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Abstract—This paper proposes a novel scheme of state
compensated iterative learning control (ILC) for trajectory
tracking of piezoelectric systems. The new ILC scheme adds a
state compensation term to the conventional Arimoto-type ILC
formula. The state compensation term is based on the
difference of tracking error between the current and previous
iterations. With the aid of this state compensation, iterative
learning control can therefore take effect more precisely as
desired. Further, the addition of the current error in the
compensation term can also serve the role of feedback control
to stabilize the system. The new ILC scheme keeps the
simplicity feature of conventional iterative learning control that
no model is required for control purpose. Experimental results
demonstrate that a piezoelectric actuator using the proposed
learning scheme can achieve error convergence in about three
to five iterations, and keep steady-state tracking errors
reaching the system noise level.

I. INTRODUCTION

Piezoelectric actuators have been widely used for
precision positioning in various engineering fields, such as
positioning of masks in microelectronics, positioning of
mirrors or lenses in optics, and positioning of diamond tools
in mechanical engineering. A piezoelectric actuator is made
of ferroelectric ceramic materials, typically lead, zirconate
and titanate (PZT) compounds. Driven by a dipole electrical
field, the crystal structure of the PZT material is polarized
and deformed, which results in the excited displacement of
the PZT actuator. After removal of the applied electric field,
however, residual polarization or displacement remains
within the material. Under cyclic driving, the piezoelectric
actuator therefore exhibits nonlinear relations between the
input voltage and the output displacement, which is the
well-known hysteresis loop.

The nonlinear phenomena of piezoelectric actuators have
attracted a lot of research over the past years. Various control
schemes have been proposed to compensate for the nonlinear
behaviors of piezoelectric systems. Many schemes were
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inversion based by using inversions of certain hysteresis
models, e.g. the notable Preisach model, in the feed-forward
path [1], and/or the PID control or the like in the feedback
path [2]. More complex control methods such as H-infinity,
neural sliding-mode control, etc. were also reported [3]-[4].
All such endeavors have attempted to reduce tracking errors
of piezoelectric systems to about 1~5% of stroke lengths.

Some studies changed their strategies to other easier
approaches such as the iterative learning control (ILC),
which is simple and requires no models for controlling
repetitive tasks. The ILC theory has been developed for
decades and also been applied to various tasks that are
repetitive in nature [5]. A few ILC applications in the
literature are relevant to our research of piezoelectric
actuator tracking, and are briefed as follows. In [6], the basic
p-type ILC was used for piezoactuator tracking. Its tracking
performance for a slow monotonic trajectory was excellent,
though the tracking of a sinusoidal trajectory seemed less
impressive. In [7], the basic p-type ILC was applied to track
noise disturbed trajectories for a piezoelectric stage under
PID control. It further introduced a disturbance observer to
improve tracking accuracy. In [8], a current error assisted
ILC scheme was used for position tracking of a piezoelectric
motor. It improved tracking errors drastically, compared to a
traditional PI controller. In [9], the current authors proposed
a model-based ILC algorithm that learns the model error
iteratively. The model-based ILC achieved good
performance on piezoactuator tracking, but it requires a
model of the system for tracking control.

In this study, we propose a state compensated iterative
learning control (SCILC) scheme for trajectory tracking of
piezoelectric actuators. The conventional ILC theory is
based on some assumptions such as the identical initial
condition and the Lipschitz condition. In practice of tracking
nonlinear systems such as piezoelectric actuators, however,
initial conditions on different iterations may vary
substantially, and the Lipschitz condition may not be
satisfied either. The conventional ILC may thus not succeed
in tracking control as expected. For this regard, we introduce
the concept of using state compensation to modify the
conventional ILC. With this state compensation, the
conventional ILC can offset the state difference between the
current and previous iterations all the time, and therefore
learn from the previous iteration as desired. Furthermore,
this state compensation depends only on tracking errors of
the two iterations; no system model is required.

In addition to the proposal of an ILC algorithm, an

5826



important issue is filtering of tracking errors. In practice of
ILC, it is typical to filter the error data acquired during the
previous iteration, so that good transients and learning
robustness can be achieved [10]. This error filtering is
especially important when iterative errors approach the
system noise level. In this situation, if there is no proper error
filtering, ILC might be learning or amplifying system noises
rather than error signals. Longman [11] maintains that long
term stability is a serious issue in iterative learning control
and suggests using zero-phase filtering as one treatment in
this regard. Hence, the design of zero-phase filtering is
included in this study.

