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The Complete Set of PID Controllers
with Guaranteed Gain and Phase Margins

Keunsik Kim and Young Chol Kim

Abstract— The problem of determining the entire set of PID
controllers that stabilize a linear time invariant(LTI) plant has
been recently solved in [1], [2]. In this paper, we extend these
results to the problem of obtaining the complete set of PID
parameters that attains prescribed gain and phase margins.
An example is given for illustration.

I. INTRODUCTION

The basic approach in modern control theories is first
to obtain the entire set of stabilizing controllers as in the
Youla parameterization, and then to search over the set to
get a controller that meets given performance criteria. Using
this approach, Datta et al. [1] have recently reported very
important results about computation of all stabilizing P, PI
and PID controllers for a LTI system of arbitrary order.
This complete solution is based on the generalized Hermite-
Biehler theorem. They have shown that this problem is
equivalent to the problem of linear programming. In [2], the
result has been extended to an arbitrary order LTI plant with
time delay.

In this paper, we consider a problem of computing PID
controllers, C(s) = (k; + k, s + kq s%)/s, along with
an arbitrary LTI plant, P(s) = N(s)/D(s)e”14*, in the
unit feedback configuration, that meet the stability margin
specifications of gain and/or phase margins. We will show
that this problem can be solved by extending the results
from [1], [2]. Here let A; denote the complete set of PID
controllers which stabilizes a given LTI plant. If we wish
to search a PID set over A, which attains merely a phase
margin requirement, it is straightforwardly solved by using
the method in [2]. However, it will be shown that more
conditions should be considered for the case where the gain
margin specification is imposed. For this problem, a different
computation method based on the characteristic polynomial
with frequency sweeping has been proposed in [3]. Applying
this method to PID controllers, we need to search three kinds
of 2-D sets. Those shall be computed on (kp, k;), (kp, kq)
and (k;, kq) planes respectively. The final set is determined
by taking the intersections of those sets. As a similar result,
a problem of determining the complete set of stabilizing first
order controllers that guarantees prespecified gain and phase
margins has been solved in [4].

This research was supported in part by grant R01-2003-000-11738-0 from
the Basic Research Program of the Korea Science & Engineering Foundation
and in part by grant CN-055 from the KOTEF.

Keunsik Kim is with the School of Automotive Eng., Ajou College,
Boryong, 355-769, Korea kskim@motor.ac.kr

Young Chol Kim is with the School of Elec.&Computer Eng., Chungbuk
National University, Cheongju, 361-763, Korea yckim@cbu.ac.kr

0-7803-9568-9/05/$20.00 ©2005 IEEE

In the present paper, we start by finding the set of all
stabilizing PID controllers, by means of the methods in [1],
[2]. We also use the important property that at a fixed k,,
a subset of A, 1, on the (k;,kq) plane appears only in the
form of a polygon. Due to the fact that there must exist at
least one characteristic root on the imaginary axis if one
chooses the PID gains at the boundary of the stabilizing
region, the magnitude and phase conditions of the Nyquist
plot derived at the point —1 + 50 are used to map the
Ak, onto the set Agx, in the (k;, kg) plane. The Ag .,
represents all (k;, kq) parameters that satisfy the prescribed
stability margins at a fixed &k, € A,. Then the complete set of
PID controllers attaining the given gain and/or phase margin
will be determined by sweeping over k,. All these sets can
be displayed using 2 and 3-D graphics. An example is given
for illustration.

