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Abstract— Assuming that only stator currents and voltages
are available for feedback, a nonlinear output feedback adaptive
speed tracking control strategy is proposed for a permanent
magnet step motor with unknown load torque. It relies on three
new theoretical results: the ”s-alignment” and ”c-alignment”
procedures, in which the motor is forced to reach certain
known equilibrium points, and an output feedback controller
which guarantees uniform asymptotic speed tracking for every
initial condition belonging to an explicitly computed domain of
attraction. Global exponential convergence is achieved in the
case of known load torque. Numerical simulation results show
the effectiveness of the proposed solution.

I. INTRODUCTION

Due to their excellent serviceability and durability, high
efficiency and power density, as well as high torque to
inertia ratio and absence of external rotor excitation and rotor
windings, the permanent magnet motors are used in practical
applications such as printers, tape drives, hard drives in PCs,
process control systems, home appliances, and have been
gradually replacing DC motors in a wide range of drive
applications such as machine tools and industrial robots. The
high complexity in the control of these motors is the price
to pay for the above advantages. The speed or the position
tracking control of permanent magnet synchronous motors
requires the knowledge of rotor shaft position and speed
signals in order to control the stator current vector suitably
and then achieve an high-performance drive ([6], [9], [14],
[15]). Recently, a lot of attention has been paid and many
research efforts have been spent in developing the machine
drive system without rotational transducers: shaft sensors
present several drawbacks such as drive cost, machine size,
reliability and noise immunity as well as performance degra-
dation owing to the vibration or humidity. Various control
strategies for the permanent magnet synchronous machine
drives without rotational sensors have been investigated and
described by many authors ([1], [3], [4], [7], [12]).
In this paper we propose a novel nonlinear adaptive speed
tracking control strategy for a permanent magnet step motor,
on the basis of stator currents and voltages measurements
only: it relies on three new theoretical results (not based on
motor friction) which are summarized in three theorems. The
first two theoretical results, concerning the asymptotic prop-
erties of the ”s-alignment” and ”c-alignment” procedures,
are based on LaSalle theorem, while the third one presents
an output feedback controller which guarantees: i) global
exponential rotor speed tracking when the load torque is
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known; ii) uniform asymptotic rotor speed tracking for every
initial condition belonging to an explicitly computed region
of attraction when the load torque is unknown. Numerical
simulation results with reference to a six pole pairs per-
manent magnet step motor are included which illustrate the
effectiveness of the proposed solution.

II. DYNAMIC MODEL AND NONLINEAR
ADAPTIVE DESIGN

Assuming linear magnetic materials, symmetry of the
rotor and between the two phases, nonlinear flux density
distribution due to the air gap geometry only and negligible
magnetic hysteresis and Foucault currents, the dynamics
of a permanent magnet step motor with no saliency and
a sinusoidal flux density distribution in a fixed reference
frame attached to the stator are given by the well known
fourth-order model (see for instance [9] for its derivation
and modelling assumptions)

θ̇ = ω

ω̇ = −F

J
ω +

kM

J

[
−ia sin(pθ) + ib cos(pθ)

]
− TL

J
dia
dt

= −R

L
ia +

kM

L
ω sin(pθ) +

ua

L
(1)

dib
dt

= −R

L
ib − kM

L
ω cos(pθ) +

ub

L

in which: θ is the rotor angle, ω is the rotor speed, (ia, ib)
are the stator currents [(θ, ω, ia, ib) constitute the state vari-
ables], (ua, ub) are the stator voltages (which constitute the
control inputs) in a fixed reference attached to the stator;
the output to be controlled is the rotor speed ω. The control
problem is called sensorless when only stator currents and
voltages are measured. The load torque TL(t) is typically a
step disturbance. The motor parameters are: viscous friction
coefficient F , number of pole pairs p, rotor moment of inertia
J , stator windings resistance R and inductance L, motor
torque constant kM. While J, R, L, kM are strictly positive
parameters, F is assumed to be non-negative, so that our
stability results are not based on friction. If we introduce, as
in [8], [13], [15], the Park’s transformation[

wd(t)
wq(t)

]
=

[
cos(pθ(t)) sin(pθ(t))
− sin(pθ(t)) cos(pθ(t))

] [
wa(t)
wb(t)

]

the dynamics (1) expressed in terms of currents and voltages
in rotating (d, q) coordinates, become

θ̇ = ω

ω̇ = −F

J
ω +

kM

J
iq − TL

J
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did
dt

= −R

L
id + pωiq +

ud

L
(2)

diq
dt

= −R

L
iq − pωid − kM

L
ω +

uq

L

In the following we will denote by ω∗(t) the arbitrary smooth
bounded reference signal with bounded time derivatives
ω̇∗(t) and ω̈∗(t) for the rotor speed ω(t) and by i∗d(t)
the smooth bounded reference signal with bounded time
derivative di∗d(t)

dt for the current id(t), which is related to the
reference velocity ω∗(t) to comply with voltage saturation
at high speed (field weakening, see [8]). Let us summarize
the first two results of this paper.

