Proceedings of the

44th IEEE Conference on Decision and Control, and
the European Control Conference 2005

Seville, Spain, December 12-15, 2005

TuA16.6

Robust Stabilization of Jump Polytopic Systems via Output Feedback

Pavel Pakshin and Igor Mitrofanov

Abstract— The paper considers a class of systems composed
of a finite set of linear plants with jumping transition between
them determined by a homogeneous Markov chain. Each
state of this chain corresponds to some mode of the system.
Necessary and sufficient conditions for robust stabilization
against polytopic uncertainty of modes and for simultaneous
stabilization via output feedback are obtained. Some algorithms
for computation of gain matrices of stabilizing controllers
are given, along with an illustrative example. The algorithms
effectively use LMI solvers.

I. INTRODUCTION

In modern control engineering there exists a wide class
of dynamic systems with random jumping changes of their
structure or parameters such as aerospace systems, manu-
facturing systems, economic systems, etc., see, for example
[2,9,13] and the references therein. These random changes
may result from abrupt phenomena such as component and
interconnection failures, parameters shifting, tracking and/or
variation in the time frame of measurements. Systems of this
type may be modeled as hybrid ones with many operating
modes. Each mode corresponds to an individual deterministic
or stochastic dynamic. Switching of the system modes is
governed by a Markov process with a finite set of states
N={1,2,...,v} (Markov chain). When the mode i € N is
fixed the plant state evolves according to the corresponding
individual dynamic. The state space of such systems is
naturally hybrid: to the usual plant state in R” we append a
discrete variable taking values in the set N.

The problem of stability and stabilizing control for jump-
ing systems and their robustness has been intensively ex-
ploited over many years. Without any intention of being
exhaustive here we quote [2,9, 13] and the references therein.

One of the most important open questions in control
theory is the output feedback problem including static output
feedback [4,6,7,12,14,17] despite the fact that the static
output feedback represents the simplest closed loop control
that can be realized in practice. There exist necessary and
sufficient conditions for output feedback stabilization [4,7,
12, 14] but these conditions are not readily implemented as
numerical algorithms, except [4] in which an iterative LMI-
based algorithm is proposed, and [18].
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The major difficulty arises from the non-convexity of the
static output feedback solution set [7], which renders it a non-
trivial computational task, analytical and computational alike.
For the fixed-order dynamic output feedback the problem can
be formulated exactly the same way as in the static output
feedback case and has the same difficulties. However if we
do not fix the controller order a priori then the set of solutions
can be characterized by a convex set [7, 17].

The problem of output feedback becomes more difficult
as one attempts to find robust stabilizing control. In the case
of jumping systems we have especially weak development
of the methods of solving this problem [13, 15, 16]. In view
of these facts the goal of this paper is to obtain necessary
and sufficient conditions for robust and simultaneous stabi-
lization via output feedback for jump systems with polytopic
uncertainties.

Parametrization of the set of stabilizing controllers is
of great importance as it allows additional performance
specifications to be incorporated into control design, with
guaranteed closed-loop stability, by choosing the free pa-
rameters in the parametrization [7,16]. The results of the
parametrization obtained in [16] are effectively used in this
paper.

The paper is organized as follows. In Section II we give
a mathematical description of the considered system. In
section III main notations and definitions are introduced
and some parametrization results are formulated. In section
IV necessary and sufficient conditions for robust and si-
multaneous stabilizations via output feedback are obtained.
The results of section IV and the parametrization results
allow us to formulate algorithms for computation of the gain
matrices of robust stabilizing and simultaneously stabilizing
controllers. These algorithms effectively uses LMI solvers
and are presented in section V. An example is given in section
VL