II. PROBLEM FORMULATION AND
PRELIMINARIES

In this section, we present several definitions and pre-
liminaries regarding the relationship between the Nyquist
plot and the boundary of the stability region in controller
parameter space. Consider the unit feedback system given
by a LTI plant and PID controller:

P(s) := ggzgens,
o) = Fithsthas)

s
The open loop transfer function is written as

Go(s) = C(s)P(s) = (ki + kp s+ kq %) - Gs(s), (1)
where

— N(S) e—Tds
sD(s) '

We first clarify the definitions of gain and phase margins.
Let us replace the plant P(s) by K P(s) for gain margin. If
the loop transfer function G (s) has N unstable poles in the
right half plane(RHP) of the s-plane, the Nyquist plot has
to encircle the point —1 + j0 as much by N times in order
for the overall system to be stable. Thus, there may exist
two intervals of gain K for stability, which are [K~, 1] and
[1, Kt]. K~ and KT are referred to as lower gain margin
and upper gain margin, respectively. For simplicity, the
prespecified gain margin is denoted by [K —, K*]. Similarly,
let us replace the plant P(s) by e 7?P(s) for the phase
margin. In the case that Go(s) has zeros in RHP(or the plant
is of nonminimum phase or time delay), the phase margin

Gg(s) :

6533



is also characterized by lower phase margin 6~ and upper
phase margin 0, which are written simply as [0, 07T].

Let A, be the set of parameters of all PID controllers
that stabilizes the given plant P(s). Ag can be computed
using the results from [1], [2]. It is important to note that
the stabilizing region in the (k;, k;) plane for a fixed value
k;, is a convex polygon as shown in Fig. 1. Let A, i, denote
a subset of A, with k, fixed at some value. 0.A; is then the
boundary of A,.

K,

Fig. 1.

Stabilizing PID set: As,kp, AK,kp’ Ag’kp for a fixed kp.

For any value of 0A,, the Nyquist curve of the corre-
sponding Gy (s) should cross (—1,50) for some w. At this
point, we have G(jw) = —1. This, in turn, is equivalent to
the following two conditions for (ky, ki, kq) € OA; :

arg((k; — kaw?® + jkpw)Gs(jw)] =, )
(ki = kaw? + jhpw)Gs(jw)| = 1. 3)

Here arg(-) € [0, 27). Obviously, every PID controller with
(kp, ki, kq) € OAs gives rise to the gain/phase margin of
0 [dB] and 0°. On the other hand, any values inside 0A;
provide a larger stability margin than that of the stability
boundary. Therefore it is natural to assume that there exists
a subset of Ajy attaining the given gain margin [K—, K]
and/or phase margin [0~,67].

The problem of interest is to find the complete set of
(kp, ki, kq) from A,. The approach developed here to solve
this problem proceeds as follows:

(i) Compute all stabilizing PID gains using the result of
(11, [2].

(i) Compute the set of PID parameters attaining the given
gain margins [K~, K*]. The set is denoted by Ag. To do
this, replace the plant P(s) in (1) by K P(s). Compute the
set A%

% = {(kp, ki, ka) | (kp, ki, ka) € As and

L(jw) i= K (k; — kaw? + jlypw) G )
=1, for Ke[K ,K',we k), @
where Qp will be defined in the next section. By
the definition above, A$- is the subset of A, which
makes K Gy(s) have a minimal destabilizing K. Then

Ak is determined by excluding Af from A4,. That is,
A = A\ AS. This is a PID design with guaranteed gain

margin.

(iii) Compute the set of PID parameters attaining the given
phase margins [0~ 07]. The set is denoted by Ay. To do this,
replace the plant P(s) in (1) by e 7% P(s). Compute the set

6 = {(kp, ki, ka) | (kp, ki kq) € As and

G(jw) := e (ki — kqw? + jkpw)Gs(jw)
=—1, for 0€[0,07],wecQ}, (1)
where )y will be defined in section IV. From the definition
above, AS is the subset of A, which makes e 79Gy(s)
have a minimal destabilizing 6. Then 4y is determined by
excluding A§ from Ag. That is, Ag = A, \ A§. This is a
PID design with guaranteed phase margin.

@iv) If Ax N Ay # O, it is clear that the set of PID
controllers simultaneously satisfying both guaranteed gain
and phase margins shall be obtained by Ag = A;NAxNAyg.