Theorem 1 (”s-alignment” procedure): Let ucs ∈ �+

be a positive real scalar and suppose that no load torque
TL is applied to the motor. Then, the static linear controller

ua = 0, ub = ucs (3)

substituted in model (1), guarantees boundedness of (ω, ia,
ib) and

lim
t→∞ cos(pθ(t)) = lim

t→∞ω(t) = lim
t→∞ ia(t) = 0

lim
t→∞ ib(t) =

ucs

R
.

Proof: Denoting by ĩb = ib − ucs

R the stator current vector
b-component tracking error, the equilibrium points of the
closed loop system are (θ, ω, ia, ĩb) = (θes, 0, 0, 0) with
θes = π

2p , 3π
2p , ...,

(
2p − 1

2

)
π
p . Consider the function

Us =
1
2

(J

L
ω2 + ia

2 + ĩ2b

)
− kMucs

pLR

(
sin(pθ) − 2

)
which is always positive. Its time derivative along the trajec-
tories of the closed loop system is

U̇s = −F

L
ω2 − R

L

(
ia

2 + ĩ2b

)
.

Since U̇s(t) ≤ 0 [recall that F ≥ 0], by virtue of LaSalle
theorem [26.1, [5]], we can establish that every solution
is attracted into the largest invariant subset Ms of the set
U̇s = 0, consisting of the equilibrium points (θ, ω, ia, ĩb) =
(θes, 0, 0, 0).

Theorem 2 (”c-alignment” procedure): Let ucc ∈ �+ be
a positive real scalar and assume that: the motor is initially
”s-aligned”, i.e, cos(pθ(t0)) = ω(t0) = ia(t0) = 0, ib(t0) =
ucs

R (ucs ∈ �+); no load torque TL is applied; the positive
real scalars ucs and ucc satisfy the condition

kMucc

pLR
− (u2

cs + u2
cc)

2R2
> 0. (4)

Then, the static linear controller

ua = ucc, ub = 0 (5)

substituted in model (1), guarantees boundedness of (ω, ia,
ib) and limt→∞ cos(pθ(t)) = 1.

Proof: Denoting by ĩa = ia− ucc

R the stator current vector
a-component tracking error, the equilibrium points of the

closed loop system are (θ, ω, ĩa, ib) = (θec, 0, 0, 0) with
θec = 0, π

p , 2π
p , ..., (2p − 1)π

p . Consider the function

Uc =
1
2

(J

L
ω2 + ĩ2a + ib

2
)
− kMucc

pLR

(
cos(pθ) − 2

)
which is always positive. Its time derivative along the trajec-
tories of the closed loop system is

U̇c = −F

L
ω2 − R

L

(
ĩ2a + ib

2
)
.

Since U̇c(t) ≤ 0 [recall that F ≥ 0], by virtue of LaSalle
theorem [26.1, [5]], we can establish that every solution
is attracted into the largest invariant subset Mc of the set
U̇c = 0, consisting of the equilibrium points (θ, ω, ĩa, ib) =
(θec, 0, 0, 0). Since U̇c(t) ≤ 0, we have Uc(t) ≤ Uc(t0) for
all t ≥ t0 and in particular, if condition (4) is satisfied,
limt→∞ cos(pθ(t)) = 1.

