follow the prescribed trajectory but with a certain
error, due to the links’ flexibilities.

B. Composite slow-fast LQR control experiments

It has been shown in the above test that, as expected, a
flexible manipulator can not be very accurately controlled if
a pure rigid control strategy is applied. From now on two
composite control schemes (where both the rigid and the
flexible dynamics are taken into account) will be described.

The non-linear dynamic system (7) is being linearized
around the desired final configuration (θ ≡ θd, q ≡ 0) . The
obtained model is:

(
Hθθ(θ, q) Hθq(θ, q)
HT

θq(θ, q) Hqq(θ, q)

)(
∆θ̈
∆q̈

)
+

(
0 0
0 K

)(
∆θ
∆q

)
=

(
∆τ
0

)
(11)

where again the Coriolis terms are zero around the given
point.

Reducing the model to the maximum (taking a single
elastic mode in each one of the flexible links), a state vector
is defined as:

∆x =
(

∆θ ∆q ∆θ̇ ∆q̇
)T

(12)

and the approximate model of the considered flexible
manipulator can be described as:

∆ẋ=

⎛
⎜⎜⎝

0 0 I 0
0 0 0 I
0 L−1

2 H−1
qq K 0 0

0 L−1
1 HT−1

θq K 0 0

⎞
⎟⎟⎠∆x+

⎛
⎜⎜⎝

0
0

L−1
2 H−1

θq

L−1
1 H−1

θθ

⎞
⎟⎟⎠∆τ (13)

where

L−1
1 =

(
H−1

θθ Hθq − HT−1
θq Hqq

)−1

L−1
2 =

(
H−1

θq Hθθ − H−1
qq HT

θq

)−1
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Fig. 4. Experimental results for pure rigid LQR control. a) Tip trajectory
and reference. b) Time evolution of the flexible deflections (link 1 deflec-
tions). c) Time evolution of the flexible deflections (link 4 deflections).

Following the same LQR control strategy as in
the previous section, a scheme is developed mak-
ing use of the values of Table I, with R =
diag (2 2) and Q = diag (19000 19000 1000000
1000 100 100 100 100). From measurements on the
laboratory robot the following values for the elements’
inertias Ih2 = Ih3 = Ih5 = Ih6 = 1 ·10−5Kg ·m2 have been
estimated. Also the elastic constant K = 113, and the space
form in the considered vibration modes ϕ11(l) = ϕ41(l) =
0.001m and ϕ

′
11(0) = ϕ

′
41(0) = 1 have been considered.

In Fig. 5 the obtained results applying a combined LQR
control are shown. The tip position exhibits better tracking of
the desired trajectory, as it can be seen comparing Fig. 4(a)
and Fig. 5(a). Even more important, it should be noted that
the oscillations of elastic modes are now attenuated quickly
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Fig. 5. Experimental results for composite (slow-fast) LQR control. a)
Tip trajectory and reference. b) Time evolution of the flexible deflections
(link 1 deflections). c) Time evolution of the flexible deflections (link 4
deflections).

(compare Fig. 4(b,c) and Fig. 5(b,c)).

C. Composite sliding-LQR control experiments

In this third experiment a second composite control
scheme (sliding-mode for the slow part and LQR for the
fast one) is tested.

Fig. 6 exhibits the experimental results obtained with the
sliding control strategy described in Section 3 for the values
β = (6 4 9 4) and λ = (10.64 6.89 32.13 12.19).
In the same way as with the combined LQR control, the
rigid variable follows the desired trajectory, and again, the
elastic modes are attenuated with respect to the rigid control,
(compare Fig. 4(b,c) and Fig. 6(b,c)). Also, it can be seen that
this attenuation is even better than in the previous combined
LQR control case (compare Fig. 5(b,c) and Fig.6(b,c)).
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Fig. 6. Experimental results for composite (slow-fast) sliding-LQR control.
a) Tip trajectory and reference. b) Time evolution of the flexible deflections
(link 1 deflections). c) Time evolution of the flexible deflections (link 4
deflections).

To gain some insight on the differences of the two pro-
posed combined schemes, the contribution to the control
torque is compared in the sliding-mode case (rigid) with
the LQR combined control case (rigid), both to τ1,(Fig. 7(a)
and 7(b)). It is observed how in the intervals from 1 to 2s.,
2 to 3s. and 7 to 8s., the sliding control acts in a more
energetic fashion, favoring this way the pursuit of the wanted
trajectory. However, in the intervals from 5 to 6s., 6 to 7s.,
9.5 to 10.5s. and 11 to 12s., in the case of the sliding control,
a smoother control acts, and its control effort is smaller than
in the case of the LQR combined control, causing this way
smaller excitation of the oscillations in these intervals (as it
can be seen comparing Fig. 6(b,c) with Fig. 5(b,c)). Note
that the sliding control should be carefully tuned to achieve
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Fig. 7. a) Contribution to the torque control τ1 (rigid) with the LQR
combined control squeme. b) Contribution to the torque control τ1 (rigid)
in the sliding-mode case .

its objective (attract the system to Si = 0) but without
introducing too much control activity which could excite the
flexible modes to an unwanted extent.

V. CONCLUSIONS

This work has been aimed at contributing to overcome
the lack of good experimental evidence of the suitability
of a two time-scale combined control design approach for
flexible robots, which has been currently justified only from
a theoretical viewpoint, under not so realistic assumptions. A
complete experimental evaluation of this combined strategy
has been presented in this paper, applied to a laboratory
flexible robot setup. As a first step, the dynamical model
of the system has been deduced from a general multi-link

flexible formulation. If should be stressed the fact that
some simplifications have been made in the modelling pro-
cess, to keep the model reasonably simple, but complex
enough to contain the main rigid and flexible dynamical
effects. Three control strategies have been designed and
tested on the laboratory two-dof flexible manipulator. The
first scheme, based on an LQR optimal philosophy, can be
interpreted as a conventional rigid controller. It has been
shown that the rigid part of the control performs reasonably
well, but the flexible deflections are not well damped. The
strategy of a combined optimal rigid-flexible LQR control
acting both on the rigid subsystem and on the flexible one has
been tested next. The advantage that this type of combined
control offers is that the oscillations of the flexible modes

attenuate considerably, which demonstrates that a strategy of
overlapping a rigid control with a flexible control is effective
from an experimental point of view. The last experimented
approach introduces a sliding-mode controller. This control
includes two completely different parts: one sliding for the
rigid subsystem and one LQR for the fast one. In this case
the action of the energetic control turns out to be effective
for attracting the rigid dynamics to the sliding band, but at
the same time the elastic modes are attenuated, even better
than in the LQR case. This method has been shown to give
a reasonably robust performance if it is conveniently tuned.
In summary, the experimental results have illustrated the
suitability of the proposed composite control schemes not
only in theory, but in practical flexible robot control tasks as
well.
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