To proceed, we first investigate another equivalent condi-
tion for (2) as follows.

Proposition 1 The phase condition (2) yields the following
identity.

kpw

- 2 _ _
R ey @
with
(a) 0 <arglGs(jw)] < if k, >0,
(b) arglGs(jw)] =0 or 7 if k=0, (1)
(¢) m < arg|Gs(jw)] < 27 if k, < 0.

Proof: The following equation necessarily implies the
phase condition (2).

arg((ki — kqw? + jkpw] = —arg[Gs(jw)] + im, (i =0,1).

®)
Expressing the left hand side of (8) in terms of arctangent,
kp w

—1 A et
tan (ki "

) £im = —arg[Gs(jw)] +im, (1=0,1).

)

Using tan{f + (i = )7} = tan(d) and tan(—0) =
—tan(0), (9) becomes

L~ tan{-arglG, ()] + i+ )

= —tan{arg|Gs(jw)]}. (10)

Equation (10) results in (6). This means that (6) is identical
to two cases of (2); arg|Go(jw)] = 0 and arg[Go(jw)] = .
Thus, we need to impose other conditions on (6) to establish
(2). Rewriting (8) with ¢ =1,

arg[Gs(jw)] = 7 — arg[k; — kaw? + jkyw). (11)

Clearly, 0 < arglk; — kqw? + jkpw] < 7 if k, > 0 and
7 < arglk; — kqw? + jkpw] < 27 if k, < 0. Furthermore, if
k, = 0, arg[k; — kaw?] = 0 or . Therefore, the conditions
(a), (b) and (c) must hold. [ |
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ITII. ALL PID SET WITH GUARANTEED GAIN
MARGIN

Since we have assumed that A; is known, solving problem
(i) described in the previous section is equivalent to the
problem of finding A% in (4). Consider a gain margin
specification of [1, K] for a stable plant and [K—, K|
for unstable plant. According to the definition of stability
margins, the Nyquist plot of Go(jw) should cross over the
negative real axis at least [1 — K~ ]gr, and [KT — 1]gy from
(—1,40) in order for the PID controllers to guarantee the
gain margin. This is shown in Fig. 2.

Im[Z ()]

L(jo)

Re[Z{e)]

(@) Go(s) stable
Fig. 2.

(b) Go(s) unstable

Nyquist plots attaining the given gain margin

The Nyquist curve corresponding to the boundary 9.A;
shown in Fig. 1 must go through the point (—1,;0) for
some w. For example, when the upper gain margin K+ and
the lower gain margin K~ are given, a PID controller that
meets the stability margins should make the Nyquist curve of
L(jw) cross over the negative real axis outside the interval
[9r, gu] in Fig. 2. From these, we know that computing such
all PID set can be achieved by finding all regions in .A; which
provide gain margins [K~,1] and [1, K*] reversely. The
subset has been defined by A%. In the sequel, the solution
to problem (i) will be obtained by extruding A, from Aj.
Therefore it is sufficient to compute A for the guaranteed
gain margin problem. Let us define (6) again as follows: For
a fixed kj € As,

M(w) = P = (ki — kq w?).

~tan{arg [G-(@)]) (12

From the magnitude condition |K Gy (jw)| = 1, we have

1

Vi = kg 0?)? + (b )2 - |Gy (jw)

= ! . (13)

VM@)? + (kg )2 - |Ga(w)]

K(w) :=

The frequency plot of K(w) for w € [0,00) as shown
in Fig. 3. It is worth comparing the regions [1, K*| and
[K~—,K*] in Fig. 2 with those in Fig. 3. Here we define a
set of w as follows:

(14)

Qi = {wlw € {fwi,wi]U--- U [w,, whl}}

where
wi = {w | K(w) = K}, for a stable or unstable P(s)

w) =1} for a stable P(s),
w) =K~} for an unstable P(s).

