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Asymptotic Solution of Singularly Perturbed Nonlinear Discrete
Periodic Optimal Control Problem

G. Kurina, N. Nekrasova

Abstract—The asymptotic expansion of the solution of a
singularly perturbed nonlinear discrete periodic optimal
control problem is constructed as series of non-negative integer
powers of a small parameter. The estimates are obtained for
closeness of the approximate solutions to the exact one and it is
proved that the values of the minimized functional do not
increase when higher-order approximations to the optimal
control are used.

I. INTRODUCTION

OR the last thirty years many works devoted to the

study of singularly perturbed optimal control problems
have been published (see, for example, [1]-[3]). The most
part of these publications deals with continuous systems. In
[4], [5], the formal asymptotic solution of singularly
perturbed linear-quadratic discrete problem with the fixed
left point and the free right point has been constructed using
the asymptotic expansion of the solution of the system
following from the control optimality condition. The method
of constructing an asymptotic expansion of the solution of
an optimal control problem by substituting the postulated
asymptotic expansion into the condition of the problem, and
then determining a series of optimal control problems to find
the expansion terms, has been used in [6] for singularly
perturbed continuous systems without restrictions on the
values of the controls; this method has been called the
"direct scheme". The direct scheme has been also used for
discrete optimal control problems with small step-size [7],
[8], discrete optimal control problems for weakly
controllable systems [9] and discrete periodic singularly
perturbed linear-quadratic problem [10].

In the present paper, the asymptotic expansion of the
solution of a singularly perturbed nonlinear discrete periodic
optimal control problem is constructed as series of non-
negative integer powers of a small parameter by means of
the direct scheme. The estimates are obtained for the
closeness of the approximate solutions to the exact one in
terms of the control, the trajectory and the functional. It is
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also proved that the values of the minimized functional do
not increase when higher-order approximations to the
optimal control are used.

II. PROBLEM FORMULATION

The following singularly perturbed nonlinear discrete
periodic optimal control problem is considered

-1
Py 1 Jp () = T F (0. &(Ru(k) - min ()
Y(k+1) = fr (v(k), &z(k), u(k)), 2
z(k +1) = gy (y(k), &z(k), u(k)),

¥(0) = ¥(N), z(0) = z(N), (3)
where y(k)eR", z(k)eR™ (k=0,N), u(k)eR"

(k=0,N-1), Fk is a scalar function, fk is a function

with values in R", g k is a function with values in Rm,
& > 0 is a small parameter, the number of steps N is fixed.
The functions £, fk . & occurring in (1) and (2) are

assumed to be continuously differentiable a sufficient
number of times with respect to their arguments.

III. DEGENERATE PROBLEM

Let us consider the degenerate problem P when & = 0in
problem (1)-(3). Namely, we have

P o) - EF" (v (), 021(k)) — min, 4

Yk +1) = fi (y(k),0,u(k)), )
z(k+1) = g4 (y(k),0,u(k)),
y(0) = y(N), z(0) = z(N) . (6)
Problem P may be reduced to the optimal control
problem with respectto u#, V.
Assume that the following condition 19 holds.

Assumption 1°. The system (5), (6) has the unique
solution for any control # .

The Hamiltonian H (k) for the Problem P is given by the

formula
H(k) = —Fy (y(0).0,u(k)) + p (k +1) £, (y(5).0,u(k)) +
+q (k+D)gg (v(k).0,u(k)),

where the adjoint variables

plk), q(k) (k=0,N) is the
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solution of the problem

pik) = (aHa—i")j (e (0,0,u(k))) +

+ (e GU0),0,u(k)), ple+1)+

+(gx (¥(k),0,u(k))) y' q(k+1), (7
q(k)z(M] =0, k=0,N-1,

0z
p(0) = p(N),q(0)=q(N). (3

Throughout this paper, the prime denotes the transposition
and the expressions of the forms (f),, (f)., (), stand
for the derivatives of the function f with respect to the
first, second and third arguments respectively.

