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Abstract

A neural network hybrid adaptive control framework
for nonlinear uncertain hybrid dynamical systems is
developed.  The proposed hybrid adaptive control
framework is Lyapunov-based and guarantees partial
asymptotic stability of the closed-loop hybrid system;
that is, asymptotic stability with respect to part of the
closed-loop system states associated with the hybrid
plant states. Finally, a numerical example is provided
to demonstrate the efficacy of the proposed hybrid
adaptive stabilization approach.

1. Introduction

Modern complex engineering systems involve multi-
ple modes of operation placing stringent demands on
controller design and implementation of increasing com-
plexity. Such systems typically possess a multiechelon
hierarchical hybrid control architecture characterized by
continuous-time dynamics at the lower levels of the hi-
erarchy and discrete-time dynamics at the higher levels
of the hierarchy (see [1,2] and the numerous references
therein). The lower-level units directly interact with the
dynamical system to be controlled while the higher-level
units receive information from the lower-level units as in-
puts and provide (possibly discrete) output commands
which serve to coordinate and reconcile the (sometimes
competing) actions of the lower-level units. The hierar-
chical controller organization reduces processor cost and
controller complexity by breaking up the processing task
into relatively small pieces and decomposing the fast and
slow control functions. Typically, the higher-level units
perform logical checks that determine system mode op-
eration, while the lower-level units execute continuous-
variable commands for a given system mode of opera-
tion. The mathematical description of many of these
systems can be characterized by impulsive differential
equations [3-6].

In a recent paper [7], a hybrid adaptive control frame-
work for adaptive stabilization of multivariable nonlin-
ear uncertain impulsive dynamical systems was devel-
oped. In particular, a Lyapunov-based hybrid adaptive
control framework was developed that guarantees partial
asymptotic stability of the closed-loop system; that is,
asymptotic stability with respect to part of the closed-
loop system states associated with the hybrid plant dy-
namics. Furthermore, the remainder of the state associ-
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ated with the adaptive controller gains was shown to be
Lyapunov stable. As is the case in the adaptive control
literature [8-12], the system errors in [7] are captured by
a constant linearly parameterized uncertainty model of
a known structure but unknown variation. This uncer-
tainty characterization allows the system nonlinearities
to be parameterized by a finite linear combination of
basis functions within a class of function approximators
such as rational functions, spline functions, radial basis
functions, sigmoidal functions, and wavelets. However,
this linear parametrization of basis functions in general,
cannot exactly capture the unknown system nonlinear-
ity.

Even though neural network-based adaptive control
algorithms have been extensively developed in the liter-
ature, it is quite common using Lyapunov-like functions
to claim that the neural network controllers can guar-
antee ultimate boundedness of the closed-loop system
states. This implies that the plant states converge to
a neighborhood of the origin (see, for example, [13-15]
for continuous-time cases and [16-18] for discrete-time
cases). The reason why stability in the standard sense
is not guaranteed stems from the fact that uncertainties
in the system dynamics cannot be perfectly captured by
neural networks and the residual approximation error
is characterized via infinity norm over a given compact
set. As one can surmise, however, the ultimate bound-
edness claims are somewhat conservative since standard
Lyapunov-like theorems that are typically used to show
ultimate boundedness of the closed-loop hybrid system
states provide only sufficient conditions, while neural
network controllers may possibly achieve plant state
convergence to an equilibrium point.

In this paper we develop a neural hybrid adaptive
control framework for a class of nonlinear uncertain
impulsive dynamical systems which ensures state con-
vergence as well as boundedness of the neural network
weighting gains. Specifically, the proposed framework
is Lyapunov-based and guarantees partial asymptotic
stability of the closed-loop hybrid system; that is, Lya-
punov stability of the overall closed-loop states and con-
vergence with respect to the plant state. The neuro
adaptive controllers are constructed without requiring
explicit knowledge of the hybrid system dynamics other
than the fact that the plant dynamics are continuously
differentiable and that the approximation error of un-
known nonlinearities lies in a small gain-type norm
bounded conic sector over a compact set. Hence, the
overall neuro adaptive control framework captures the
residual approximation error inherent in linear param-
eterizations of system uncertainty via basis functions.
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Furthermore, the proposed neuro control architecture
is modular in the sense that if a nominal linear design
model is available, the neuro adaptive controller can be
augmented to the nominal design to account for system
nonlinearities and system uncertainty.