We see that it is sufficient to search over w € Qi when we

/

K(w)
K+

AY

&

(a) Go(s) stable

AN

K(@)

“ NG

(b) Go(s) unstable

Fig. 3. K(w) vs. w for a fixed kj, # 0

find the set A% from A, with a fixed k,. Note that we need
not consider the case of k; = 0 because the corresponding
point does not exist in the Nyquist plane [1]. However, we
need to deal with two cases, k, # 0 and k, = 0, separately.

A ky#0

Since K (w) is the function for which the phase is 7 (see
Proposition 1), (4) can be represented by a set of straight
lines in the (k;, kq) plane. That is, for a fixed K, using (12),
we have

.k, = {(ki, ka) | (ki, ka) € As and

ki — kq wi = M(w;), for w; € Qx}. (15)

Af i, denotes the subset of A% with a fixed k. Once we
determine the set A%, at a kj, we can compute Ag i, =
As,kp \ A;(,kp‘
B. kpy=0
If k, = 0, then, according to condition (b) in Proposition
1, (6) can not be occupied in (15). The plant P(s) can be
written in terms of its even and odd parts.
N(s)
D(s) =

N (s%) + sN,(s%),
D.(5%) 4 sD,(s?).

Condition (b) is equivalent to the condition that the imagi-
nary part of G4(jw) equals zero. This is derived from the
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definition of G(s) and substituting s = jw as follows:
(Ne(—w?) De(—w?) + w? No(—w?) Do(—w?))coswTy +
W(No(=w?)De(—w?) — Ne(—w?)Do(—w?))sinwTy = 0 (16)

We solve the identity (16) for both cases of arg[Gs(jw)] =
0 and . Let the solution be w; fori =1,2,---. Let’s define

Qo = {wi | arg[Gs(jw;)] = 0},
Qr = {wi | arg[Gs(joi)] =} for i=1,2,---.

At these points, the magnitude condition (13) yields

1
4 -
K |Gs (@)

In the sequel, we can compute ,A‘[f() Ky with k, = 0 as follows:
%k, = {(kika) | (ki ka) € As and

ki — kg (DI% = m, for wy, € Q.,r},

ki — kg @F = , for @, € [QU Q] (A7)

1 _
—m, for Wi € QOy

(18)

where K € [K—, K.
Finally, by sweeping over k,, we will have the entire set
of PID gains that guarantees the given gain margin:

A = UAK,kP- (19)
kp
IV. ALL PID SET WITH GUARANTEED PHASE
MARGIN

To implement problem (ii) formulated in section II, we
first replace plant P(s) by e/ P(s). Then,

G(s) := e Go(s) = €77 (kit+ky s+ka s*) Gs(s). (20)

Similar to the guaranteed gain margin, we consider a phase
margin specification of #T for a stable plant and [0~ 67]
for a nonminimum phase plant. According to the definition
of stability margins, the Nyquist plot of G(jw) should cross
over the unit circle at least 61 or [#~,07] from (—1,50) in
order for the PID controllers to guarantee the phase margin.
This is shown in Fig. 4.

m[G(@)] Im[G )]

G(jo)

.
:
! RelGGall
/
///

(a) Go(s) stable
Fig. 4. Nyquist plots attaining the given phase margin

(b) Go(s) nonminimum phase

It is clear that if one chooses PID gains on the boundary
0A,, there exists at least one w such that the Nyquist curve
of G(jw) goes through the point (—1,j0). That is, those
PID gains give a phase margin of 0. Fig. 4 shows that Ajg
in (5) is nothing but the subset of A, that makes the phase

margin either 6% or [#~,07]. The gain and phase conditions
for G(jw) can be written as

arg|(ki — kaw® + jk,w)Gs(jw)] —0 = 7, (21)
G(w)| = (ki — kaw® + jkyw)Gs(jo)] = 1. (22)

For a fixed &, (22) becomes
ki — kg w? =+ /II(w), (23)

where )
Mw) = rz50p ~ & w)?. (24)

Note that II(w) should be greater than or equal to zero since
k; — kq w? € R. Furthermore, rewriting (21), we have

O(w) = arg[(£ VIl(w) + jw k) Gs(jw)] — .