It follows from (7), (8) that q(k)=0, k=0, N .

The control optimality condition for the Problem P has
the form

— (Fi (0),0,u(k)), +(f (206).0,u(k)), plk+1)+

+(gx (V(k),0,u(k))), q(k+1)=0.
We shall assume that the following condition is satisfied.

€))

Assumption 2% Problem P has the unique solution.

IV. FORMALISM OF ASYMPTOTIC EXPANSIONS
CONSTRUCTION

We will seek a solution of the perturbed problem (1)-(3)
in the series form

Yy =Y &y (), z(k) =Y &'z, (k),

20 720

u(k)zzgjuj(k).

720

(10)

We substitute relations (10) into expressions (1)-(3),
expand the right-hand sides of (1), (2) in series in powers of
¢, and then equate the coefficients of like powers of &in
equations (2), (3). Then the functional to be minimized may
be written in the form
Jo )= elJ;,

720

(11)

and relations (2), (3) yield the equations for determining
terms in the decompositions (10)

yolk+D = J. 12)
zo(k+1) =gy,

v kD)= (1), v, )+ (f)u; () +1fi 1, 13
2+ = (), ¥ () + (@)1 () +[, 1./ 2 1.
y;0)=y,;(N),z,;(0)=z;(N),j=0. (14)

Here and throughout this paper, the bar means that the
values of appropriate functions and their derivatives are
calculated at y(k) =y, (k), &(k)=0, u(k)=uy(k), the

tilde over a function means that the function is evaluated at
yky=y, (k) , z(k) =2,y (k) , u(k) =u;_ (k) , where

j-1 ) j-l
T = ey, Z 00 = &'z,(h),

i=0 i=0

-l

(k)= u, (k). (15)
i=0

The following notations are also used for the expansion of

an arbitrary function ¢ = @(¢) in powers of ¢

0(&)=Y &' 0; =lp}y +&" 0], +az"),

720

where
n—1 ;
[(/7]n :an > {w}n—l = 'Zi)g (/71 B
=l

n+l

and a(e” ") denotes the sum of terms of the expansion

of the order £"*! and higher. In particular, we have

il =(fi)-z0(k)
[ =(fk>z21(k)+§<fk)yyyf<k>+%(fk>Wuf<k>+

+%(fk)zzzé<k)+(fk>zy 2o (k)1 (k) +

(i) 2 20 ity (k) + (f) oy 31 (Rt (K-
The analogous formulas take place for [g1;, [€x 1> -
Let us write down the first coefficients of expansion (11).

N—l_
Jow)=D Fy,
k=0
N-1 _ _ _
J1@) = D (F) y yi(R)+ (F) 20 k) + (Fi )y g (6))
k=0
N-1

T2 ()= D" (F) y 2 () + (Fi )y (k) + (Fi ) 21 (k) +
k=0

# 2 (F) R+ (F) o 1y (02004 (F)e 23 ()

%(Fk)uuuf(kn@)zu 20 ()t () + (B )y 31 (ot ().

To determine the triplet of functions uy, ygy, zg, we
the Problem Py of the
minimization of functional J, on periodic trajectories of
system (12). It is not difficult to see that Problem £,

consider which consists

coincides with degenerate Problem P .
Using relations (7)-(9), (13), (14), let us transform the
terms in the expression for J; which remain unknown after

Problem £, has been solved. Denoting adjoint variables in

Problem Py by pg, q¢, we have
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N-1 N-1

D (F) y 1 () +(Fp )y () = D~ (po e+ D(fi0) -

k=0 k=0

— po (k) yy (k) + po (k+1)(fi ) 1ty (k) =
N-1

= (o k+ (i) y 310 +(Fi 11 () = po (k) (K)) =

k=0

N-1
==Y polk+D)(fi) 2o (k).
k=0
Thus, the coefficient J; in expansion (11) depends only
on the solution of Problem F.

