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Abstract— A Hammerstein model is a system model in which
the inputs go through a static nonlinearity followed by a linear
time-invariant system. Often the static nonlinearity is modeled
as a polynomial nonlinearity in the inputs or as a piecewise con-
stant nonlinearity. Such models are nonlinear in the unknown
parameters and therefore present a challenging identification
problem. In this work, the authors show that elimination theory
can be used to solve exactly for parameter values that minimize
a least-square criterion. Thus, the approach guarantees the
minimum can be found in a finite number of steps, unlike
iterative methods that are currently used.

Index Terms— Hammerstein models, Parameter identifica-
tion, Nonlinear least-squares, Resultants.

I. INTRODUCTION

Methods to identify the parameters of Hammerstein mod-
els have been considered for many years; for example,
see Refs. [1][2][3][4] for some of the early work in the
controls literature. In the last few years, there has been a
renewed interest in the area, as seen in the recent publications
[STI61[71[8I[91[10][11][12]. With the exception of [3], these
all involve iterative methods to solve for the parameters. The
noniterative method in [3] (see also [13] pp. 584-585) is
achieved by rewriting the system model so that it is linear
in the parameters, but overparameterized. In this work, we
present a noniterative method that does not overparameterize
the system model and guarantees that the parameter vector
that minimizes the least-squares error criterion is found. The
method exploits the fact that the squared error is rational
in the unknown parameters. The optimal parameter vector is
found using the method of resultants from elimination theory
[14]. The approach here is based on previous work by the
authors on identifying the parameters of an induction motor
[15].

II. HAMMERSTEIN MODEL

A Hammerstein model consists of the input going through
a static nonlinear block followed by a linear time-invariant
system, as shown in Figure 1 (see [7][13]). Mathematically,
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Fig. 1. Hammerstein model.

a Hammerstein system may be represented as [7]

y() + Y aiy(t—i) =Y baw(t—i)+o(t) (1)
i=1 i=1
w(t) = g(u(t)) 2)

where ¢ (-) is a static nonlinearity and v(¢) is (typically)
a discrete-time random process of independent, identically
distributed (i.i.d.) random variables. The static nonlinearity
g (+) is often taken to have a polynomial form, that is,

glu) =) e, 3)
i=1

The unknowns are then

a= (alv (a3} an)
b= (b1, bn)
c=(C1y.eyCm)
where upper bounds on n and m are assumed to be known.

Substituting the polynomial nonlinearity (3) into (2), the
Hammerstein model (1) and (2) may be rewritten as

y(t) = — Z aiy(t — i)+ > Y bicud (t— i) + v(t)

i=1 j=1
y(t—1)
=—lm ]|
y(t—n)
u(t —1) u™(t—1) ][ a1
UNSHES ;
u(t —mn) u™(t—n) || cm
+(t).

This model is linear in the unknown parameters a;, but
nonlinear in the unknown parameters b;, ¢;. It can be made
to “look” linear in the parameters, as in [3] and [13], by
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letting

—a; fori=1,...,n
bici_n fori=n+1,...,.n+m
ki = :
bnCi—pn—(n—1)m fori=n+Mn—-1m+1,
. nENmMm
y(t —1i) fori=1,..,n
uT(t—1) fori=n+1,..,n+m
WiT(t) =
wmrm=m 1) fori=n+(n—1)m
+1,...,n+nm
so that
y(t) = W(tK

However, in this representation, the k;’s for ¢ > n are not
independent of each other so that the system is overparame-
terized.

To simplify the notation for the remainder of the paper,
consider the specific model

2
t) = Zbiw(t — i) +ou(t) 4)
w(t) = g(ult)) = crult) + cou®(t) )
or
2
:ZZbcj (t—1i)+ov(t)
=1 j=1
- w(t—1) w?(t—1) c
=[ b bo] [ wt—2) wi(t—2) ] [ C; ] +o(t)
Therefore

y(t) = brcyu(t — 1) + bicou®(t — 1) 4 bacyu(t — 2)
+ bacou®(t — 2) + v(t) (6)

or, as in [3][13], write
y(t) = kru(t—1)+kou? (t—1)+ksu(t—2)+kau’ (t—2)4v(t)
(7
where
k1 = bici, ky = bica, k3 = bacy, kg = baco. (3
The model (7) is overparameterized as

fey = koks /1. )

In the next section, it is shown how to solve this identification
problem explicitly taking into account the constraint (9).