Finally, we emphasize that we do not impose any lin-
ear growth condition on the system resetting (discrete)
dynamics. Note that in the literature on classical (non-
neural) adaptive control theory for discrete-time sys-
tems, it is typically assumed that the nonlinear system
dynamics have the linear growth rate which is necessary
in proving Lyapunov stability rather than practical sta-
bility (ultimate boundedness). Our novel characteriza-
tion of system uncertainties (the small gain-type bound
on the norm of the modelling error) allows us to prove
asymptotic stability without requiring a linear growth
condition for the system dynamics.

2. Mathematical Preliminaries

In this section we introduce notation, definitions, and
some key results concerning impulsive dynamical sys-
tems [3-6,19]. Let R denote the set of real numbers,
R™ denote the set of n x 1 real column vectors, (-)T
denote transpose, (-)T denote the Moore-Penrose gen-
eralized inverse, N denote the set of nonnegative inte-
gers, N™ (resp., P") denote the set of n X n nonneg-
ative (resp., positive) definite matrices, and I,, denote
the n x n identity matrix. Furthermore, we write tr(-)
for the trace operator, In(+) for the natural log operator,
Amin (M) (resp., Amax(M)) for the minimum (resp., max-
imum) eigenvalue of the Hermitian matrix M, omax(M)
for the maximum singular value of the matrix M, V'(x)
for the Fréchet derivative of V' at z, and dist(p, M) for
the smallest distance from a point p to any point in the

set M.

In this paper, we consider controlled state-dependent
[6] impulsive dynamical systems G of the form

.’L‘(t) = fc(x(t)) + Gc(x(t))uc(t)a

Ax(t) = fa(z(t)) + Ga(e(t))ua(t),

where t > 0, 2(t) € D C R", D is an open set with
0 € D, Ax(t) £ z(tt) — z(t), uc(t) € U C R™e,
uq(ty) € Us € R™4, i denotes the kth instant of time
at which z(t) intersects Z, for a particular trajectory
x(t), fo : D — R™ is Lipschitz continuous and satisfies
fc(0) =0, G. : D — R"™ ™ fy: Z, — R"™ is continu-
ous, Gq : Z, — R™™d is such that rank G4(z) = mq,
r € Z,, and Z, C D is the resetting set. Here, we
assume that uc(-) and uq(-) are restricted to the class
of admissible inputs consisting of measurable functions
such that (uc(t),ua(tx)) € Ue x Uy for all ¢ > 0 and
k€ Ny £ [k :0 <ty < t}, where the constrained set
U. x Uy is given with (0,0) € U. xUy. We refer to the dif-
ferential equation (1) as the continuous-time dynamics,
and we refer to the difference equation (2) as the reset-
ting law. In this paper we assume that Assumptions Al
and A2 established in [6] hold for all uq(-) € Uy; that
is, the resetting set is such that resetting removes x (¢, )

from the resetting set and no trajectory can intersect
the interior of Z,. Hence, as shown in [6], the resetting
times are well defined and distinct. Since the resetting
times are well defined and distinct and since the solution
to (1) exists and is unique it follows that the solution of
the impulsive dynamical system (1), (2) also exists and
is unique over a forward time interval.

Next, we provide a key result from [6, 19] involving
an invariant set stability theorem for hybrid dynamical
systems. Specifically, consider the impulsive dynamical
system (1), (2) with hybrid adaptive feedback controllers

uc(-) and ug(-) so that the closed-loop hybrid system G
has the form

(t) = fela).
(t) = Ja(a(®),

where t > 0, Z(t) € D C R™, #(t) denotes the closed-
loop state involving the system state and the adaptive
gains, f. : D — R™ and fq : D — R”™ denote the
closed-loop continuous-time and resetting dynamics, re-
spectively, with f.(Z.) = 0, where Z, € D\ Z; denotes
the closed-loop equilibrium point, and n denotes the di-
mension of the closed-loop system state. For the state-
ment of the next result the following key assumption is
needed.