II. SYSTEM DESCRIPTION

Consider a linear system described by the following equa-
tions:

p(t) = Ap(r(t))z(t) + By(r(t))uy(t), (1)
Yp(t) = Cp(r(t))zy(t), t >0, 2
xp(7) = Ppijzy (T — 0), (3

where x,, € R"» is the state vector, u, € R™» is the control
vector, y, € R*» is the output vector, r(t) is a homogenous
Markov chain whose state space is a set of integers N =
{1,2,...,v} and transition matrix P(8) = [P;;(6)]¥
[Prob{r(t +6) = j | r(t) = i}]y = exp(Il§), 0 < ¢t
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t + 0, II = [Wij]lf with g Z 0, _] 7& Z.,’IT“' = 725;&1 Tijs
T >ty is the moment of discontinuous mode change, i.e. the
moment of transition from r(7 — 0) = i to r(7) = j # 4,
®,,i,(i,j € N) are n, x n, constant matrices, such that
®,,;; = I. For each possible value of the process r(t) € N we
write A,(r(1) = i, By(r(t)) = By, Cylr(t)) = Cpa.
when 7(t) = ¢. These matrices have compatible dimensions
and correspond to the different modes of the system.

Consider a fixed-order linear dynamic output feedback
controller in the form of following equations

Ze(t) = Acize(t) + Bayp(t), if r(t) =1, )
up(t) = Coixe(t) + Deiyp(t), if r(t) =4, (5)
where z. € R™ and matrices A.;, B.;, C.; and D.; have

compatible dimensions.
The system (1)—(5) can be written as

(1) A(r(t)z(t) + B(r(t))u(?), (6)

y(t) = Cr@)z(t), t=>0, (7)

z(r) = ®z(r—0), ®)

u(t) =Gy(t), if r(t) = )

where z = [zg 2T e R, w e R™, y € R¥, n =

Np +Ne, m = my +ne, kb = Kk, + ne ®;; =
diag(®pi; In,] if (7 —0) =14, r(1) =j and

Ay 0 | By O

Ai{é’ O},Bi{é) In]

o Cpi 0 o Dci Cm
Ci_ |: O Inc :| 7Gl__ |: Bci Aci :| ’
It is easy to see that this model gives a common description

for systems with both static and fixed-order dynamic output
feedback.

III. PRELIMINARIES
A. Main notations and definitions
For every ¢ € N the plant state space of the system (6)

can be presented in the form of the following partition

R™ = Im(C}") @ Ker(C;), (10)

where Im(C) and Ker(C;) are orthogonal subspaces. For
any x € R™ we can write

T = T+ K,
where 71 € Im(C}) and zk € Ker(C;). Define the matrices
Ex(i) = CFCi, Ex(i) =1 — Ex(i), (1)

where C; is the Moore-Penrose inverse of C;. According to
the partition (10) the matrices (11) are projection matrices
on Im(CY) and on Ker(C;) correspondingly. These matrices
are symmetric and unique. We use the notation X+ for full
rank matrix orthogonal to X. The matrix X~ exists if and
only if X has linearly dependent rows and for a given X the
matrix X is not unique.

Definition 1: The system (6) is said to be mean square
stabilizable (MSS) via output feedback if there exists a
control law in the form of (9) such that the system (6)—
(9) is exponentially stable in the mean square, i.e. for any
g = x € R*, rg = ¢ € N, t > 0 and for some
a > 0, B > 0 the following inequality holds [10]:

Elll ) Pl 2o =, ro =] <
Bl @ |I* exp(—a(t —to)), t = to,
where £ is the expectation operator.

An important role in the sequel along with the output
feedback control (9) plays also the state feedback control

u(t) = —K(D)a(t), if r(t) =i. (12)

Definition 2: The control law (9) is said to be stabilizing
control if it guarantees MSS of the closed loop system (6)—
).

Definition 3: The control law (12) is said to be stabilizing
control if it guarantees MSS of the closed loop system (6) —
(8), (12).