III. LEAST-SQUARES IDENTIFICATION

Let
Wt)yE [ ut—1) w?(t-1) ult—2) u?(t—2) ]
and
ky
K £ Z;
k4
so that equation (7) is written compactly as
y(t) = W) K + v(t). (10)
Collecting the data set {y(t),u(t)} fort = 1,..., N, the least-

squares criterion requires that the parameter vector K be
found that minimizes the squared error

=310

subject to the constraint (9) and assuming k; # 0. With

N
EN W mw(t
t=1

N
Rwy 2% W (ty(t)

t= 1
) e Z
the squared error may be rewritten

Zly

= Ry —2RY, K + KTRy K.

HE [? (11)

(t)K |?

(12)

bicy is not zero and

For the moment, assume that k; =
S [ kl kg k'3 ] that

the problem is then to find Kp

minimizes
N 2
2 A
Kp) 23 |y(t) -
) ; y( ) ka=koks/k1
=R, — 2RT K KT"Ryw K .
v W’lj k}4:k2]€3/k71 + ( w ) k?4:k32k33/k1
(13)

The standard procedure is then to compute the extrema
points, that is, the solutions to

oF
ri(Kp) = % =0
OE?
iy £ 228 (14)
2
ratcp) 2 220
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These are rational functions of k1, ko, and k3. The solutions
to this set of rational functions are contained in the solution
set of

OB (Kp)
A 1.l P) _
p1(Kp) = k] ke, 0
OE*(K
(i) 2 1 ) g (15)
2
ps(Kp) & k§3w -0
Oks

where 01, /5, and /3 are the smallest positive integers that
make the p; polynomials in the k. As k1 # 0 is assumed,
the zero sets of (14) and (15) are identical. Systems of
polynomial equations can be solved for all of their roots
using resultants. This is summarized in the next subsection.

A. Solving  Systems of Polynomial Equations via

Resultants[14][16]
Given two polynomial equations a(ki,ke2) = 0 and
b(k1,k2) = 0, how does one solve them simultaneously

to eliminate (say) k2? A systematic procedure to do this
is known as elimination theory and uses the notion of
resultants. Briefly, one considers a(ky, ko) and b(kq, ko) as
polynomials in ko whose coefficients are polynomials in
k1. Then, for example, letting a(kq, k2) and b(kq, ko) have
degrees 3 and 2, respectively in k3, they may be written in
the form

CL(kl, kg) = ag(kl)kg + ag(kl)kg + al(kl)kg
+ G;Q(k’l)
b(ky, ko) = bo(k1)k3 + by (k1)ka + bo(k1).

The n x n Sylvester matrix, where n = degy,, {a(k1, k2)} +
degy, {b(k1,k2)} = 3 + 2 =5, is defined by

CLQ( ) 0 bo(kl) 0 0
al(kl) ao(kl) bl(kl) bo(kl) 0
Sa,b(kl)é az (k1) al(lﬁ) ba (k1) bl(kl) bo (k1)
a3<k‘1) ag(kl) 0 bg(k‘l) b1<k‘1)
0,3(k’1) 0 0 b2(k12 6)

The resultant polynomial is then defined by

(k1) = Res (a(kl, ko), bk, ks), ko ) 2 det S, p (k1)
(17)

and is the result of eliminating the variable ko from a(kq, ko)
and b(k1, ko). In fact, the following is true.
Theorem 1: [14][16] ~ Any  solution (k9 ,kJ) of
a(k1,ke) = 0 and b(k1, ko) = 0 must satisfy r(k9) = 0.
See the Appendix for more discussion on resultants.

B. Solving the Polynomial System (15)

Consider the system (15) to be polynomials in k3 with
coefficients polynomials in (ki, ks). Compute

Tpips (K1, k2) £ Res (pl,p% ks ) = det Sp, p, (k1. k2)

Tpips (kla kQ) £ Res (p13p37 kB ) = det Sp1p3 (kl, k’g)

to eliminate k3. Next, ko is eliminated to obtain
T(k1) é Res (Tp1p27 Tp1p3, kQ ) = det Srmpz Tpips3 (kl)

which is a polynomial in one variable.