Another important issue is convergence analysis of the
proposed ILC algorithm. We can approach it in frequency
domain, and thus derive a formula for the convergence
bandwidth. Theoretically, the cutoff frequency of zero-phase
filtering should fall within the convergence bandwidth, so
that tracking errors can converge monotonically for all
frequencies below cutoff. On the other hand, the cutoff
frequency can be selected to cover significant signal spectra
of tracking errors rather than noises, so that significant error
signals instead of noises can be learned by ILC. For
nonstationary tracking errors, a time-frequency analysis
(TFA) of errors can be adopted in this regard.

The following paper consists of major sections covering
the proposed SCILC theory, the error filtering issue,
convergent analysis, time-frequency analysis of tracking
errors, and an experiment.

II. STATE COMPENSATED ILC

Piezoelectric actuator systems are nonlinear and can be
characterized by substantial hysteresis behaviors. Applying
ILC to tracking control of piezoelectric actuators is attractive
since it requires no complicated model of a piezoelectric
actuator system. In this section, we review briefly the basic
Arimoto-type ILC, a typical current error assisted ILC, and
then introduce the novel state compensated ILC.

In discrete-time, the basic Arimoto-type ILC has the
formula

u(n)y=u, (n)+Le_(n+1) (D
and the current error assisted ILC has a typical formula [8]
u(n)y=u,_ (n)+Le_ (n+1)+K e(n) 2)

In the above formulae, u is the input command, e is the
output error between the desired and measured output, L is
the learning gain, K, is the proportional gain, n is the time

step, and the subscripts i and i—1 are iteration indexes for
the current iteration and the previous iteration, respectively.
In theory, error convergence of conventional ILC for
nonlinear systems can be proved by assuming certain
conditions. In practice of ILC, however, these assumptions
may not be satisfied on all iterations, and thus experiments
may not yield desired results.

To solve this problem, we propose a state compensated
ILC scheme by adding a state compensation term to the
Arimoto-type ILC. This state compensated ILC has the
update formula:

u(n)=u,_(n)+Le_(n+1)+ K[ei(n) - eH(n)] 3)
where K is the compensation gain. The K-term , i.e.
K[e(n)—e_ (n)], is designed to offset the state difference

between the current and previous iterations at any time # .
With this state compensation, the Arimoto-type ILC can
therefore control tracking of piezoelectric actuators more
precisely. The SCILC compensates for state difference all
the time, and is thus not restricted by assumptions imposing
on conventional ILC for error convergence. Moreover, the
current error e(n) in the K-term can also function as
feedback control to stabilize the system. It is similar to the
role of the current error e,(n) in (2).

III. FILTERING OF TRACKING ERRORS

In the above ILC formulae (1), (2) , and (3), the learnable
error term is e, ,(n+1) which is the error output caused by
the input u, ,(n) in the previous iteration. This error term is
naturally contaminated by input and output disturbances in a
real system, and should be filtered before ILC learns it in the
current iteration. Let é_,(n+1) denote the filtered output of
e, ,(n+1) . Then we have the ILC implementation equations
u(n)y=u, (n)+Le_(n+l), 4)
u(n)=u,_(n)+Le (n+1)+K e(n), ®)]

and wu,(n)=u, (n)+Le_(n+1)+ K[e,. (n)— eH(n)] , (6)
for the Arimoto-type ILC, the current error ILC, and the

SCILC, respectively. In (5), we do not filter the current error
e,(n), since such filtering will cause certain phase delay to
the current error, which is not desirable. Similarly in (6),
e,(n) is not filtered, and thus neither its counterpart e, (7).