S
=
SH

To

(0) I(t) & Zz, (3)

A t) € Z~: (4)

=
i
=

Assumption 2.1 [6,19]. Let s(¢,Zo), t > 0, denote
the solution of (3), (4) with initial condition &y € D.

Then for every g € D, there exists a dense subset
Tz, C [0,00) such that [0,00)\7z, is (finitely or in-
finitely) countable and for every e > 0 and t € T3,, there
exists 0(e, Zo,t) > 0 such that if ||Zo — y|| < d(e, To, ),
y € D, then ||s(t,Zo) — s(t,y)|| < e.

Assumption 2.1 is a generalization of the standard
continuous dependence property for dynamical systems
with continuous flows to dynamical systems with left-
continuous flows. Specifically, by letting 7z, = Tz, =
[0,00), where 7z, denotes the closure of the set 7z,
Assumption 2.1 specializes to the classical continuous
dependence of solutions of a given dynamical system
with respect to the system’s initial conditions zg € D
[20]. Since solutions of impulsive dynamical systems are
not continuous in time and solutions are not continu-
ous functions of the system initial conditions, Assump-
tion 2.1 is needed to apply the hybrid invariance prin-
ciple developed in [6,19] to hybrid adaptive systems.
Henceforth, we assume that the hybrid adaptive feed-
back controllers u.(-) and uq(-) are such that closed-loop
hybrid system (3), (4) satisfies Assumption 2.1. Neces-
sary and sufficient conditions that guarantee that the
nonlinear impulsive dynamical system G satisfies As-
sumption 2.1 are given in [19]. A sufficient condition
that guarantees that the trajectories of the closed-loop
nonlinear impulsive dynamical system (3), (4) satisfy

Assumption 2.1 are Lipschitz continuity of f.(-) and
the existence of a continuously differentiable function

X : D — R such that the resetting set is given by
Zz; ={x € D: X(x) =0}, where X'(2) # 0, T € Z;z,
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and X' (Z)f.(%) # 0, £ € Zz. The last condition above
insures that the solution of the closed-loop hybrid sys-
tem is not tangent to the resetting set Z; for all initial
conditions Zy € D. For further discussion on Assump-
tion 2.1 see [6,19].

The following theorem proven in [6,19] is needed to
develop the main results of this paper.

Theorem 2.1 [6,19]. Consider the nonlinear impul-
sive dynamical system G given by (3), (4), assume

D. C D is a compact positively invariant set with re-
spect to (3), (4), and assume that there exists a contin-

uously differentiable function V : D, — R such that

V(%) fo(7) €D, i¢2Z, (5)
V(@ + fa(2)) (:z), ie€D., i€Zz (6)

Let R2{Z€D.: & ¢ Z;, V() fe(2) =0} U{Z € D, :
i€ Zz V(i+ fa()) = V(2)} and let M denote the
largest invariant set contained in R. If Ty € ’ﬁc, then
#(t) = M as t — oco. Finally, if D = R™ and V(&) — oo
as ||Z|| — oo, then Z(t) — M as t — oo for all Ty € R™.

<0
<

3. Hybrid Adaptive Stabilization for Nonlin-
ear Hybrid Dynamical Systems using Neural
Networks

In this section we consider the problem of neural hy-
brid adaptive stabilization for nonlinear uncertain hy-
brid systems. Specifically, we consider the controlled
state-dependent impulsive dynamical system (1), (2)
with D = R™, U, = R™e, and Uy = R™4, where
foe : R — R™ and fq4 : R® — R" are continuously
differentiable and satisfies f.(0) = 0 and fq(0) = 0,
Ge :R™ — R™™ "™ and Gq : R — R"*"™4,

In this paper, we assume that f.(-) and fq(-) are un-
known functions, and f¢(-), Gc(+), fa(), and Gq4(-) are

given by
fex) = A I"'AfC( ), Ge(z) = BeGen(), (7)
fa(@) = (Aa — L)z + Afa(z), Ga(r) = BaGan(z)

(8)
where A, € R"*", Ag € R"*" B, € R"*™< and Bq €
R™ ™4 are known matrices, Gen : R — R™e*™Me and
Gan : R" — R™a*Md are known matrix functions such
that det Gen(z) # 0, x € R™, and det Gan(z) # 0, x €
R™ and Af. : R" — R™ and Afyq : R® — R™ are
unknown functions belonging to the uncertainty sets F.
and Fq, respectively, given by