Let us summarize the third result of this paper.
Theorem 3: Assume that cos(pθ(t0)) = 1. Then, the sixth

order nonlinear output feedback adaptive controller[
ua(t)
ub(t)

]
=

[
cos[pθ(t)] − sin[pθ(t)]
sin[pθ(t)] cos[pθ(t)]

] [
ud(t)
uq(t)

]

cos[pθ(t)] = −Lp

kM

[
ia(t) − ia(t0) − ϕ1(t)

]
+ 1

ϕ̇1(t) = −R

L
ia(t) +

ua(t)
L

, ϕ1(t0) = 0

sin[pθ(t)] = −Lp

kM

[
ib(t) − ib(t0) − ϕ2(t)

]
ϕ̇2(t) = −R

L
ib(t) +

ub(t)
L

, ϕ2(t0) = 0

ud(t) = L
[
−φd(t) − Ki(id(t) − i∗d(t))

]
(6)

uq(t) = L
[
−φq(t) − Ki(iq(t) − i∗q(t))

]
[

id(t)
iq(t)

]
=

[
cos[pθ(t)] sin[pθ(t)]
− sin[pθ(t)] cos[pθ(t)]

] [
ia(t)
ib(t)

]

φd(t) = −R

L
i∗d(t) + pω̂(t)iq(t) − di∗d(t)

dt

φq(t) = −R

L
i∗q(t) − pω̂(t)id(t) − kM

L
ω̂(t)

− J

kM

[
F

J
ω̇∗(t) − kω

d satκ(ω̂ − ω∗)
d (ω̂ − ω∗)

(t)

·
(

˙̂ω(t) − ω̇(t)∗
)

+
˙̂
TL(t)

J
+ ω̈∗(t)

]

i∗q(t) =
J

kM

[
F

J
ω∗(t) − kωsatκ(ω̂(t) − ω∗(t))

+
T̂L(t)

J
+ ω̇∗(t)

]

˙̂ia(t) = −R

L
îa(t) +

kM

L
ω̂(t) sin[pθ(t)] +

ua(t)
L

+Ke(ia(t) − îa(t)) + pω̂(t)(ib(t) − îb(t))
˙̂ib(t) = −R

L
îb(t) − kM

L
ω̂(t) cos[pθ(t)] +

ub(t)
L
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+Ke(ib(t) − îb(t)) − pω̂(t)(ia(t) − îa(t))

˙̂ω(t) = −F

J
ω̂(t) − T̂L(t)

J
+

kM

J

[
−ia(t) sin[pθ(t)]

+ib(t) cos[pθ(t)]
]

+
2γ2 + rFλJ2

γ2λ + rFλ2J2

·
[

kM

L
sin[pθ(t)](ia(t) − îa(t))

−kM

L
cos[pθ(t)](ib(t) − îb(t))

]

˙̂
TL(t) =

2γ2F + λJγ + λJ2rF 2

γ2λ + rFλ2J2

[
−kM

L
sin[pθ(t)]

·(ia(t) − îa(t)) +
kM

L
cos[pθ(t)](ib(t)

−îb(t))

]

which depends on: the available signals ia, ib; the reference
signals ω∗, i∗d; the known positive machine parameters J ,
KM , p, R, L and the known non-negative machine parameter
F ; the positive control parameters Ki, kω, κ, Ke; the
positive control parameters γ, λ, r satisfying the conditions
(Tp ∈ �+)

γ >
λ2e4TpL4

pekM
4T 2

p

+ 8pe
kM

4

L4

pe <
R
L + Ke

12
(

4kM
6

λ2L6 + kM
2(R+LKe)2

L4 + kM
2

L2

)
+ kM

2

L2

r ≥ (J3kM
4T 2

p e−4Tppe)−1(2γ2L4) (7)

substituted in model (1), guarantees boundedness of (ω, ia,
ib, ω̂, îa, îb, T̂L) and uniform local asymptotic stability of the
closed loop system equilibrium point (ω−ω∗, id−i∗d, iq−i∗q ,
ia− îa, ib− îb, ω̂−ω, TL−T̂L) = 0 with domain of attraction

B =

{
ξ = [ξ1, ξ2, ..., ξ7]T ∈ �7 : ‖[ξ4, ξ5, ξ6, ξ7]T ‖ < 	

}

where 	 = L
2kMp

√
min{s1,pe}q

pe

(
s2+2pe

(
kM
L

)2

max

{
1,

(
kM
L

)2}) , �+ �

q = R
L +Ke−pe

[
12

(
4kM

6

λ2L6 + kM
2(R+LKe)2

L4 + kM
2

L2

)
+ kM

2

L2

]

and (s1, s2) ∈ �+ are the minimum and the maximum

eigenvalues of the symmetric matrix P =
[
pij

]
1≤i,j≤4

,

p11 = p22 = 1
2 , p33 = λ

2 , p44 =
(

γ2

λJ2 + rF
2

)
, p34 = − γ

2J ,
p12 = p13 = p14 = p23 = p24 = 0.