B. Parametrization of stabilizing controllers with state feed-
back

Define the following set
Ly = {H; :HiT > 0, dK; such that
(Ai = BiK:)" Hi + Hy(A; — BiK;) +

v
> mi®LH;®i; <0, i € N},
j=1
The following theorem gives a characterization of the set of
matrices of Lyapunov’s functions £, and a parametrization
of stabilizing state feedback gains.
Theorem 1: Let the matrices H; (i € N) are given. Then
the following statements are equivalent.
1) HZ'GL:S, 1 €N;
2) H;, (i € N) is a positive definite solution of the set
of coupled matrix quadratic equations

ATH, + H;A; — H;B;R; "Bl ' H; +
Zﬂij(b?jHj¢ij + Qz =0
j=1

for some @; > 0 and R; > 0, (i € N);

3) Hi > 0 (i € N) and these matrices satisfy the
inequality

Bir(AH; '+ H VAT +

H7 ' H;®;;H "B <0,

Z mijH,

if B;BI #0,

All the stabilizing state feedback gains are given by
_1 1

K;=R;'Bl'H, + R, > A\;Q?,

where the matrices H;, ();, R; are the ones in 2. and A; is
an arbitrary matrix such that || A; ||< 1.
The proof is given in [16].

i € N.

i €N, (13)
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IV. ROBUST AND SIMULTANEOUS STABILIZATION VIA
OUTPUT FEEDBACK

A. Robust stabilization of the systems with polytopic uncer-
tainty of modes

Consider the case when in each fixed mode the matrices
of the system are not exactly known. Assume that for each
mode 1 € N

QO =[A; Bij] € Co{[Aiy Bigl,q=1,..,N}, (14)

N
or in other words §; = > X\;;€;, for some 0 < Xy <
q=1

N
>. Ay = 1, where the N vertices of the polytope are
q=1
described by
Qig ={[Aig Bigl,a=1,..,

Definition 4: The control law (9) is said to be robust
stabilizing control for the system (6), (7) with the polytopic
uncertainty (14) if it guarantees stochastic quadratic stability
of this system i.e. there exist symmetric and positive definite
matrices H;, (¢ € N) such that for all [A; B,| satisfying
(14) the following inequalities hold:

N}, ieN

(Ai — BiG;Ci)" H; + Hi(A; — B;GiC;) +

N
Zﬂ'ijq)g;'Hj(I)ij <0,i€eN.
j=1

15)

This control is said to be nonswitching robust control if G; =
G (i € N).

It is well known [3] that these conditions hold if and only if
there exist symmetric and positive definite matrices H;, (i €

N) such that
(Aiy — BiyGiC) H; + H;(Aiyy — BiyGiC;) +

> @l H®; <0,i€N, ¢=1,..,N.
j=1

(16)

Lemma l: Let z, y, 2 € R, z = z+vy, 2ly =
0, z € Im(B7T), y € Ker(B), TAa: <2"Bz, yTBy <0,
where A = AT and B are some matrices of corresponding
dimensions.Then

2T Az < 2Y(BTB + pI)z,

where 5 =2 || A|.
The proof is given in [15].

Theorem 2: The system (6), (7) with the polytopic un-
certainty of modes (14) is robust stabilizable via output
feedback if and only if there exist matrices M;, = qu,
Ry = Rz; > 0 and L;, such that the system of matrix

quadratic equations:
Al H; + HiAijg — H;BiyR; ' BigH; +

> @l H® + Mig=0,i€N, ¢=1,...,N
j=1

a7

has a positive definite solution H; = H, satisfying the
relations

(Aig — BigKiq)" Hi + Hi(Aig — BigKiq) +
> my®LH iy —
j=1

StKig— Kl Sig<0,i€N, ¢g=1,...,N, (18)

R (Bl Hi + Lig) = R\ (Bigy1 Hi + Ligi1),
ieN, g=1,...,N—1, (19

where

Siq = LigEr(i) — B-THEK(‘) (20)
Kig = R;;'Bl,H (1)

The corresponding robust output feedback control has the
form (9) where the gain matrix is defined by the formula

G; = R;,' (Bj,H; + Lig)C;t (22)

for arbitrary fixed ¢ € {1,...,N}.