Carrying out similar transformations for part of the terms
in the expression for J,, we have

N-1 _ _
kgo((Fk)yyz(k)+(Fk)uuz(k))=

N-1 - 1 - 2
:_k§Op0(k+l)((fk)zzl(k)""z(fk)yyyl (k)+

+ )y 020 )+ ()22 2 () + 3 T () +

+ (1) yu 11 0y () + (fg) 2 20 (kg ().

Taking the last relation into account, let J 1 denotes the
sum of those terms in the expression for J, that are still
unknown after Problem F, has been solved. To determine
the triplet of functions u;, y;, z;, we consider the
following linear-quadratic problem

~ N-1 1 1
A:T100= T G oW ()5 BRgn () +

+y1(k)Sguy (k) +ay yy(k)+by z1 (k) + cjuy (k) — min,

U
P+ = () y 31O+ (Fp g () +L 1y, 6
21 (k+1)=(8) y 31 () + (€ Dt () +[E 1y,
1(0) = y1(N),z,(0) = z,(N), (17

where

MW 31 (K) = (Fy) 3y = potk +D(f) 1y )vE (6)
Py (k) = (Fi )y = Pk +D(fi0) yu )yt (Y (k)
u ()Rt (k) = (F ) = Po Ck + D ) it (K,

a1 (k) =((Fy) 1z = po (k+D)(fi) 12 )y1 (K)zg (k) .

bz (k) = ((Fi) > = po(k + (1) )z (k) ,

e (k) = ((Fy) = po (k+D(fi) )20 Ry ().
The expressions for W, Sy, Ry, ay, by, c; depend
on the Problem £, solution .

We shall assume that the following condition is satisfied.

W, S
Assumption 30 The operators (Sk k

J are non-
ko R

negative definite, the operators R are positive definite,
k =0, N -1, and the system

y(k+1)= (4 =By R;'Sp)y(k), k=0,N -1,

y(0) = y(N),
- 0 -
where A4; = (J_[k)y , By = (({k)” ] , has the unique
(&k)y O (&1 )u
solution.
Then the linear-quadratic problem P, is uniquely

solvable.
It is not difficult to see that Problem P, may be reduced

to the optimal control problem of less dimension with
respect to uy, y;.

Taking into account the maximum principle, we have for
the Problem P, solution the relations

p1(k)==Wyy1(k)=Spuy(k)—ay +(J_"k)’ypl(k+1)+

+(@g) a1 (k+1), (18)
01 (k) = by,

P10)=pi(N).4,(0) =, (N). (19)
— Ry (k)= Sy (k) + (fi ) pr G+ 1)+ 0

+(@r)uqn (k+1)=0.
Let us write down the Hamiltonian for Problem P,
H(k) = —F (y(k), &z(k),u(k)) +
+p (k+ 1) fr (p(k), ez (), u(k)) +
+q (k+ gy (k). (k) u(k), k= 0,N ~1,
where the adjoint variables p(k), q(k) (k = O,_N) satisfy
the equations

p(k) = (%")j = —(F k), (), () +

+ (S (k). &2 (k) u(k)))'y plk+1)+
+ (g (k) (k) u(k))) , gk +1),

a(k) = [%] = ((Fy (k). ez(k),u(k)), +

+(fr k), ez(k), u(k))) . p(k+1)+ on
+ (g k), &z(k), u(k)))- g(k +1)),

p(0) = p(N),4(0) = g(N) . (22)

Since the problem under consideration involves no
restrictions on the control, a necessary condition for an
optimal control in Problem P is that
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oH(k)
Rk (F ((k), e2(k),u(k))),, + 23)

+ p (k+1)(fi (), &), u(k)),, +
+q (k+1)(g (y(k), &z(k), u(k))), =0, k=0,N —1.
Consider Problems P; (j20). For j=0,1, Problems
P, and P have already been defined; for j>1, Problems
P/ are linear-quadratic problems of the following form
N-1
P :J(u)= Z(l Wy )+~ ()R (k) +
ALY > Vi kY j S k" j
k=0

