
Abstract—The asymptotic expansion of the solution of a  
singularly perturbed nonlinear discrete periodic optimal 
control problem is constructed as series of non-negative integer 
powers of a small parameter. The estimates are obtained for 
closeness of the approximate solutions to the exact one and it is 
proved that the values of the minimized functional do not 
increase when higher-order approximations to the optimal 
control are used. 

I. INTRODUCTION

OR  the last thirty years many works devoted to the 
study of singularly perturbed optimal control problems 

have been published (see, for example, [1]-[3]). The most 
part of these publications deals with continuous systems. In 
[4], [5], the formal asymptotic solution of singularly 
perturbed linear-quadratic discrete problem with the fixed 
left point and the free right point has been constructed using 
the asymptotic expansion of the solution of the system 
following from the control optimality condition. The method 
of constructing an asymptotic expansion of the solution of 
an optimal control problem by substituting the postulated 
asymptotic expansion into the condition of the problem, and 
then determining a series of optimal control problems to find 
the expansion terms, has been used in [6] for singularly 
perturbed continuous systems without restrictions on the 
values of the controls; this method has been called the 
"direct scheme". The direct scheme has been also used for 
discrete optimal control problems with small step-size  [7], 
[8], discrete optimal control problems for weakly 
controllable systems [9] and discrete periodic singularly 
perturbed linear-quadratic problem [10]. 

In the present paper, the asymptotic expansion of the 
solution of a singularly perturbed nonlinear discrete periodic 
optimal control problem is constructed as series of non-
negative integer powers of a small parameter by means of 
the direct scheme. The estimates are obtained for the 
closeness of the approximate solutions to the exact one in 
terms of the control, the trajectory and the functional. It is 

Manuscript received February 28, 2005. This work was partially 
supported by the Russian Foundation for Basic Research under Grant 02-
01-00351. 

 G. A. Kurina is with the Chair of Mathematics, Voronezh State Forestry 
Academy, ul. Timirjazeva, 8, Voronezh, 394613, Russia (e-mail: kurina@ 
kma.vsu.ru).  

N. V. Nekrasova is with the Chair of Mathematics, Voronezh State 
Forestry Academy, ul. Timirjazeva, 8, Voronezh, 394613, Russia (e-mail: 
nekrasovanv@ mail.ru).  

also proved that the values of the minimized functional do 
not increase when higher-order approximations to the 
optimal control are used. 

II. PROBLEM FORMULATION

The following singularly perturbed nonlinear discrete 
periodic optimal control problem is considered  
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where nRky )( , mRkz )( ),0( Nk , rRku )(

)1,0( Nk , kF  is a scalar function, kf   is a function 

with values in nR , kg  is a function with values in mR ,

0 is a small parameter, the number of steps N  is fixed. 
The functions kF , kf , kg  occurring in (1) and (2) are 

assumed to be continuously differentiable a sufficient 
number of times with respect to their arguments. 

III. DEGENERATE PROBLEM

Let us consider the degenerate problem P when 0 in
problem (1)-(3). Namely, we have 
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Problem P  may be reduced to the optimal control 
problem with respect to u , y .

Assume that the following condition 01  holds. 
Assumption 01 . The system (5), (6) has the unique 

solution for any control u .
The Hamiltonian )(kH for the Problem P is given by the 

formula 
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where the adjoint variables )(kp , )(kq ),0( Nk  is the 
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solution of the problem 
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Throughout this paper, the prime denotes the transposition 

and the expressions of the forms yf )( , zf )( , uf )(  stand 

for the derivatives of the function f  with respect to the 
first, second and third arguments respectively. 

It follows from (7), (8) that 0)(kq , Nk ,0 .

The control optimality condition for the Problem P  has 
the form 
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We shall assume that the following condition is satisfied. 
Assumption 02 . Problem  P  has the unique solution.

IV. FORMALISM OF ASYMPTOTIC EXPANSIONS
CONSTRUCTION

We will seek a solution of the perturbed problem (1)-(3) 
in the series form  
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We substitute relations (10) into expressions (1)-(3), 
expand the right-hand sides of (1), (2) in series in powers of 

, and then equate the coefficients of like powers of in
equations (2), (3). Then the functional to be minimized may 
be written in the form 
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and relations (2), (3) yield the equations for determining 
terms in the decompositions (10) 
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Here and throughout this paper, the bar means that the 
values of appropriate functions and their derivatives are 
calculated at )()( 0 kyky , 0)(kz , )()( 0 kuku , the 

tilde over a function means that the function is evaluated at 
)(~)( 1 kyky j , )(~)( 1 kzkz j , )(~)( 1 kuku j , where 
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The following notations are also used for the expansion of  
an arbitrary function )(  in powers of  
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and )( 1n denotes the sum of terms of the expansion  

of  the order 1n  and higher. In particular, we have 
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The analogous formulas take place for 1]
~[ kg , 2]~[ kg .