Proof: Assume that cos(pθ(t0)) = 1. Then, according to
the stator currents dynamics in (1),

cos(pθ(t)) = −Lp

kM

[
ia(t) − ia(t0) − ϕ1(t)

]
+ 1

ϕ̇1(t) = −R

L
ia(t) +

ua(t)
L

, ϕ1(t0) = 0

sin(pθ(t)) = −Lp

kM

[
ib(t) − ib(t0) − ϕ2(t)

]

ϕ̇2(t) = −R

L
ib(t) +

ub(t)
L

, ϕ2(t0) = 0.

Introducing the tracking and the estimation errors: ω̃(t) =
ω(t) − ω∗(t); eω(t) = ω̂(t) − ω(t); ĩd(t) = id(t) − i∗d(t);
ĩq(t) = iq(t) − i∗q(t); ĩa(t) = ia(t) − îa(t); ĩb(t) = ib(t) −
îb(t); T̃L(t) = TL − T̂L(t) − F [ω̂(t) − ω(t)], from (2) and
(6) we obtain the closed loop system dynamics

˙̃ω = −F

J
(ω̃ + eω) − kωsatκ(ω̃ + eω) +

kM

J
ĩq − T̃L

J

˙̃id = −
(

R

L
+ Ki

)
ĩd − peωiq (8)

˙̃iq = −
(

R

L
+ Ki

)
ĩq + peωid +

kM

L
eω

˙̃ia = −
(

R

L
+ Ke

)
ĩa − kM

L
eω sin(pθ) − pω̂ĩb

˙̃ib = −
(

R

L
+ Ke

)
ĩb +

kM

L
eω cos(pθ) + pω̂ĩa

ėω =
2γ2 + rFλJ2

γ2λ + rFλ2J2

[
kM

L
sin(pθ)̃ia − kM

L
cos(pθ)̃ib

]

+
T̃L

J
(9)

˙̃TL = −F

J
T̃L +

Jγ

γ2 + rFλJ2

[
kM

L
sin(pθ)̃ia

−kM

L
cos(pθ)̃ib

]
.

Consider the positive definite function

V =
1
2

(
ĩ2a + ĩ2b

)
+

1
2
λe2

ω +
( γ2

λJ2
+

rF

2

)
T̃ 2

L

− γ

J
eωT̃L (10)

whose time derivative along the trajectories of subsystem (9)
satisfies

V̇ ≤ −
(

R

L
+ Ke

)(
ĩ2a + ĩ2b

)
+

λ

J
eωT̃L

− γ

J2
T̃ 2

L +
γ2

4J3r
eω

2. (11)

On the other hand, subsystem (9) may be rewritten as

ẋ = Ax + B(t)z + H(t)x

ż = D(t)x +
1
J

w (12)

ẇ = −F

J
w +

λJγ

2γ2 + rFλJ2
D(t)x

with x = [̃ia, ĩb]T , z = eω, w = T̃L and, for all t ≥ t0
(Tp > 0), ‖A‖ = R

L + Ke, ‖B(t)‖ = kM
L , ‖D(t)‖ ≤ 2kM

λL

‖ḂT (t) + BT (t)H(t)‖ ≤ kMp
L |z|, ∫ t+Tp

t
BT (τ)B(τ)dτ =

kM
2Tp

L2 . System (12) complies with the hypotheses of
Lemma 1 reported in the Appendix by setting T =
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Tp and, consequently, the point (̃ia, ĩb, eω, T̃L) = 0
is locally exponentially stable with domain of attraction

A =

{
ζ ∈ �4 : ‖ζ‖ < 	

}
. From the second and

third equations in (8), according to Lemma III.1 in [11],
(̃id, ĩq) tend exponentially to zero for any initial condi-
tion [̃ia(t0), ĩb(t0), eω(t0), T̃L(t0)]T in A. Recalling the first
equation in (8), we can establish that, since, for any initial
condition [̃ia(t0), ĩb(t0), eω(t0), T̃L(t0)]T in A, (̃iq, eω, T̃L)
tend exponentially to zero, ω̃ is bounded and tends uni-
formly asymptotically to zero for any initial condition
[̃ia(t0), ĩb(t0), eω(t0), T̃L(t0)]T in A and for any saturation
value κ: in particular, the origin is a uniformly locally
asymptotically stable equilibrium point for system (8), (9)
with domain of attraction B.
Remark 1: If TL(t) is known, we may set

i∗q =
J

kM

[
F

J
ω∗ − kω(ω̂ − ω∗) +

T ∗
L

J
+ ω̇∗

]