Fig. 5 shows a typical plot of #(w). From these figures, we
define

(25)

Qp = {wlw € {[wy,wi]U-- Ul ,wf}}  (26)
where
wi i={w | O(w) =0T}, forany G
i - - bl y O(S)
w; = {w | O(w) = 0}, for stable Gy(s),
={w | 6(w)=0"}, for other Gy(s).
T Vit
o N .
o" : \ 1 N
i | \ o
\ 1 \ Ay
| \\ : \\
0 : T
\ | \\ }Ag
N o~ N~
@, o w; @ @
w; w3 w; .
(@) Go(s) stable
() ++/TT — T T~ -
o ; \
| \\ AS
| \ X
: \
0 [ N
I o~
e- = - S 3 ~ | }Ag
@; @, @y @5 a;
o o 2

(b) Go(s) nonminimum phase or time delay

Fig. 5. 0(w) vs. w for a fixed &

Therefore it is sufficient to search over only w € €y for
the sake of finding A§ from A,. Combining this set and (23),
we can compute A5 with fixed k,. Let’s define

o6, = {(Ki, ka) | (i, ka) € As and

ki — kq wJQ- = i\/m(wj), for w; € Qp}. 27
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Here Ag) Ky denotes the subset of A5 for the fixed k,, which
is a set of straight lines. After determining A, ~ata kj, we
compute A, = As, \ Aj ;. Finally sweeping over ky,
we will have the complete set of PID gains that guarantees
the given phase margin. That is,

Ap = Aok, - (28)
kp

This is the solution to problem (ii) in section II.

Remark 1 PI and PD controllers are special cases of a PID
controller with either k; = 0 or k; = 0. Thus the above
algorithm can be extended to these cases as well.

V. ILLUSTRATIVE EXAMPLES

In this section, we will give two examples; a time delayed
plant and the same plant with delay free.

Example 1 Consider the following nonminimum phase

plant in [2]:
53 —4s5% +5+2
P(s) = €
s5 + 8st + 3253 + 4652 + 465 + 17
with time delay Ty = 1[sec].
We wish to find the entire set of PID controllers that
guarantees the following gain and phase margins:
Gain margin : KT =2 (about 6 [dB]),

[0~,0%] = [-10°,60°].

—TdS

(29)

Phase margin :

To begin with, we use the method proposed in [1], [2] to
obtain the complete set of PID controllers A, that stabilize
the closed loop system in the plant above. Fig. 6 shows the
set.

Kp=-1.79
Kp=-2.46

U Kp==7.16
—Kp=-7.83

Fig. 6. All stabilizing PID controllers in the Example 1

A. Stabilizing Region for Guaranteed Gain Margin
Based on the discussion in section III, the following steps

can be used for computing Ag:

1) Choose a k, from the results shown in Fig. 6.

2) Compute Qg using (13) after setting K (w) = K.
3) Compute AS, , using (15)if k, # 0 or (18) if k, = 0.
4) Find Ak, Bypextruding Aﬁ(’kp from A g, .

— arglG(jo)=n

~_arglG(jv)l=0

@

Fig. 7. K(w) vs. w for Example 1

From Fig. 6 k, = 0.88 has been chosen. Fig. 7 shows
the K(w) plot over w € [0, 20][rad/sec]. Solving (13) with
K(w) = KT = 2, we obtain Qx = {[0.5192,0.5623] U
[1.1860,1.2430] U [2.5672,2.61072] U [4.2830,4.31220] U
6.5973,6.61374] U [9.1653, 9.1750] U [12.0129, 12.0187] U
[14.9370,14.9428] U [17.9538,17.9565] }. Next we compute
a set of straight lines on the (k;, kq) plane, which is obtained
by (15) at every w = {w;",w; }, as shown in Fig. 8. Then
Af 1, has been determined, and appear in the same figure.