The roots ky; for ¢ = 1,...,n1 of r(k1) = 0 are found,
which are then substituted into 7,,,,. For each fixed ki,
solve 7., (k:h, k2) =0 (or rp, ps (K14, k2) = 0) for its roots
kaij j = 1,...,n2; to obtain the partial solutions (k1;, k2;;)
fori=1,...,n1,5 =1,...,n9. For each i and j, the partial
solutions (ku, kq;j) are then substituted into p; (or into ps
or p3) and pq(kii, k2ij, k3) = 0 is solved to obtain the so-
lutions (klia k’gij, kgijk) fore=1,...,n1,5 =1,...,n9,k =
1,...,m3;;. These solutions are then checked to see which
ones satisfy the complete system of polynomial equations
(15) and, therefore, constitute the candidate solutions for the
minimization. From the set of candidate solutions, the one
that results in the smallest squared error is chosen. These
computations presented in this work were carried out using
MATHEMATICA [17].

Remark

The assumption that k; # 0 was made above. However,
one does not need to know this a priori. Simply, one solves
the problem twice: once assuming that k; # 0 and the second
time assuming k4 # O [substituting k; = koks/ky4 into (12)].
A parameter vector K 5, is found in each case. From these two
solutions, the one that gives the smallest residual (squared)
error is chosen.

C. Sufficient Richness

The system of polynomial equations (15) can be solved
using resultants as outlined in the previous subsection and
one may then check each of the finite number of solutions
for the one that gives the minimal value for E?(Kp).
However, one needs to know if the solution makes sense.
For example, in the linear least-squares problem, there is
a unique, well-defined solution provided that the regressor
matrix Ry is nonsingular (or in practical terms, if its
condition number is not too large). In the nonlinear case
here, a Taylor series expansion about the computed minimum
point K} = [k}, k3, k;]T is done to obtain (i,j = 1,2, 3)

B*(Kp) = B*(K?)
1 r PE*(Kp) \
M i T o B
(18)

One, then checks that the Hessian matrix with elements
%iigjp)ls positive definite and that its condition number
is not too large, to ensure that the data was sufficiently rich

to identify the parameters.

D. Solving for the Model Parameters

Once the k; are found, the b;, ¢; are found. If k1 # 0 is
the minimizing case, then the system (see (8))

kl = blcl
kz = b102 (19)
ks = bacy
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is solved using resultants while if if k4 # 0 is the minimizing
case, then

]{,‘2 = b102
]ﬂ3 = bQCl (20)
k4 = bQCQ

is solved via resultants.

IV. SIMULATION EXAMPLES

Here we consider the use of the above methodology to
estimate the parameter values of some examples presented
in the literature.

A. Example 1

The first example is from [4][8]

w(lt—1) uw?(t—1 c1

uEt—Q% uQEt—2§ ] [ ca ] +olt)
where by = 1, = —2,¢1 = 0,0 = 2, u(t) is zero mean
Gaussian white noise with unity variance, and v(t) is also
zero mean Gaussian white noise with variance 1.56.

Note that k1 = byc; = 0. However, one would not know
this a priori so this example is worked out assuming first that
k1 # 0, and then assuming ky # 0.

Case 1 k1 #0

A simulation is performed and the input-output data is
collected from ¢t = 1,...,1000 to compute Ry, Ry, and

R,. Using equations (13), (14) and (15), the polynomials
[Kp £ (ki k2, ks)]

y(t)=[ b1 b2 |

3 OF?(Kp)
Kp) & ki————= =0
pl( P) 1 akl
0E?*(K
mrcp) 2 2R @)
Oks
OE*(Kp)
Kp) £ ki———= =0
p3( P) 1 ak3
are computed, where
degky | degks | degks
D1 4 2 2
P2 3 1 2
pP3 3 2 1

Using resultants, 7p,,, = Res(p1,p2,k2) and 7p,p,
Res(p1, ps, k2 ) are computed where, it happens that 7, ,, =
k$7p,p, and rp, . = k37, .. The factors k? in 7, ,, and k?
inrp, p, can be removed without changing the solution set as
ky is assumed to be nonzero. The degrees of 7, ,, and 7,
are

degk; | degks
Tp1p2 5 5
Tpip3 6 6

Finally, k3 is eliminated from 71,2 and 7, ,, to obtain

(k1) £ Res (Tp1pas Tpips» k3) = det Sfplpzfp1p3 (k1)

where deg {r(k1)} = 18. The optimal solution is K5, =
(0.036, 2.008, —0.072) so that ks = koks/ky = —4.016 and
the error is computed to be E?(K},) = 1931.6.