Fe = {Afe :R" = R": Af.(0) =0,
Afe(z) = Bede(z), z € R™}, (9)

Fa = {Afa iR =R : Afa(0) =
Afd(:c) = Bdéd(a:), S Rn},

where d. : R — R™< and d4 : R® — R™4 are uncertain
contmuously differentiable functions such that d.(0) = 0
and dq(0) = 0. It is important to note that since d(z)
and dq(z) are continuously differentiable and d.(0) = 0

(10)

_ A1
lslope| = ;

Figure 3.1: Visualization of function ¢;(-), j = c,d

and dq(0) = 0, it follows that there exist continuous ma-
trix functions A¢ : R® — R™<*" and Aq : R® — R™Maxn
such that dc(x) = Ac(x)z, x € R™, and d4(z) = Aq(x)z,
x € R". Furthermore, we assume that the continuous
matrix functions Aq(-) and Aq(:) can be approximated
over a compact set D, C R™ by a linear in the parame-
ters neural network up to a desired accuracy so that

coli(Ac(z)) = Wikoo(z) +eei(z), x € De,
i=1,-,n, (11)

coli(Aq(x)) = Wioa(z) +eqi(z), =€ D,
i=1,---,n, (12)

where col;(A(+)) denotes the ith column of the matrix
A(), WL € Rmexse and W € Rmaxsa j = 1,... n,
are optimal unknown (constant) weights that minimize
the approximation error over D., €.; : R” — R™< and
€qi + R" — R™ 4 = 1,--- n, are modeling errors
such that oymax(Te(r)) < 75! and omax(Ya(z)) < 75,
z € R", where Y.(z) £ [cc1(2), -+, een()], Yalz) £
[ea1(z), -, ean(2)] and ve,va > 0, and o, : R" — RS
and o4 : R™ — R®4 are given basis functions.

Next, defining

o(z) £ de(x) — WcT[x ® oc(z)], (13)

pa(z) £ da(w) = Wilr @ oa(@)], (14)

where WI £ (WX ... . wl] e Rmexnse Wl £
WE, -, WE] € Rmaxnsaand ® denotes Kronecker

product, it follows from (11), (12
inequality that

), and Cauchy-Schwartz

) (@)p;(z) = |Aj(z)r — Wi (z ® o(x))||?
= Aj(@)a — 3;(@)z]|?
= [|7;(@)z]?
< v%ax, weD., j=cd, (15)
where Y;(z) £ [Wlhoj(z), -, Wio(@)], j = ¢d

This corresponds to a nonhnear small gain-type norm
bounded uncertainty characterization for ¢;(-), j =c¢,d
(see Figure 3.1).

Theorem 3.1. Consider the nonlinear uncertain hy-
brid dynamical system G given by (1), (2) where fc(-),
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Ge(+), fa(+), and Gq(-) are given by (7), (8), and Af, :
R™ — R™ and Afq : R™ — R"™ belong to the uncertainty
sets F. and Fq, respectively. For given ~.,vq > 0, as-
sume there exists a positive-definite matrix P € R"*"
such that

0 = ALP + PAy +~.°PB.BYP + 1, + R., (16)

P = ATPAy — AYPB4(BY PBy) 'Bf PAq

+ (a+ B)In + Ra, (17)

where Aes 2 A. + BeKe, K. € R™X" R, € R™ ™ and
R4 € R™™ ™ are positive definite, o > 0, § satisfies

8 = 73 (Amax(BY PB)

1+2TP
a T ) € Z,, (18)
c+ [z ®oq(2)|T[r ® oq(x
a = max{c,n/Amin(P)} BT PBd(I L 5] PBd),
(19)

and ¢ > 0. Finally, let Ags £ Aq + BqKq, where Kq £
—(B'drPBd)*lBgPAd, and let Q. € R™ and Y € R%
be positive definite. Then the neural hybrid adaptive
feedback control law

welt) = Gl (a(t) [Kea(t) - W (1) 2(t) @ oe(x(t))]]
#(t) & 2o, (20)

wa(t) = Gal(a(t) [Kaa(t) = WE (O)]z(t) @ oa(x(t))]
x(t) € Z,, (21)

where W (t) € R™x™se ¢ > 0, W (t) € Rmaxnsa,
t >0, and o, : R — R* and o4 : R® — R are given
basis functions, with update laws