Proof:  Necessity. Let the system (6), (7) with the
polytopic uncertainty of modes (14) be robust stabilizable
via output feedback. Then without a loss of generality we
can suppose that there exists a matrix ©; = G;C;F;(i) =
k;Er(7) and a positive definite matrix H; (¢ € N) such that
for all z € R™

2" [(Aiq — Big©:)" Hi + Hi(Aiq — Big©;) +
Z?Tij‘l)z;-qu)ij]x <0,
j=1

ieN, ¢g=1,...,N. (23)
If z € Ker®; then from (23) we have
T AT S T
x [Aqui + HiAiq + Zﬂ'ijq)injq)ij]x < 0.
j=1
ieN, ¢g=1,...,N. (24)
Define for each ¢ € N the scalars « as follows
Y= wEIm@Izr‘l,%):(L...,N J?T@T@‘I
i OLH;®,
I
2TeT @Zq

From the result of Lemma 1, (24) and (25) we obtain that

IT[AZ;Hy + H,Am + Z Wij(pz;Hj(I)ij]x <
j=1
azl Er(i )H ki Er(i)x +
ﬂiqux, reR” ieN, ¢g=1,...,N,
where «; > max(0, o) and [, is defined as in Lemma 1.
Thus, for any symmetric matrix R;; > o1, we have

SCT[AZ;HZ + HzAzq + Zﬂl](pz;H]q)lj]l’ <
j=1

TEI( )”i qu’ﬂEl( ) +

ﬁiqux, reR", 1eN, ¢g=1,...,N.
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This inequality implies the existence of a symmetric matrix
Qiq (i € N), ¢ = 1,..., N, satisfying the system of the
matrix equations

Al H; + H;Aiq — Er(i)s] Rik; Er(i) +

> mi®LH;®i 4+ Qig=0,i€N, g=1,...,N. (26)
j=1

Let us define L;; = Rigk; — Bl-Tqu, then the equation (26)
can be rearranged as
Ag;Hi + H; Ay —
E1(i)(HiBiq + Ljp) Rig' (BY Hig + Lig) Ex (i) +

> ()P H;®ij + Qig =0, i €N, ¢=1,...,N, (27)
j=1

moreover ©; = Ri_ql(Liq + Bl H;)E/(i). Because ©; inde-
pendent on ¢ it follows from definition of L;, that equations
(19) hold and G; is given by formula (22). Rewrite (27) in
the following equivalent form

(Aiq — BigGiCi)"H; + Hi(Aiq — BigGiC;) +
Z mi; L H; @5 + H; By R; ' BLH; — SERTS;q +

Jj=1

Qig=0,7€N, ¢g=1,...,N. (28)
Taking into account (23) it is easy to see from (28) that
H;BiyR;,' BLH; — ST R, Siq + Qig > 0,

ieN,g=1,...,N. (29)
On the other hand
(Aig — BigKiq)"Hi + Hi(Aig — BigKiq) +
Z,]Tij@z;Hj(I)ij — SZ;K“] — KZ;SUJ ==
j=1
—(H;BiqR;' Bl,Hig — S} R;.' Sig + Qig)- (30)

It follows from (29), (30) that the inequalities (18) hold.
The equations (27) are equivalent to (17) with M;, = Q;, —
SLKiq — K Siq.

Sufficiency. Let (17) — (19) are valid and G(7) is given
by (22). Then substituting (20), (21) in (18), and taking into
account (11), (22) we obtain

0> (Alq - Bquiq>THi + Hi(Aiq - Bquiq) +

Zﬂ-ijq)g;‘Hj(I)ij — SZ;K“Z — Kg;siq +
j=1

(Aig — BigGiCi))TH; + Hi(Aig — BigGiCi) +

> @l H®, i €N, g=1,...,N.

j=1
It follows from these inequalities and (16) that the control
law (9) with the matrix G; given by (22) guarantees stochas-
tic quadratic stability of the system (6), (7) with polytopic
uncertainty of modes (14) and thus it is robust stabilizing
control. "