Filtering e, (n+1) with no phase delay, i.e. zero-phase
filtering, is briefed as follows. In this paper, let /', Q, f,
and o denote the analog frequency (Hz), the analog radian
frequency (rad/sec), the digital frequency (cycle/sample),
and the digital radian frequency (rad/sample), respectively.
An ideal linear-phase filter with a desired cutoff frequency
o, and a phase delay of (N —1)/2 can be shown to have an

impulse response [12]
sin(n— E)wﬁ
N-1, ~

wn=—3")

By using a window such as the Hamming window to truncate
the ideal /,(n) , one can implement the linear-phase filtering

hd(n) =

—o<n<o

on a practical filter of a length N that has an impulse

5827



response as

(7

. N-1
. j sin(n — T)a)C
-1

where n e[0, N —1]. Zero-phase filtering of e, (n+1) can

h(n) = (0.54—0.46005

be then realized using
N-1

é_ (n+)=h(n)*e_(n+1+

) ®)

where the notation * means convolution and the filter length
N is assumed an odd length.

IV. CONVERGENCE ANALYSIS OF SCILC

Convergence analysis of the SCILC based on its
implementation equation (6) can be approached in frequency
domain. First, by inserting (8) into (6), one obtains

u(n)= u_(n)+K|[e(n)—e_(n)]

N - 1) ©)

Performing z-transform of (9) leads to
U(z)= U_(2)+ K[Ei (z2)- Ei—l(z)]
+LH(Z)ZH(N71)/2EI.71 (2)
Evaluating (10) on the unit circle z =e
frequency domain expression

U= U (D+K[E()-E_ (/)]
+LH(f)ej2/zf[1+(N—1)/Z]Eiil(f)

Here, the frequency response of a linear-phase filter such
as (7) can be shown as

H(f)= e, {h(—N Z‘IJ

+(N§/22h(n)cos 27rf(N 2_1 —nj}

n=0

+Lh(n)*e_(n+1+

(10)

727/ gives rise to the

(In

(12)

where f = /2x . Then, substituting (12) into (11) gives

Ui(f) = Ui—l(f)+K[Ei(f)_Ei—l(f)]
+Le~f2”~”E,-1(f>x{h(%j 13)
+(N§/22h(n)cos 27rf£N2_1 —nj}

Rearranging (13) yields

UH)=U_ N+ fo (NIE_(f)+ G/bE,'(f) (14)

where

G,=K (15)
G, ()= —-K+Le"*™ {h(%}
(N=3)/2 N-1 (16)
+ Z 2h(n)cos27rf[ 2_ —nj}

Since the linear-phase filter in our design is symmetric, i.e.
h(n)= h(N —1-n), one can rewrite (16) as

G,(f)= -K+Le"*
N-1 _ 1
x Y h(n)cos Zﬂf(%—nj 1n

n=0
Now, by assuming the plant is linear and has a transfer
function G,(f), the output Y,(f) in iteration i is

Y.()=G,(NHU.(f) (18)
Hence
E(f) =Y,(/)-G,(NHU(S) (19)

where E;(f) is the error and Y,(f") is the desired output.
Similarly, for the previous iteration i —1,

E(f) =Y,(/)-G,(NHU.(f) (20)
Then, inserting (14) into (19) leads to

E()= [Y,(H-G, (N (]
=G, ()*[G,(NE()+GLE(f)]

Substituting (20) into (21) reduces to
E(f)= E_(/)-G,())
x| Gy (NE () +GLE(f) ]
Rearranging (22) produces
E(f) _1-G,(/)G,(f)
E_(f) 1+G,G,(f)
Ideally, learning errors will delay monotonically if
1-G,(f)G,(f)
1+G,G,(f)

By substituting (15) and (17) into (24), one obtains the
convergence criterion:

l[A(f)|<1 Vv f (25)
where

A(f) =
s N-1 N _ 1
LG, (f)e™ Y h(n)cos 2z f (2 - nJ (26)

1 _ n=0

1+KG,(f)

is the convergence argument.