W) = e QB Po(t)[a(t) @ oe(w(®)]Y,
WE0)=Wa,  2(t) & 2., (22)
AWE(t) =0, z(t) € Z,, (23)
Wi =0, WIO)=Wh a0 ¢Z., 1)
AWI() = FrmsmemEosseEm Bal )
— Agsz(®)][z(t) ©@ oa(e()]T,  z(t) € Z,,
(25)

where AW (t) & WE(tt) — WI(t) and AWS(t) £
Wér (t*) — Wér (t), guarantees that there exists a
positively invariant set D, C R"™ x RMexmse x
Rmaxnsa guch that (0, W, W) € D,, where WL €
R™Mexnse and W € R™aX"a and the solution
(z(t), WX (t), WE(t) = (0, W WT) of the closed-loop
system given by (1), (2), (20) (25) is Lyapunov stable
and x(t) — 0ast — oo forall Af.(-) € Fe, Afa(:) € Fua,

and (zo, W, W) € Da.

Proof. The proof is omitted due to space limitations.
O

Remark 3.1. Note that the conditions in Theo-
rem 3.1 imply partial asymptotic stability, that is,
the solution (x(t), WX (t), W) = (0,WX, W]) of
the overall closed-loop system is Lyapunov stable and
x(t) — 0 as t — oo. Hence, it follows from (22), (23)

that WT(t) — 0 as t — oo. Furthermore, if 2(t), t > 0,
intersects Z, inﬁpitely many times, then it follows from
(24), (25) that Wa(t{) — Wa(tx) — 0 as k — oo.

Remark 3.2. Since the Lyapunov function used in
the proof of Theorem 3.1 is a class K function, in the
case where the neural network approximation holds in
R™, the control law (20), (21) ensures global asymptotic
stability with respect to x. However, the existence of
a global neural network approximator for an uncertain
nonlinear map cannot in general be established. Hence,
as is common in the neural network literature, for a given
arbitrarily large compact set D, C R", we assume that
there exists an approximator for the unknown nonlinear
map up to a desired accuracy (in the sense of (11) and
(12)). In the case where A.(-) and Aq(:) are continu-
ous on R", it follows from the Stone-Weierstrass the-
orem that A.(-) and Aq(-) can be approximated over
an arbitrarily large compact set D.. In this case, our
neuro adaptive controller guarantees semiglobal partial
asymptotic stability.

Remark 3.3. Note that the neuro adaptive con-
troller (20), (21) can be constructed to guarantee partial
asymptotic stability using standard linear Ho theory.
Specifically, it follows from standard Hy, theory [21] that
1Ge(8)|loe < Ve, Where G(s) = E¢(sI, — Acs) ' B. and
FE. is such that ECTEC = I,,+ R, if and only if there exists
a positive-definite matrix P satisfying the bounded real
Riccati equation (16). It is well known that (16) has a
positive-definite solution if and only if the Hamiltonian
matrix

Ay v 2BBY

_E'E  —AT |’ (26)

has no purely imaginary eigenvalues.

It is important to note that the hybrid adaptive con-
trol law (20)—(25) does not require explicit knowledge
of the optimal weighting matrices W,, Wy, and the pos-
itive constants o and 3. Theorem 3.1 simply requires
the existence of W,, Wy, a, and ( such that (16) and
(17) hold. Furthermore, no specific structure on the
nonlinear dynamics f.(z) and fq(z) is required to ap-
ply Theorem 3.1 other than the assumption that f.(z)
and fq(z) are continuously differentiable and that the
approximation error of uncertain system nonlinearities
lie in a small gain-type norm bounded conic sector. Fi-
nally, in the case where the pair (Aq, Bq) is in control-
lable canonical form and R4 in (17) is diagonal, it fol-

lows that Aqs = [ Ao , where Ay € R("=ma)xn jg

Omd Xn
a known matrix of zeros and ones capturing the multi-
variable controllable canonical form representation [22],
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and hence the update law (25) is simplified as

AWL(t) = o BiAx(t)

(27)

1
R O A O C QLN EC
et @ oa(x()]T,  2(t) € 2,

since B:;Ads =0.