Corollary 1: The system (6), (7) with C; = C, (i € N)
is robust stabilizable via nonswitching output feedback if
and only if for some symmetric matrices M;,, and R;, >
0 there exist a positive definite solution H; = H] of the
system of the coupled Riccati equations (17) and matrices
L;q of compatible dimensions, satisfying for all : € N, ¢ =
1,..., N—1 the system of inequalities (18) and the following
system of equations

R NBLH; + Lig) = R\ 11 (Bigige1 Hi + 1+
Li+1q+1),i: 1,...,v—1€eN, ¢g=1,...,N —1.
The robust stabilizing control has the form of (9) where the
gain matrix is given by (22) for an arbitrary fixed: € N, ¢ =
1,...,N.If, in addition, ®;; = I, (¢,j € N) and there exists
a a common solution of (17), (18) H; = H > 0 (i € N),
then this control stabilizes the system (6), (7) independently
of the mode change process.
B. Simultaneous stabilization

Consider a set of single linear systems described by the
following equations

i(t) = Ap(t)+ Biu(t), €1y
y(t) = Ca(t), t=0. (32)

We seek an output feedback control law
u(t) = —Gy(t), (33)

that will simultaneously stabilize all the systems (31), (32).
The necessary and sufficient conditions for the control law
(33) to be stabilizing one are the existence of symmetric and
positive definite matrices H;, (¢ € N) such that

(A; — B;GC)TH; + Hi(A; — B;GC;) <0, i € N. (34)

Based on the inequalities (34) and on the outline of the proof
of the previous theorem we obtain the following

Theorem 3: The set of systems (31), (32) is simultane-
ously stabilizable via output feedback if and only if there
exist matrices M; = MT, R; = RT > 0 and L; such that
the system of matrix quadratic equations:

ATH, + H;A; — H;B;R; 'B;H + M; =0, i € N,

has a positive definite solution H; = HI satisfying the
relations

(A; — BiK;)TH; + H;(A; — B;K;) —
STK; — KI'S; <0, i €N,
RV (B} H; + L) = R (Biy1Hiy1 + Liya),
i=1,...,v—1,
where
S; = L;E1(i) — BF H;Ex (i),
K; = R;'BI'H,.
The corresponding output stabilizing control has the form
(33) where the gain matrix is defined by the formula
G =R BI'H, +L)C
for arbitrary fixed ¢ € N.

(35)
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V. THE ALGORITHMS FOR COMPUTATION OF
STABILIZING GAINS

A. Algorithm based on direct solution of coupled Riccati
equations (CRE)

Step 1. Solve the system of CRE (17) by the LMI opti-
mization method [1,5] and find the matrices H; = H] > 0
and K;g, 1€ N, ¢g=1,...,N.

Step 2. If the LMI/LME problem (18)-(19) is not feasible
then correct the LQR parameters (weight matrices) and go
to step 1, else if this LMI/LME problem is feasible find the
matrices L;, and calculate the matrices G; according to the
formula (22).

B. Algorithm based on parametrization of stabilizing solu-
tions of CRE

The parametrization results (Theorem 1) along with The-
orem 2 (Theorem 3) allow us to formulate an algorithm for
synthesis of robust stabilizing control (9) (simultaneously
stabilizing control (33)). Let us consider in detail the case
of robust stabilizing control. According to Theorem 1 all the
state feedback matrices are given by the formula

_1 1
Kig=R/'BL,P,+ R, *AiyQZ, i€N,  (36)

where || Ay [[< 1 and P, = Pl > 0 (i € N) satisfy the
matrix quadratic equations
T —1pT
A P+ PiAig — PBig R, B, P +
> mi®L P+ Qig =0 (37)
j=1
for given Qi = QZ-Tq >0 and Ry = Rz; > (0. On the other
hand
_ p—1pT
K = R;'BLH,,

where H; (i € N) satisfy the equation (17).
Let matrices H; > 0 (¢ € N) be a solution of LME
1T _ p-1pT -3 3
R, B Hi = R, B Pi + R, > NigQF,,
where P, > 0 and Ay (1 €N, ¢ =1,...,N) are the same
as in (36), then it is easy to see that this solution satisfies
(17) for some M;, = M};. Taking into account these results
we can formulate the algorithm as follows
Step 1. Solve LMI’s with respect to the variables Y;:

Fll(iaq) F12(iaQ) :|
. h4) | <, 38
|: F,{Z(lvq) F22(Za q) ( )
T11(i, q) = Big(AiYi + YiAj, + m:Y:) By
Poo(i,q) = diag[-Yy ... =Y,y —Yip1... =Y,
1 1
T15(i) = {B;ﬂ;n@ﬁ o BErEo Y@L,
1 1
Bl i®h . Bim, YioL |

Step 2. Find P; = Y. 7! and then the matrices Qiqg >

K2

0, R;q > 0 from the equations (37).

Step 3. Put H; =P, (i€ N), e =¢¢ < 1.

Step 4. Find Ky = R;,' BLH,.

Step 5. If LMI/LME’s (18)-(19) with respect to the vari-
ables L;q are feasible then calculate the gain matrix using
the formula (22), stop; else find matrices H; = HLT > (0 as
a solution of the following LMI optimization problem

v
trace E H; — max,

i=1
H; >0,
“ApT 1 _ p-1pT -3 3
Riq B, H; = Riq B Pi + Riqutifq,
el Aiq :| .
T >0,ieN, ¢g=1,...,N.
{ Aiq 1

Step 6. Put ¢ = ¢ + Ae.
Step 7. If € > 1, then stop, else go to step 4.
The algorithm for computation of the simultaneously sta-

bilizing gain follows from the algorithm above as a special
case.

VI. AN EXAMPLE OF APPLICATION OF THE PROPOSED
METHOD

In flight control practice it is very important to obtain an
output feedback controller with a constant gain to stabilize
the aircraft in all the possible flight modes. In this section we
briefly demonstrate the application of the proposed method
in the design of a control system for the linearized model of
the angular longitudinal aircraft motion. This model is given
by the following equations

9 = Wz,
w, = —ap. ¥—afw,+ay,0+ agué, (39)
© = —afd+aioe,

where ¢ is the pitch angle, w, is the angular velocity, © =
¥ — «, « is the angle of attack, ¢ is the elevator angle. In
this case the state and control vectors of the system (6) are

z(t) = [0 w, O]T, wu(t) =,

Usually only ¢ and w, are available for direct measurement
and we have
y(t) = [0 w.]".

The considered aircraft has nine typical flight modes with
uncertainty of each mode given by

Ay, =AY +AAY,
By, = By +AB),i=1,...,9,1=2,3 k=1,23,
A < ASA ASALZSA
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The numerical values of the parameters are the following To find the gain matrix (35) of this control we used the

[11]: roposed method and the algorithm based on direct solvin
prop g g
0 1 0 0 of CRE.
For all the modes it is supposed that the control weight
AV=|-42 —15 42 | K BV=|-74 PP &
r ' ' ' oL - matrices R(:) = I and the state weight matrices M,, were
077 0  —0.77 0 ; : ,
- computed by a special routine based on the Jonson’s method
0 1 0 0 (8]
0 _ 0 _ .
Ay=|-71 -19 71|, By = |-12.7|, Figure 1 shows the step responses of the closed-loo
g Y p P
1 0 -1 0] system in all the nine modes with the computed gain matrix
0o 1 0 0 G = [-57.76 — 5.26].
AY=|-78 —41 78 |, BY=|-57], All LMI/LME programming was done within the frame-
2.8 0 —-2.8 0 work of the YALMIP interface to the SeDuMi solver for
0 1 0 0 MATLAB.
AY=|-4 -14 4 |,B}=|-75], R
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