Let us write down the first coefficients of expansion (11). 
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To determine the triplet of functions 0u , 0y , 0z ,  we 
consider the Problem  0P  which consists of the 
minimization of functional  0J  on periodic trajectories of 
system (12). It is not difficult to see that Problem 0P

coincides with degenerate Problem P .
Using relations  (7)-(9), (13), (14), let us transform the 

terms in the expression for 1J  which remain unknown after 
Problem 0P  has been solved. Denoting adjoint variables in 
Problem 0P  by 0p , 0q , we have 
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Thus, the coefficient 1J  in expansion (11) depends only 
on the solution of Problem 0P .

Carrying out similar transformations for part of the terms 
in the expression for 2J , we have 
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Taking the last relation into account, let 1
~
J  denotes the 

sum of those terms in the expression for 2J  that are still 
unknown after Problem 0P  has been solved. To determine 
the triplet of functions 1u , 1y , 1z , we consider the 
following linear-quadratic problem 
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The expressions for kW , kS , kR , ka , kb , kc  depend

on the Problem  0P  solution . 
We shall assume that the following condition is satisfied. 

Assumption 03 . The operators 
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negative definite, the operators kR  are positive definite, 
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solution. 
Then  the linear-quadratic problem 1P  is uniquely 

solvable. 
It is not difficult to see that Problem 1P  may be reduced 

to the optimal control problem of less dimension  with 
respect to 1u , 1y .

Taking into account the maximum principle, we have for 
the Problem 1P  solution the relations 
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Let us write down the Hamiltonian for Problem P
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where the adjoint variables )(kp , )(kq ),0( Nk satisfy
the equations 
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Since the problem under consideration involves no 

restrictions on the control, a necessary condition for an 
optimal control in Problem P  is that  
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0P  and 1P  have already been defined; for 1j , Problems 

jP  are linear-quadratic problems of the following form 

ukjukjjykj

ykjykjjzkj

zkjzkjkj

j

N

k
kjjkjjjj

fkpFkygkq

fkpFkzgkq

fkpFkuSky

kuRkukyWkyuJP

)
~

)(1(~)~[()(])~)(1(~
)

~
)(1(~)~[()(])~)(1(~

)
~

)(1(~)~[()()(

)()(
2
1)()(

2
1()(~:

'
1

'
1

'
11

'
1

'
1

'

1

0

''

,min))(])~)(1(~'
1

ju
jjukj kugkq                                  (24) 

,]~[)()()()()1(

,]
~

[)()()()()1(

jkjukjykj

jkjukjykj

gkugkygkz

fkufkyfky
             (25) 

)()0(),()0( NzzNyy jjjj .                                       (26) 

Recall that a tilde over the symbols for the functions kF ,

kf , kg  and their derivatives means that they are evaluated 
at 1

~
jyy , 1

~
jzz , 1

~
juu , where )(~

1 ky j , )(~
1 kz j ,

)(~
1 ku j  are defined by (15) and the functions 1

~
jp , 1

~
jq

are defined by the equalities 
1

0
1 )()(~

j

i
i

i
j kpkp ,

1

0
1 )()(~

j

i
i

i
j kqkq ,                (27) 

where ip , iq  are the adjoint variables in Problem iP .
Problem jP  may be reduced to the optimal control 

problem with respect to ju , jy .

The Hamiltonian for Problem jP  ( 1j ) is 
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The condition for optimality of the control in Problem jP
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into expressions (2), (3), (21)-(23). Equating the coefficients 
of like powers of  in the obtained relations, we have 
equations (5)-(9) when 0j , equations (16)-(20) when 

1j .
Theorem 1. The equations for the state, control and 

adjoint variable, obtained from the condition for optimality 
of the control in Problem mP , are identical with the 
equations for my , mz , mu , mp , mq  from asymptotic 
expansions (10) and (31) of the solution of problem (2), (3), 
(21)-(23) obtained using the condition for optimality of the 
control in Problem P .
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Equating the coefficients of j  in (33)-(35), we obtain 
relations  (25), (26) and (28) - (30),  which  follow from the 
condition for optimality of the control in Problem  jP . This 

established the statement of the theorem for jm , and 
thereby proves Theorem 1.  

Supposing that Assumption 01  and 02  are satisfied the 
following theorem holds. 

Theorem 2. The coefficient 12mJ  in expansion (11) is 

known after Problems iP  ( 1,0 mi , 1m ) have been 
solved, from which one finds iy , iz , iu . The transformed 
expression for the coefficient mJ 2  , omitting terms known 

after Problems iP  ( 1,0 mi , 1m )  have been solved, is 

identical with the performance criterion )(~
mm uJ  in 

Problem  mP .
Proof. If 1m , this theorem has already been proved. 