˙̂ω = −F

J
ω̂ +

kM

J
iq − TL

J
+

1
λ

[
piq ĩd − pidĩq − kM

L
ĩq

]

φq = −R

L
i∗q − pω̂id − kM

L
ω̂ − J

kM

[
F

J
ω̇∗ − kω

(
˙̂ω − ω̇∗

)

+
Ṫ ∗

L

J
+ ω̈∗

]
(13)

in which T ∗
L(t) is the output of a stable, unitary gain, linear

filter whose input is the actual step load torque TL(t), so that
Ṫ ∗

L(t) is bounded and available for feedback. The closed loop
system becomes

˙̃ω = −F

J
ω̃ − kω(ω̃ + eω) +

kM

J
ĩq − T̃Lf

J

˙̃id = −
(

R

L
+ Ki

)
ĩd − peωiq

˙̃iq = −
(

R

L
+ Ki

)
ĩq + peωid +

kM

L
eω (14)

ėω = −F

J
eω +

1
λ

[
piq ĩd − pidĩq − kM

L
ĩq

]

where T̃Lf = TL − T ∗
L is an exponentially decaying signal.

Consider the positive definite function

Vn =
1
2

(
ĩ2d + ĩ2q

)
+

1
2
λe2

ω (15)

whose time derivative is given by

V̇n = −
(

R

L
+ Ki

)(
ĩ2d + ĩ2q

)
− F

J
λeω

2. (16)

The last three equations in (14) may be rewritten as (x =
[̃id, ĩq]T , z = eω)

ẋ = Āx + B̄(t)z

ż = −F

J
z + D̄(t)x (17)

with Ā =
[ −R

L − Ki −peω

peω −R
L − Ki

]
, B̄(t) =[ −pi∗q

pi∗d + kM
L

]
, D̄(t) =

[
p
λ iq, − p

λ id − kM
λL

]
. If we

choose i∗d(t) so that there exist two positive reals Ts, k such
that, for all t ≥ t0,

∫ t+Ts

t
B̄T (τ)B̄(τ)dτ ≥ kI , system

(17) complies with the hypotheses of Lemma 2 in the
Appendix by setting A = Ā, B = B̄, g = F

J , D = D̄,
T = Ts and the point (̃id, ĩq, eω) = 0 is uniformly globally
asymptotically stable and exponentially stable in compact
sets. Recalling the first equation in (14), we can establish
that, since (̃iq, eω) and T̃Lf converge exponentially to zero,
ω̃ tends exponentially to zero for any initial condition.

Remark 2: In practice, as confirmed by experiments in [1],
the most of the possible bias errors introduced by current
sensors and voltage actuators can be removed by using the
alignment procedures and the fact that, even in the presence
of voltage actuator bias errors, the alignment procedures
guarantee the convergence to zero of the quantities ϕ̇1 and
ϕ̇2 in (6).

III. SIMULATION RESULTS

A. Nonlinear control strategy

On the basis of the three theorems stated in Section 2,
we propose the following nonlinear speed tracking control
strategy: ”s-alignment” procedure (3) [0 ≤ t < ts]; ”c-
alignment” procedure (5) [ts ≤ t < tc]; adaptive controller
(6) [t ≥ tc].

B. Control performance

We tested the proposed control strategy (3), (5), (6) (ts =
0.3 s, tc = 0.6 s) by simulations with control parameters (the
values are in SI units) ucs = ucc = 24, kω = 100, Ke = 100,
Ki = 20, γ = J/9, λ = 0.2, κ = 9 for a permanent
magnet step motor with sinusoidal flux distribution, whose
parameters are: F = 0 Kgm2s−1, p = 6, J = 0.01 Kgm2,
R = 3 Ohm, L = 0.006 H, kM = 2 NmA−1. All
initial conditions of the motor and the controller (6) are
set to zero excepting θ(0) = 30 deg., îa(tc) = ia(tc) and
îb(tc) = ib(tc). The reference for current id was set to zero,
while the reference for speed was generated by using ramp
functions which were filtered using the third order linear

filter H(s) =
(

s
�0

+ 1
)−1 · ( s2

�2
0

+ 2 s
�0

+ 1
)−1

(�0=300
rad/s). The necessary first and second order derivatives were
obtained from the state space realization of the filter. The
load torque (2 Nm, the rated value) is applied at t = 0.63
s. The reference for speed along with the applied torque are
reported in Fig. 1. Figure 2, which shows the time histories
of the electrical angle [pθ] and the rotor speed for t ≤ tc,
illustrates the fast response of the alignment procedures,
while Fig. 3 shows the time history of rotor speed tracking
error for t ≥ tc and the (a, b) components of stator current
and stator voltage vectors.