For this optimal value of K%, and choosing the norm
constraint ||b|| = /b7 + b3 = /5 as in [8], the solutions to
k‘f = b101,]{?§ = b1c2 and k‘§ = bQCl are

(b1.b - (0.999, —2.001, 0.036, 2.009)
1,92, €1:€2) =0 (20.999,2.001, —0.036, —2.009)

Zero measurement noise. If this problem is redone with
no measurement noise, then the optimal solution is K, =
(0.234,1.975, —0.470) so that ky = koks/ky = —3.967 and
the error is computed to E?(K75,) = 338.19.For this optimal
value of K}, and again choosing ||b]| = /0% + b3 = /5,
the solutions to k7 = byc1, k5 = bicp and k3 = bac; are

(b1, bs, 1, ) = (0.994, -2.001, 0.235, 1.987)
LB L) (-0.994,2.001, —0.235, —1.987)
Case 2. ky # 0

Using the same data as in case 1, equation (13) is used with
ki = koks/ky and Kp = (kg, k3, ks). The corresponding
polynomial system whose zeros are the extremal points of
the least-squares error are of the form

OE*(Kp)
Kp) & ki——— =
pl( P) 4 ak2 0
OF*(K
paticp) 2 1222 ER) @)
Oks
3 OF?(Kp)
Kp) &k ——2 =
p3( P) 4 ak4 0
where
degks | degks | degky
D1 1 2 3
D2 2 1 3
3 2 2 4

Using resultants, 7p,,, = Res(pi,pz,k2) and rp,,, =
Res(p1, ps, k2 ) are computed, where it happens that 7, ,, =
k37p,p, and 7, p, = k37,, ps, where again, the factors k7 in
Tpips and k3 in 7, ,. can be removed without changing the
solution set as k4 is assumed to be nonzero. The degrees of
771)1102 and fmps arc

deg k‘3 deg k4
/FPIPQ 5 5
fP1P3 6 6

Finally, k3 is eliminated to obtain
T(k4) £ Res (fmpzv"jplpw ks ) = det SFPlPQFPH?S (k4)

where deg {r(k4)} = 18. The optimal solution is K}, =
(2.008, —0.072, —4.020) so that ky = koks/ky = 0.036
and the error is computed to E?(K},) = 1931.6. For this
optimal value of K%, and choosing the norm constraint
o] = /b2 +b2 = /5 as in [8], the solutions to ki =

blcg, k§ = b261 and kz = bQCQ are

(b1, b, 1, c0) = | (0:999, =2.001,0.036, 2.010)
1,92,€1,C2) — (*0999,2001,*00367 —2010)
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The errors as well as the estimated parameters b; and ¢; are
the same in both cases which is not a surprise as neither of
the estimated values for k; and k4 are zero

Zero measurement noise. The optimal solution is K7, =
(2.00,0.00, —4.00) so that k1 = koks/ks = 0.00 and the
error is computed to be E?(K},) = 0. For this optimal
value of K}, and again choosing ||b]| = /b7 + b2 = /5,
the solutions to k3 = byca, k5 = bacy and kj = baco are

(1.00, —2.00, 0.00, 2.00)

(b1, b2, 1, 02) = { (—1.00, 2.00, 0.00, —2.00)

With zero measurement noise, £%(K},) = 0 as expected
and the parameter values estimated with k, # 0 are chosen.

B. Example 2
The second example is from [5] where the discrete-time
system to be identified is
y(t) + ary(t = T) + azy(t — 2T") = byw(t — T)
+ bow(t — 2T")) + v(t)
w(t) = g(u(t)) £ cru + cou?
where the sampling time is 7' = 0.6 sec, u(t) is an i.i.d.
random process uniformly distributed in the interval [—5, 5]
and v(t) is an iid. random process uniformly distributed
in the interval [—0.1,0.1]. The parameter values in the
simulation are
a = (a1,a2) = (—1.8287,0.8353)
b= (b1, bs) = (0.9397, —0.3420)
c=(c1,c2) = (1,1).

Data is collected from the
T,2T,...,10007. Set

simulation for ¢t =

k1 = —ay
ko = —as
k3 = bicy
k4 = bico
ks = bacy
ke = kaks/k3

where k3 # 0 is assumed. The corresponding polynomial
system whose zeros are the extremal points of the least-
squares error are of the form [Kp 2 (ki, ko, k3, k4, ks5)]

pi(Kp) & k3—aE;§ffP) =0
p2(Kp) £ k378E;§f;P) =0
ps(Kp) £ kgiaE;gjp) =0
paticp) 2 220D
ps(Kp) = k%iaEggfp) =0

where
degk; | degks | degks | degky | degks
P1 1 1 2 1 1
D2 1 1 2 1 1
D3 1 1 4 2 2
D4 1 1 3 1 2
D5 1 1 3 2 1