+ 3 (OSgu ; () +[(Fy) 2 =Py (k+D(f3)- —
~G ik D)ED) 1z, O+ (F) y — B D)y —
~G ik + 1)@ 1,9, O+ [(Fy )y =By e+ D)y —

— 1 (k +1)(@p), 1 juj (k) - min, (24)
uj

e+ D)= (i) v j )+ () () +1i 15, 05)

zj(k+D)=(&1),y () +(@ )y () +[84 ],

y;(0)=y;(N),z,;(0)=z;(N). (26)

Recall that a tilde over the symbols for the functions Fj ,
f%» g, and their derivatives means that they are evaluated
at y=y,,, z=Z;, u=iu,, where y, (k), z,(k),
u;_ (k) are defined by (15) and the functions p,, ¢,

are defined by the equalities
J-1 Jj-1
B0 =8"p(k), G, (0= &'q,(k),

i=0 i=0

@7

where p;, ¢; are the adjoint variables in Problem P, .

Problem P; may be reduced to the optimal control

problem with respect to u ;, v ;.

The Hamiltonian for Problem Pj (j>1)is
H 00 == s 00 (00 = (0 R ) -
—yj(OSgu; () ~[(Fy), =P iy (k+D(f3), —
~G ik D)E) 1z, ~[(F)y =P (k+ D)y —
—G kD@, 1,9 0O —[(Fp)y =B k+ D) —
—G i kD@ 1 ju R+ py (k+D(fi) v (R)+
([t j RO+ ) +q; (k+ D&k, v () +
+(@1 )t () +[Ek 1)
where the adjoint variables p;(k), g ; (k) (k=0,N)

satisfy the equations
PO = (H (k) =Wy ; (k)= Spu ()=

—[FED)y =)y By (ke + D)= (&), G (k+D]; +

+(fi)y pjk+D)+(84), q; (k+1), (28)
q; (k)= (H j()-; =~1(F)z = ([ )z B (k+1)=

_(gk )z <7_;_1 (k + 1)]_;—1 >

pj(0)=p;(N).q;(0)=q,;(N). (29)

The condition for optimality of the control in Problem P;

(j>1) is the equality

)y =) ik + D)= (81,31 (k+ D] + (30)
+(fi)u 2 (k+ D)+ (85 )y g (k+1)=0.

Let us substitute relations (10) and
Pty ="' p, (), qlk) = &'q; (k) (31)

j20 j20
into expressions (2), (3), (21)-(23). Equating the coefficients
of like powers ofe¢ in the obtained relations, we have
equations (5)-(9) when ;=0, equations (16)-(20) when
j=1.

Theorem 1. The equations for the state, control and
adjoint variable, obtained from the condition for optimality
of the control in Problem P, , are identical with the
equations for y,, z,, U,, Pm> 4, from asymptotic
expansions (10) and (31) of the solution of problem (2), (3),
(21)-(23) obtained using the condition for optimality of the
control in Problem P, .

Proof. For m=0,1, the statement of the theorem has

already been proved. Suppose it is true for m< j. For
j >1 we introduce the notations

Av(k) = y(k) =, (k) = &7y (k) + a(e”™),

A=) = 2() =2 (k) = &7z, (k) + (™),

Ap(k) = pk) = P (k) = &7 p (k) + ae ™), (32)

Aq(k) = qk) =G, (k) = &’ q (k) + a(e’™),
where ¥, (k). %, (k). ;1 (k), B, (k), G, (k) are
given by formulae (15) and (27) .