Suppose the statement of the theorem is true for nm1 .
If the solutions of Problems jP )1,0( nj  have been 

found, then )(~
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defined by formulae (15) and (27) with nj , are known 
functions.

Let us transform the expression for )(uJ from (1)   
replacing   y , z  , u  by their representations according to 
(32) with nj . Then we have 
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where the tilde over the symbols for the functions and their 
derivatives means that they are evaluated at )(~)( 1 kyky n ,
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Using the introduced notations, we deduce from (36) and 
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Taking the last four equalities and the relations obtained 

from (33) with nj  into consideration we deduce from 
(37) that 
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It is obvious from this expression that 12nJ  is known 

after Problems iP  ( 1,0 ni ) have been solved.  If we take 

the sum of the terms in nJ 2  (the coefficient of  n2 ), which 
depend on the unknowns )(kyn , )(kzn , )(kun , it is 

identical with the performance criterion )(~
nn uJ  in Problem 

nP  (see (24) with nj  ). 
This completes the proof of Theorem 2. 
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V. ESTIMATES OF APPROXIMATE SOLUTION

Let us assume that solutions have been found for 
problems jP , nj ,0 :  the functions )(ky j , )(kz j ,

)(ku j . We shall estimate the approximate solution of the 

problem P : )(~ kyn , )(~ kzn , )(~ kun .

Theorem 3. Under Assumptions 01 - 03   and sufficiently 
small 0  Problem P  is uniquely solvable in the 

neighbourhood of the control 0u  and its solution *u , *y ,

*z satisfies the estimates 
)()(~)( 1* n
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n Okyky     (38)                                         

)()(~)( 1* n
n Okzkz , )()~()( 22* n

n OuJuJ .
Proof. The proof of this theorem is similar to the proof of 

Theorem 3 in [9]. 
First of all, it is proved that under assumptions 01 - 03  and 

sufficiently small 0  problem (2), (3), (21)-(23) has an 

unique solution * * * * *( , , , , )y z u p q  in the neighbourhood 

( )(~ kyn , )(~ kzn , )(~ kun , )(~ knp , )(~ knq ) and the following 

estimates hold * 1|| ( ) ( ) || n
ny k y k c ,

* 1|| ( ) ( ) || n
nz k z k c , * 1|| ( ) ( ) || n

nu k u k c ,
* 1|| ( ) ( ) || n

np k p k c , * 1|| ( ) ( ) || n
nq k q k c ,

where the constant c  is independent of k  and .
Secondly, it is proved that for any 0  there are 

constants 00  and 0c  such that for 0, 1k N ,

00 , *|| ( ) ( ) ||u k u k  following inequalities 

hold  * *|| ( ) ( ) || || ( ) ( ) ||y k y k c u k u k ,
* *|| ( ) ( ) || || ( ) ( ) ||z k z k c u k u k , where ( zy, ) is the 

trajectory corresponding to the control u .

Thirdly, it is proved that under assumptions 01 - 03  and 

sufficiently small  0  the function *u  is a local optimal 
control for Problem P .

Finally, using the results of  the previous steps we obtain 

the statement of this theorem. 

VI. LACK OF INCREASE FOR FUNCTIONAL

Theorem 4. Under Assumptions 01 - 03   and sufficiently 
small 0 , we have 

),~()~( 1ii uJuJ ,,1 ni                                            (39) 

where
i

j
j

j
i kuku

0
)()(~ .

Proof. If 0)(kiu  , inequality (39) is obvious.
Let us consider the case when 0iu . Expand the 

solution of the problem (2), (3) for )(~)( ksuku

),1( iis  in a series of non-negative integer powers of .
Then, by the algorithm for determing the terms of expansion 
(10), the solution will have the form 

)()( 1

0

s
s

j
j

j Oky , )()( 1

0

s
s

j
j

j Okz .

Expanding )~( suJ ),1( iis  in series (11) and using 
Theorem 2, we obtain 

)())(~()~( 12
12

0
2

2 i
ii

i

j
i

i
j

j
i OuJJJuJ ,

)())0(~()~( 12
12

0
2

2
1

i
i

i

j
i

i
j

j
i OJJJuJ ,     (40) 

where iJ 2  depends on jy , jz , ju )1,0( ij .

Since iu is a solution of the linear-quadratic Problem iP ,

which is to minimize the functional )(~
ii uJ , it follows, by 

the uniqueness of the optimal  control when 0iu , that 

)0()~( iii JuJ . Hence, using also (40), it follows that 
inequality (39) is true for sufficiently small 0 .

 We have thus established that the values of the 
minimized functional do not increase with each new 
approximation of the optimal control. 
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