In many situations, however, (25) may not hold for all
frequencies. Instead, the inequality may be valid only for
frequencies below certain threshold. Hence, we define a
convergence bandwidth f, as the threshold frequency that

@n

(22)

(23)

<l ,vf 24)

satisfies

()] =1 27)
If (27) has multiple real roots, then f, is the minimal
positive root; if (27) has no real root, f, is assigned as the

Nyquist frequency. It is obvious that one should pick up a
filter cutoff frequency that satisfies the inequality condition

J. </, (28)

for error convergence.
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V. TIME-FREQUENCY ANALYSIS OF TRACKING ERRORS

Convergence analysis of the SCILC imposes the
convergence bandwidth as the upper bound of the cutoff
frequency for filtering. In practice of ILC, we can select a
cutoff frequency somewhere below the upper bound, such
that the signal part of tracking errors is kept whereas the
noise part is filtered out. Distinguishing the signal part from
the noise part can be accomplished by analysis of tracking
errors. To analyze nonstationary data such as tracking errors,
representative methods are Short-Time Fourier Transform
(STFT), Wavelet Transform (WT), and Wigner-Ville
Distribution (WVD). In general, the WVD can characterize
time-dependent spectra of the data better than STFT and WT
[13], but it has the drawback of cross-term interference.
Nevertheless, the interference problem can be treated by
WYVD variations, such as the notable smoothed pseudo WVD
[13]. Referring to ILC studies using time-frequency analysis
such as [14], we adopt the WVD for analysis of tracking
errors. Three basic properties of the WVD are as follows.

The WVD of a signal x(¢) is defined as

T\ * T —j2nFt
mqujiﬂuzya—zy dr (29)

From W _(t,F), the instantaneous frequency (IF) of x(¢) can
be recovered as

fmmFmﬁ
R ——

[ w.e.FF

Due to the frequency marginal property of the WVD, the
energy density spectrum (EDS) of x(¢#) can be obtained by

XF) = [ w.(,F)a (31)
af =]

Computation of the WVD for discrete-time signals can be
made with the aid of TFA toolboxes such as [15].

(30)

VI. EXPERIMENT OF SCILC

The experiment platform includes a piezoelectric system,
a data acquisition card, and a personal computer. The
piezoelectric system consists of a power amplifier (input
—1v to +5v, amplification 30), a piezoelectric actuator
with a built-in strain gauge (input —30v to +150v , output
—8um to 40um ), and a sensor circuit (sensor output

+0.2v to —1v ). The data acquisition card has 12-bit A/D
and D/A converters (sampling rate 100kS/s maximum for
input and 1kS/s maximum for output).

The major control task was tracking of a sinusoidal
trajectory with a frequency 10Hz and a stroke length 32 um .

The desired sinusoidal trajectory had total 50 samples with a
sampling rate of 500 samples per second, and was tracked for
five cycles per iteration. Besides the initial iteration, there
were total 100 learning iterations. Here, the ILC controller
was designed as follows.

A. TIterative Learning Controller Design

1) Learning Gain and Compensation Gain

To simplify our experiments, we decided to assign the
compensation gain K a value equal to the learning gain L,
i.e. K=L.We calculated the nominal feed-forward gain g

of the system, which was —1/5 due to the conversion from
the power amplifier input of +5v maximum to the sensor
output of —1v maximum. We then took g™',i.e. =5, as the
value for both the learning gain and the compensation gain in
the experiments.
2) Convergence Bandwidth

One can plot the frequency response of the
convergence argument A(f) according to (26), if
L,K,G,(f),N,and h(n) are all known. In the previous
subsection, both L and K were assigned as —5 . Further, as

described in the following two subsections, the filter length
N and the cutoff frequency f, will be designed as 35 and

0.15, respectively. The filter impulse response /(n) can be
thus derived. Therefore, once the frequency response of plant
G,(f) 1s known, the Bode plot of A(f) can be obtained.
In Fig. 1-a, we show two Bode plots of A(f) . One plot is
based on G,(f) equal to the nominal feed-forward gain g,
i.e. —1/5. The other plot is based on a rough estimation of
the system transfer function [9]
A —0.0823¢ 77" ~0.0068¢ " +0.0564¢ 1/
Gp (f ) = —janf
1-0.873e
One can observe from Fig. 1-b, which is a zoom-in plot of
Fig. 1-a, that the convergence bandwidth is about 0.2:
f, =02

no matter G,(f) equals g or Gp f.