5

0 0.5 1 15 2

Fig. 8.

25 | 38 3.5 4 4.5 5
i

The region for guaranteed gain margin at k, = 0.88

B. Stabilizing Region for Guaranteed Phase Margin
The procedures computing 4y from A, are as follows:

1) Choose a k, from the result shown in Fig. 6.
2) Compute €y using (26) after setting O(w) =
0~ and 6T .

3) Compute Ag}kp using (27).

4) Find Ay, by extruding Aa K, from A g, .
Similar to the previous step, we choose k, = 0.88
from Fig. 6. The 0(w) plot over w € [0,20] [rad/sec]
is shown in Fig. 9. By solving (26) with 6+ = 60°
and 0~ = —10°, we obtain Qp = {[0.1963,0.5714] U
[2.0770,2.6554] U [5.8075,6.7332] U [11.0563,12.1737] U
[16.9474,18.1220] U [0.9852,1.2899] U [3.6546,4.4262] U
[8.2738,9.3274] U [13.9533, 15.1084] U [19.9746, 20.0000] }.

6537



By means of (27), we constitute a set of straight lines at
every w = {w™,w™}. Fig. 10 shows Ag s, Aé,k,, and A; 1,
respectively. Region Ay, indicates the complete set of all
PID parameters that guarantees the phase margin requirement
when k, = 0.88. Fig. 11 shows Agy,, Agr,, Ask,
and their intersection, Apg y,. Thus any point (k;, kq) €
ARk, constitutes a controller that guarantees the previously
specified gain and phase margins. To verify this, let’s pick
four points out on the Fig. 11. The gain and phase margins
corresponding to these PID gains are given in Table I.

200 I I I I I I I I I

Fig. 9. 0(w) vs. w at kp = 0.88

5 ——
n i
3 i
c
A9.K
2 P -
1 i
x° A
'0,K. A
0 P S,KP B
-1 i
c
AS,K
2 P 4
) i
» ‘ ‘ T ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 25 3 35 4 45 5

k.
Fig. 10. The region for guaranteed phase margin at k, = 0.88

TABLE I
GAIN AND PHASE MARGINS OF THE PID GAINS SELECTED IN FIG. 11

No. kp, ki, kq Gm[dB]  Pm[deg] Remark

#1 0.88, 0.50, 1.98 6.0 85.1 0AK K,

#2 | 0.88, 1.63, 1.01 8.3 60.0 8 Ay K,

#3 | 0.88, 1.71, 2.44 6.0 60.0 0AK Kk, NOAg k,
#4 | 0.88, 1.19, 0.44 10.0 69.7 inside Ag 1,

If we repeat this procedure over the whole range of k, €
As, we obtain the complete set Ar of PID controllers which
guarantees both gain and phase margins simultaneously, as
shown in Fig. 12.

I I I I I
[ 0.5 1 15 2 25 3 35 4 4.5 5
k.

Fig. 11. The region for guaranteed gain and phase margins at k, = 0.88

Kp=2.22

>Kp: 0.88

Kp=0.21

x [=—Kp=-0.46

p=-1.12

Kp=-3.13

d 2 0

3
Fig. 12. The complete set of PID gains with guaranteed gain and phase
margins in Example 1

VI. CONCLUDING REMARKS

In this paper, we have determined for a given LTI plant,
the complete set of stabilizing PID controllers that attains
the given gain and phase margins. This computing method
extends the results of [1], [2] wherein all stabilizing PID
controllers for a LTI system were found and also for a
LTT plant with time delay. The procedures are simple and
constitutional. 2-D and 3-D graphics of the PID set will be
very useful for computer-aided design because they allow
for much better designs than those for obtaining a single
controller, as mentioned in [4].
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