Replacing y, z , u, p, g in(2), (3) and (21)-(23) by
their representations in (32), and transforming, we obtain
Ay(k+1)+ 5 ;g (k+1) = fi + (i), Av(k) + ([ ), Az (k) +

+(Fo)uMuth) + % (%(fk)yyyi (k)%(fk)uuu?(kn

+ ([ )yt j () y ; () + (e,
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Aok + 1)+ (k1) = B + (@) A(R) +6(F ) Az(h) +
(& )y k) + £ %@k)yyy? (k)%(gk)wu?(kn

+ (@ uyttj (K)y (k) + (e,
Yj-1(0)+ Ap(0) = 31 (N) + Ap(N),

Z;1(0)+Az(0) =Z;_; (N) + Az(N), (33)

& p 0+ B ) ==(F)y +

+(f1)y Bjoa(k+D)+(85) G (k+1)+

+&7 (fi)y 2 e+ D) +(Zk) g (k+D) =Wy ; (k)=
—Su (k) +a(e’™),

1q; )+ (k)= e(~(Fp)- +

()P kD +(E)2 G R+ D) +a(e ™),
Pj-1(0)+Ap(0) = B ,_{ (N)+Ap(N),
7j-1(0)+Aq(0) =G, (N)+Aq(N),

~(F )y + D 1+ D)y +G -1 (k+ D), +
+&7 (~Ryu ; (k) =Sy j () + ([ )y pj (k+1)+
+(81)uq (k+D)+a(e") =0.

Equating the coefficients of &’ in (33)-(35), we obtain
relations (25), (26) and (28) - (30), which follow from the
condition for optimality of the control in Problem P; . This

34

(35)

established the statement of the theorem for m=j, and
thereby proves Theorem 1.

Supposing that Assumption 1° and 2° are satisfied the
following theorem holds.

Theorem 2. The coefficient J,,,_; in expansion (11) is
known after Problems P (i :m, m>1) have been
solved, from which one finds y;, z;, u;. The transformed

expression for the coefficient J,,, , omitting terms known
after Problems P (i=0,m—1, m>1) have been solved, is
identical with the performance criterion J m,) in

Problem P,,.

Proof. If m=1, this theorem has already been proved.
Suppose the statement of the theorem is true for 1<m < n.

If the solutions of Problems P; (j=0,n—1) have been
found, then )711—1 (k) > En—l (k) > 1/711—1 (k) ) ijn—l (k) » an—l (k) )
defined by formulae (15) and (27) with j=n, are known

functions.
Let us transform the expression for J,(u)from (1)

replacing vy, z , u by their representations according to
(32) with j =n . Then we have

N-1
T )= (Fy +(Fy)  Av(k) + &(Fy ), Az(k) +
k=0

+(Fy)y Aulh) + £ %(Fk)yyy,% (k)+%<Fk)Wu,%(k)+

F(F )yt ()7, (kD) + (™), (36)
where the tilde over the symbols for the functions and their
derivatives means that they are evaluated at y(k)=7y,_;(k),

z(k) =2,y (k) , u(k) =u,_; (k).
Using the introduced notations, we deduce from (36) and
(34), (35) with j =n that
N1 N N
To@) =Y (Fban +{(F) bt Ay (k) + {8(F)- by Az (k) +
k=0

+{Fi ) bnor D) + %" ([(F) 1y () +[(F) 2 1 2 (k) +
HIEDDt () + 3 (B 3200+ (i )+

+(Fi )y tt (), (k) + (2",

{F) bt ==P 1 () +{P -t (k+D(f}) , +

+ 1k +DE1) bt

{e(F) by == n1(0)+ (6B a1 (k+D(f3), +
+G -1 (k+D(E) )t

Pn-100)=D,1(N), G,-1(0) =g, (N) ,

{FD o =P 1 kD) +@ nt G+ DEf)ud -
Taking the last four equalities and the relations obtained
from (33) with j=n into consideration we deduce from

(37) that

(37

N-1
Jp@) = Y ({Fp+ P+ 1)(Fg e+ D= fi) +
k=0

+Gpa (kDG gk +D) = 8)bay + &7 ([(Fp), —
=Ptk +D(f)y =G o1 (k+1)(&8) v (6) +

+{(F), = Ptk + D (fy), =@ no1(k + 1)) 1um 2, (R) +
+[F ) = Bt e+ D = Gt O+ D@ Tyt () +

K () 0,000 Ryt () + 3, )t (k) +
+ (e,

It is obvious from this expression that J,,_; is known
after Problems P, (i= m) have been solved. If we take
the sum of the terms in J,,, (the coefficient of &™), which
depend on the unknowns y,(k), z,(k), u,(k), it is
identical with the performance criterion J , (U, ) in Problem
P, (see (24) with j=n ).