(32)

(33)

3) Filter Length

In general, the FIR filter has an inverse relationship
between the filter length and the transition bandwidth: the
longer the filter, the narrower the transition, or vice versa. An
empirical formula between them, for a Hamming window
based FIR filter, is given by [16]

N~ 3.47

t

where f, is the width of the transition band. Here, we chose

(34

a simple value 0.1 as the transition bandwidth, i.e.

f,=0.1 (35)
Hence by inserting Equation (35) into Equation (34), one
obtains a reasonable filter length

N =35

4) Cutoff Frequency

To determine the cutoff frequency of zero-phase filtering,
different approaches were proposed. For example, [17]

(36)
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adopted the —3dB frequency of the desired system function
as the cutoff frequency, whereas [18] proposed a scheme of
iteration-varying and time-varying cutoff frequencies up to
the convergence bandwidth under a phase lead learning
control. In our design, we determined the cutoff frequency by
using both time-frequency analysis and convergence
bandwidth analysis of tracking errors, as follows.

Applying the WVD equations (29)-(31) and the smoothed
pseudo WVD variation to tracking errors under different
control regemes [9], we obtained figures on WVDs, and IF
and EDS estimations of tracking errors. Fig. 2 is a typical
figure that depicts the smoothed pseudo WVD analysis
results of tracking errors during a learning iteration. From
Fig. 2, one can observe that tracking errors have major
frequency components located in two separate bands: a
lower-frequency band below a frequency of about 0.1, and a
higher-frequency band above a frequency of roughly 0.15.
We can reasonably assume that lower-band errors were
correlated to input signals, while higher-band errors were
caused by system disturbances.

Judging from the convergence bandwidth equation (33)
and the WVD analysis above, we chose, for simplicity, 0.1 as
the edge frequency of the filter passband. This implies an
edge frequency of the stopband at 0.2 since the transition
bandwidth is 0.1 (35). Following the convention in the signal
processing toolbox of MATLAB, the cutoff frequency of the
Hamming windowed FIR filter is defined as the —6dB
frequency, and thus

f.=0.15 37)
This result satisfies the inequality (28) for error convergence.

B. Experimental Results

Fig. 3-a plots typical RMS errors of total 100 SCILC
iterations. From Fig. 3-a, one can observe that tracking errors
converge within about 3~5 iterations and the converged
RMS errors are around 0.25% of the actuator stroke length.

In contrast, tracking experiments using conventional ILC, i.e.

the Arimoto-type ILC formula (4) and the current error
assisted ILC formula (5), have typical errors shown by Fig.
3-b. The solid line in Fig. 3-b indicates that steady-state
tracking errors of the Arimoto-type ILC vary considerably

around a mean value of about RMS 0.5% of the stroke length.

Moreover, as shown by the broken line in Fig. 3-b, the
current error assisted ILC using K, =-5 has a tracking

error curve that first converges in a couple of iterations and
then diverges abruptly. By comparing Fig. 3-a with Fig. 3-b,
it is obvious that the new state compensated ILC scheme
outperforms conventional ILC substantially.

It is reasonable to estimate the root-mean-square value of
system uncertainties to be about 0.2%, as considering the
strain gauge accuracy and the ADC and DAC accuracies.
Therefore, we conclude that, on trajectory tracking of the

piezoelectric system, our proposed control scheme is
effective for achieving fast error convergence in several
iterations as well as for keeping long-term stability of
tracking errors close to the background noise level.

Fig. 3-a is a typical experimental result based on the ILC
controller parameters L , K, f., and N equal to the

design values of =5, =5, 0.15, and 35, respectively. In
experiments using different parameter values, we could still
obtain similar results for tolerances of these parameters
being at least £2, +2, £0.05, and £20, respectively. This
means that the proposed ILC controller is quite robust in
terms of controller parameter variations.

VII. CONCLUSION

A novel state compensated ILC scheme successfully
carries out trajectory tracking of a piezoelectric system. It
achieves fast learning transition in about three to five
iterations, and keeps long term stability of tracking errors
reaching the system noise level. Besides learning the
learnable error as the conventional ILC does, this state
compensated ILC employs the difference of tracking error
between the current and previous iterations to compensate
for the difference of state between the two iterations at any
time. The scheme adopts an FIR filter for attaining
zero-phase low-pass filtering of tracking errors. The cutoff
frequency of the filter is decided by using both the WVD
time-frequency analysis and the convergence bandwidth
analysis of tracking errors. Future work will focus on
high-order ILC to further enhance noise immunity on
tracking control.
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