IV. CONCLUSIONS

On the basis of stator currents and voltages measurements
only, an innovative nonlinear adaptive speed tracking control
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Fig. 1. Rotor speed reference signal and applied load torque.

Fig. 2. Electrical angle and rotor speed.

strategy has been proposed for a permanent magnet step
motor, relying on the new theoretical results (not based on
motor friction) stated in Theorems 1-3. Numerical simulation
results illustrate the closed loop performances and show the
effectiveness of the proposed solution.

APPENDIX

Lemma 1: Consider the system

ẋ = fx(t, x, z, w) = A(t)x + B(t)z + C(t)w + H(t)x
ż = fz(t, x, w) = D(t)x + E(t)w (18)

ẇ = fw(t, x, w) = F (t)x + G(t)w

where x(t) ∈ �n, z(t) ∈ �p, w(t) ∈ �m, fx(·, x, z, w)
is locally Lipschitz continuous, fz(t, x, w), fw(t, x, w) are
continuous and B(t) is continuous and differentiable with
respect to time for all t ≥ t0. Assume that, for all t ≥ t0,

1) A(t), B(t), C(t), D(t), E(t), F (t), G(t) are bounded,
with ‖A(t)‖ ≤ AM , ‖B(t)‖ ≤ BM , ‖C(t)‖ ≤ CM ,
‖D(t)‖ ≤ DM , ‖E(t)‖ ≤ EM ;

2) there exist two positive reals T, k ∈ �+, such that the
persistency of excitation condition∫ t+T

t

BT (τ)B(τ)dτ ≥ kI (19)

is satisfied;
3) there exists a smooth proper function V (x, z, w, t) and

suitable positive reals a1,a2,a3,a4,a5,pe ∈ �+, such

Fig. 3. Rotor speed tracking error and (a, b) components of stator current
and stator voltage vectors.

that

V (x, z, w, t) ≥ a1(‖x‖2 + ‖z‖2 + ‖w‖2)
V (x, z, w, t) ≤ a2(‖x‖2 + ‖z‖2 + ‖w‖2)

V̇ ≤ −a3‖x‖2 − a4‖w‖2 + a5‖w‖‖z‖
+

pe

8
k2e−4T ‖z‖2 (20)

and

a4 >
a2
5e

4T

pek2
+ 8pe(B4

ME2
M + B2

MC2
M )

pe <
a3

12(B4
MD2

M + B2
MA2

M + B2
M ) + B2

M

where T, k are defined in (19);
4) there exists a suitable positive real a6 ∈ �+ such that

‖ḂT (t) + BT (t)H(t)‖ ≤ a6‖z‖.
Then the origin of system (18) is locally exponentially stable
with an explicitly computable domain of attraction.

Proof: As in [10], consider the class of radially unbounded
functions

W (x, z, w, t) = V (x, z, w, t) + pe‖Qz − BT x‖2
(21)

where Q(t) is generated by the filter dQ(t)/dt = −Q(t) +
BT (t)B(t), with Q(t0) = e−T kI . By virtue of assumption
2, Q(t + T ) ≥ e−T

∫ t+T

t
BT (τ)B(τ)dτ ≥ e−T kI > 0.

Since ‖B(t)‖ ≤ BM , it is straightforward to deduce that

B2
MI ≥ Q(t) > ke−2T I. (22)

In view of hypothesis 3,

W (x, z, w, t) ≥ a1(‖x‖2 + ‖z‖2 + ‖w‖2)

+pe‖Qz − BT x‖2

W (x, z, w, t) ≤ a2(‖x‖2 + ‖z‖2 + ‖w‖2)

+pe‖Qz − BT x‖2
. (23)

By computing the time derivative of W (x, z, w, t), by virtue
of assumption 3, we have

Ẇ ≤ −a3‖x‖2 − a4‖w‖2 + a5‖w‖‖z‖
+2pe(Qz − BT x)