This completes the proof of Theorem 2.
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V. ESTIMATES OF APPROXIMATE SOLUTION
Let us assume that solutions have been found for
problems P;, j=0n: the functions y;(k), z;(k),
uj(k). We shall estimate the approximate solution of the
problem P,: y,(k), z,(k), u, (k).

Theorem 3. Under Assumptions 1°-3% and sufficiently

small ¢£>0 Problem P. is uniquely solvable in the

* *
neighbourhood of the control u( and its solution u , y ,

z* satisfies the estimates
u' ()~ (k)= 0™,y (k) -5, (k) = 0™, (39)
2 (k) =Z,()= 0™y, T )= J,(i,) = 0(&>™?).

Proof. The proof of this theorem is similar to the proof of
Theorem 3 in [9].

First of all, it is proved that under assumptions 19-3% and
sufficiently small & >0 problem (2), (3), (21)-(23) has an

unique solution (y",z ,u", p",q") in the neighbourhood
(3p(k), Z,(k), i, (k), B,(k), G,(k))and the following
estimates hold || " (k) — 3, (k) |I< ce™",

127 (k)= 2, (k) < ce™, || " (k) —dt, (k) ||< ce™,

1P (k)= p,(K) < ce™, lg" (k) =g, (k) [[< ce™,

where the constant ¢ is independent of k and & .

Secondly, it is proved that for any ¥ > 0 there are
constants £, > 0 and ¢ > 0 such that for k =0, N —1,
0<e<eg,, ||u (k)—u(k)|[<y following inequalities
hold || y" (k) = y(k) [[< ¢ || u” (k) —u(k)
12" (k) = z(k) |I< || u” (k) —u(k)

trajectory corresponding to the control % .

)

, where (,z ) 1is the

Thirdly, it is proved that under assumptions 1°-3% and

sufficiently small &> 0 the function u" is a local optimal
control for Problem P, .

Finally, using the results of the previous steps we obtain

the statement of this theorem.

VI. LACK OF INCREASE FOR FUNCTIONAL

Theorem 4. Under Assumptions 19-3% and sufficiently
small ¢ >0, we have
JoW)<J, (i), i=Ln,
i
where i7; (k) = zgjuj(k) .
j=0
Proof. If u; (k) =0 , inequality (39) is obvious.

Let us consider the case when u; #0. Expand the

(39

solution of the problem (2), (3) for wu(k)=1ug(k)
(s =i—1,i) in a series of non-negative integer powers of & .
Then, by the algorithm for determing the terms of expansion
(10), the solution will have the form

S S
ngyj(k)m(g”l), ngzj(k)+0(g”1).
j=0 j=0
Expanding J, (i) (s=i—1,i) in series (11) and using
Theorem 2, we obtain

2i—1
T (@)=Y &/ T+ Ty +J; )+ 0>,
j=0
2i—1
Jo(li) =Y el +&% (T + T (0)+0(*) . (40)
j=0

where j2i dependson y;, z;, u; (j=0,i-1).
Since u;is a solution of the linear-quadratic Problem £,

which is to minimize the functional J, ;(u;), it follows, by

the uniqueness of the optimal control when u; #0, that

J.(1;) < J,(0). Hence, using also (40), it follows that

inequality (39) is true for sufficiently small £>0.

We have thus established that the values of the
minimized functional do not increase with each new
approximation of the optimal control.
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