4. Tllustrative Numerical Example

In this section we present a numerical example to
demonstrate the utility of the proposed neural hybrid
adaptive control framework for hybrid adaptive stabi-
lization. Specifically, consider the nonlinear uncertain
controlled hybrid system given by (1), (2) with n = 2,

_ T
z = [z, 22]",

€2

o = [ 2] =],

falo) = | | Gaw =] | @

(28)

—X1 + Xro

fa(z)

where fc : R? — R and fd : R? — R are unknown,
continuously functions. Furthermore, assume that the
resetting set Z, is given by

Z,={z eR?: X(x) =0, 22 > 0}. (30)

Here, we assume that f.(z) and fg(x) are unknown and
can be written in the form of (7) and (8) with A, = A4 =

[ 0 0 } Afe(w) = [0, fe@)]", Afa(@) = [0, fa(@)]",

Be = [0,b)Y, Ba = [0,b4]Y, Gen(z) = Gan(x) = 1.
Here we assume that Afc(x) and Afq(x) are unknown
and can be written as Af.(z) = Bcdc(z) and Afq(z) =

Bgda(z), where d.(x) = éfc(x) and d4(z) = ifd(x).
Next, let K. = é[kﬂ, keo) and Kg = i[kdl, kas], where
kc1, keo, ka1, and kqo are arbitrary scalars, such that

0 1
Acs:Ac+BcKc:[k k ]andAdszAd—i-
cl c2
0 1

BakKa = [ ka1 kaz

kco, ka1, and kqo, it follows from Theorem 3.1 that if
there exists P > 0 satisfying (16) and (17), then the
neural hybrid adaptive feedback controller (20) and (21)
guarantees z(t) — 0 as t — oo. Specifically, here we
choose ko1 = —1, keg = —1, kg1 = —0.2, kqy = —0.5,
Yo =10, ya = 20, be = 3, bg = 14, c = 1, a = 1,
oq(x) = [tanh(0.1z3), . .., tanh(0.6x2)]T, and

} Now, the proper choice of k.,

R _ | 26047 24323
© = | 2.4323 5.8019 |’
R [ 80196 20334
47 120334 1.0569 |’

so that P satisfying (16) and (17) is given by

2.0334

10.0196
P= [ 12.7523

2.0334 ]

<« Resetting set

« Resetting set

Initial point

Figure 4.2: Phase portraits of uncontrolled and con-
trolled hybrid system

With fc(z)g: —a1z1 — az(x] — az)as, fd(fl?) = —T2—

2 z3 3 — — —
asxr] — a5l+ﬁ —agxy, a1 = 1, ax = 2, a3 = 1,
2
g = —5, as = —2, ag = 8, Y = 0.0213, O'C(,T) =
1 1 1 1
1+e—>\1m1 yt 1_;’_6—3)\1331 ) 1+e—>\2m2 [ 1_;’_6—3)\2332 ) a’nd

[17 1]T7 WCT(O) = 01><67 and
VVE(O) = 01x6, Figure 4.2 shows the phase portraits
of the uncontrolled and controlled hybrid system. Fig-
ures 4.3 and 4.4 show the state trajectories versus time
and the control signals versus time, respectively. Finally,
Figure 4.5 shows the adaptive gain history versus time.

initial conditions z(0) =

5. Conclusion

A direct hybrid neuro adaptive nonlinear control
framework for hybrid nonlinear uncertain dynamical
systems was developed. Using Lyapunov methods the
proposed framework was shown to guarantee partial
asymptotic stability of the closed-loop hybrid system;
that is, asymptotic stability with respect to part of
the closed-loop system states associated with the hy-
brid plant dynamics. In the case where the nonlinear
hybrid system is represented in normal form, the nonlin-
ear hybrid adaptive controller was constructed without
knowledge of the system dynamics. Finally, a numer-
ical example was presented to show the utility of the
proposed hybrid adaptive stabilization scheme.
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