T
[QE − BT C]w

+2pe(Qz − BT x)
T
[QDx − Qz − BT Ax

−ḂT x − BT Hx] +
pe

8
k2e−4T ‖z‖2
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so that by adding and subtracting 2p(Qz − BT x)T
BT x in

the right hand side of the previous inequality, we obtain

Ẇ ≤ −a3‖x‖2 − a4‖w‖2 + a5‖w‖‖z‖
−2pe‖Qz − BT x‖2

+ 2pe(Qz − BT x)
T
[QE

−BT C]w + 2pe(Qz − BT x)
T
[QD − BT A

−BT ]x − 2pe(Qz − BT x)
T
[ḂT

+BT H]x +
pe

8
k2e−4T ‖z‖2

. (24)

By hypothesis 1, there exist two positive reals a7, a8 ∈
�+, such that a7 ≥ ‖QD − BT A − BT ‖2

and a8 ≥
‖QE − BT C‖2

. By completing the squares and rearranging
terms, we obtain

Ẇ ≤ −
[
a3 − pe(4a7 + B2

M )
]
‖x‖2 − pe

8
k2e−4T ‖z‖2

−
[
a4 − a2

5e
4T

pek2
− 4pea8

]
‖w‖2 − pe

2
‖Qz − BT x‖2

−2pe(Qz − BT x)
T
[ḂT + BT H]x. (25)

By virtue of assumptions 3 and 4, there exist three positive
scalars r1, r2, a6 ∈ �+ such that

Ẇ ≤ −r1‖x‖2 − pe

8
k2e−4T ‖z‖2 − r2‖w‖2

−pe

2
‖Qz − BT x‖2

+2pea6‖(Qz − BT x)‖‖z‖‖x‖. (26)

By completing the squares we obtain

Ẇ ≤ −
[
r1 − 4pea

2
6‖z‖2

]
‖x‖2 − pe

8
k2e−4T ‖z‖2

−r2‖w‖2 − pe

4
‖Qz − BT x‖2

. (27)

Let ζ = [x, z, w, Qz − BT x]T and ζs = [x, z, w]T ; since
(23) and (27) imply (s > 0)

‖ζ(t)‖2 ≤ max{a2, pe}
min{a1, pe} ‖ζ(t0)‖2

e−s(t−t0), ∀t ≥ t0

for any initial condition ζ(t0) ∈ �n+2p+m such that

‖ζ(t0)‖ < 1
2a6

√
min{a1,pe}r1
max{a2,pe}pe

, by virtue of (22) and (23),
we can finally establish that for all t ≥ t0

‖ζs(t)‖2 ≤ a2 + 2peB
2
Mmax{1, B2

M}
a1

‖ζs(t0)‖2
e−s(t−t0)

for any initial condition ζs(t0) belonging to the open ball

A =

{
ζs(t0) ∈ �n+p+m : ‖ζs(t0)‖

<
1

2a6

√√√√ min{a1, pe}r1

pe

(
a2 + 2peB2

Mmax{1, B2
M}

)
}

.

Lemma 2: Consider the system

ẋ = fx(t, x, z) = A(t)x + B(t)z
ż = fz(t, x) = −gz + D(t)x (28)

where x(t) ∈ �n, z(t) ∈ �p, fx(t, x, z), fz(t, x) are
continuous, g is a non-negative scalar and B(t) is continuous
and differentiable with respect to time for all t ≥ t0. Assume
that, for all t ≥ t0,

1) A(t), B(t), D(t) are, with ‖A(t)‖ ≤ AM , ‖B(t)‖ ≤
BM , ‖D(t)‖ ≤ DM and Ḃ(t) is bounded, with
‖Ḃ(t)‖ ≤ ḂM ;

2) there exist two positive reals T, k ∈ �+, such that the
persistency of excitation condition∫ t+T

t

BT (τ)B(τ)dτ ≥ kI (29)

is satisfied;
3) there exists a smooth proper function V (x, z, t) and

suitable positive reals a1,a2,a3 ∈ �+, such that

a1(‖x‖2 + ‖z‖2) ≤ V (x, z, t) ≤ a2(‖x‖2 + ‖z‖2)
V̇ ≤ −a3‖x‖2

. (30)

Then the origin of system (28) is globally exponentially
stable.

Proof: Arguments similar to those adopted in the proof of
Lemma 1 can be used.
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