Next, ko is eliminated to obtain four polynomials in four
unknowns as

q1(k1, k3, ks, ks) = Res(py, p2, k2)
q2(k1, ks, ka, ks) = Res(ps, a2, k2)
q3(k1, k3, ks, ks) = Res(ps, p2, k2)
qa(ky, ks, ka, ks) = Res(ps, pa, k2)

where g1 = k31, g2 = k3G2, g3 = k33, q4 = k3qs and

degky | degks | degky | degks
qQ1 1 2 1 1
G2 1 4 2 2
qs 1 3 1 2
q4 1 3 2 1

Next, k1 is eliminated to obtain three polynomials in three
unknowns as

31(k3a k47k5) = Res(gl,QQa kl)
s2(ks, ka, ks) = Res(q1, g3, k1)
s3(ks, ks, ks) = Res(q1, Ga, k1)

where s1 = k351, so = k382, s3 = k353 and

deg k’3 deg ]{14 deg ]{15
51 4 2 2
S 3 1 2
53 3 2 1

Next, k5 is eliminated to obtain two polynomials in two
unknowns as

tl(k‘g,, k4) £ Res(§1, So, ]{?5)
ta(ks, ka) = Res(51, 53, ks)

where t; = k2t1,t2 = k3t5 and

deg ks | degky
t1 6 6
to 5 5

Finally, k4 is eliminated to obtain a single polynomial in k3
as

r(kg) = Res (T kg, ka), T (ks o) s )
where
degy, {r(ks)} = 18.
The calculated optimal solution is

K7 = (1.8288,—-0.8354,0.9394,0.9397, —0.3417)

so that kg = kqks/ks = —0.3418 and the error is computed
to be F?(K}) = 0. For this optimal value of K} and
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choosing ||b]| = +/b? +b3 = 1, the solutions to ki =
blcg, k; = bQC1 and ]ﬂz = bQCQ are

(ala az, b17 b27 C1, 02) =
(1.8288, —0.8354, —0.9398,0.3418, —0.9996, —0.9999)
(—1.8288,0.8354,0.9398, —0.3418,0.9996, 0.9999).

V. CONCLUSIONS AND FUTURE RESEARCH

A procedure to identify the parameters in a Hammerstein
model was presented and illustrated with examples. The
method guarantees that the parameters that minimize the
squared error is found. A limitation of the method is that
models with larger number of parameters result in much
higher degree polynomials to be solved using resultant
theory. In such cases, the symbolic computation of the
determinant of the Sylvester matrix for finding the resultant
polynomials becomes an issue . New results in [18][19] for
doing such computations will allow one to work problems
with larger number of parameters.
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A. Appendix: Resultants (see [14][16][20]).

Given two polynomials a(x1,x2) and b(x1, xz2) how does
one find their common zeros? To see how this is done, write

a(x1,20) = az(x1)xh + as(x1)rs + ai(z1)2s + ag(x)
b(l’l, 1'2) = b2($1)1’§ + b1($1)$2 + bo(.’lﬁl)‘
Next, see if polynomials of the form
w1, 22) = ai(z1)Te + o)
Blw1,m2) = Bo(w1)a3 + B (x1)x2 + Bo(21).
can be found such that
a(x1,x2)a(xy, o) + fx1, 22)b(z1, 22) = r(21).  (23)

Equating powers of x5, this equation may be rewritten in
matrix form as

an 0 bo 0 0 (%)) T‘($1)
a; Qg b1 bo 0 (651 0
as a1 bQ b1 b() 60 = 0
asz az 0 bQ b1 61 0
0 as 0 0 bg 62 0

The matrix on the left-hand side is called the Sylvester matrix
and is denoted here by S, »(x1). The inverse of S, (1) has
the form

1
1 o .
Sa,b <x1) - det Smb(lEl)adJ (Sa,b(xl) )

where adj(S,(x1)) is the adjoint matrix and is a 5 X 5
polynomial matrix in z;. Solving for «;(z1), 3,;(z1) gives

ozogxlg r(x1)
al@) | adiS, (@) | 0
g?gi; "~ det Sap(x1) 8
Ba(z1) 0
Choosing (1) = det S, (1) this becomes
ag(xy) 1
aq (1) 0
Bo(z1) | = adjSap(z1) | O
B (1) 0
Ba(z1) 0

and guarantees that ag(z1), a1(x1), Bo(x1), B1(x1), Ba(x1)
are polynomials in xy. That is, the resultant polynomial
defined by 7(x1) = det S, 4(z1) is the polynomial required
for (23).
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